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Page 2, line 12: The last part of the - sentence should read M nally applied volume force 
(which produces no entropy). " 

Page 7, first of equations (1-11): The first term on the right side should be Vp’. 

Page 58: The line preceding equations (1-99) should read ''force is zero) to satisfy the 
the equations" 

Page 59, equation (1-100): 

Page 59, equation (1-101): 
should be deleted. 

Page 59: The unnumbered equation following equation (1-102) should be deleted, and 

the definitions following equation (1-102) should read "where h is the specific 
enthalpy and K^, K^, and Kg are constants. " 

Page 60, last of equations (1-103): The term £2 q should be deleted. 

Page 61, equation (1-107): The term £2' should be deleted. 

r)O f 

Page 61, equation (1-108): The term — — - should be deleted. 

0 T 

% Page 61, unnumbered equation following equation (1-110): The first symbol on the left 
side, v’ , should be changed to u. 

Page 63, unnumbered equation preceding equation (1-112): The term on the right 

— 3t 

side should be deleted, and the factor pvQ in the last line should be changed to 


The term £2 should be deleted. 

3 Q 

The symbol H should be changed to Jf, and the term — 

0T 



Page 63, equation (1-113): The first term on the right side should be 

Page 65, equation (1-116): The term £2’ should be deleted, and a bracket should be 
inserted between a' and 

0T 

Page 65, equation (1-117): The term p’£2’ should be deleted. 

Page 67, equation (1-118): The term £2’ should be deleted. 

Page 67, equation (1-119): The term p’£2’ should be deleted. 

Page 67, sixth and seventh lines following equation (1-119): The sentence should begin 
’’For regions of the fluid where the mean velocity Vq is negligible, ” 

Page 67, second line following equation (1-121): The equation should be Vq = 0. 

Page 95: The last sentence should begin ”In the absence of external forces the vector 
identity” 

Page 96, equation (1-B 14): The term V£2 should be deleted. 

Page 96, unnumbered equation following equation (1-B14): The term £2 should be 
deleted. 


Page 96, equation (1-B 15): The term £2 should be deleted. 

Page 97, unnumbered equation following equation (1-B17): The terms £2 and — 

3 T 

should be deleted. 


Page 97, equation (1-B18): The term — should be deleted. 

dr 


Page 143, last equation: The term 


m _d_ 

* 95 . 


should be 


m 9 
x 


Page 276, first of equations (3 -B3): The exponent of e should be -ikjU^r. 
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Page 281 should read 


Expanding equation (3 -B7) for large Z shows that 


W 


= — A — f °° ft dy x + o(z" 2 ) 

2^iZ J- c/2 1 V 7 


as Z - oo . Hence, it follows from equations (3-45), (3-B3), and (3 -B 5) that 


a 2 k l U oo e 


-*1 U 00^ 


2ir 


ltl|Z| /c/2 ndyi 


as Z — oo , The pressure fluctuation can therefore remain bounded as Z-» only if 


/ OO 

■ft dy 1 = 0 

-(c/2) 


Inserting equation (3-B20) into this relation and carrying out the integration yield 


ft 


r c/2 

0= a(y l )dy l 


■(o/2) 


(3-B21) 


while inserting equation (3-B20) into equation (3-B19) yields 


3 



NASA SP-346 




MARVIN E. GOLDSTEIN 

Lewis Research Center 


Prepared at Lewis Research Center 



Scientific and Technical Information Office 1974 

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION 

Washington , D.C. 


L 


For sale by the National Technical Information Service 
Springfield, Virginia 22151 
Price $8.75 


CONTENTS 


CHAPTER PAGE 

1 Review of Acoustics of Moving Media 1 

1. 1 INTRODUCTION 1 

1.2 DERIVATION OF BASIC EQUATIONS 1 

1. 3 ELEMENTARY SOLUTIONS OF ACOUSTIC 

EQUATIONS 11 

1. 4 INTEGRAL FORMULAS FOR SOLUTIONS TO 

THE WAVE EQUATION 30 

1. 5 SOURCE DISTRIBUTION IN FREE SPACE: 

MULTIPOLE EXPANSION 46 

1.6 RADIATION FIELD 51 

1.7 ENERGY RELATIONS 57 

1.8 MOVING SOUND SOURCES 70 

APPENDIX 1. A - FOURIER REPRESENTATION OF 

FUNCTIONS 84 

APPENDIX 1. B - CLEBSCH POTENTIAL 92 

APPENDIX 1. C - COMMONLY USED SYMBOLS 98 

REFERENCES 101 

2 Aerodynamic Sound 103 

2. 1 INTRODUCTION 103 

2.2 LIGHTHILL’S ACOUSTIC ANALOGY 105 

2. 3 SOLUTION TO LIGHTHILL’S EQUATION WHEN 

NO SOLID BOUNDARIES ARE PRESENT 109 

2. 4 APPLICATION OF LIGHTHILL’S THEORY TO 

TURBULENT FLOWS H 3 

2. 5 PHYSICS OF JET NOISE I 24 

i l i 


APPENDIX - TRANSFORMATION OF SOURCE 

CORRELATION FUNCTION 154 

REFERENCES 156 

3 Effect of Solid Boundaries 16 i 

3.1 INTRODUCTION 161 

3.2 DERIVATION OF FUNDAMENTAL EQUATION ... 162 

3.3 FFOWCS WILLIAMS - HAWKINGS EQUATION ... 166 

3.4 CALCULATION OF AERODYNAMIC FORCES . ... 185 

3. 5 CALCULATION OF SOUND FIELD FROM 

SPECIAL FLOWS 208 

APPENDIX 3. A - REDUCTION OF VOLUME 
DISPLACEMENT TERM TO DIPOLE AND 

QUADRUPOLE TERMS 274 

APPENDIX 3. B - SOLUTION TO TWO-DIMENSIONAL 

UNSTEADY -AIRFOIL PROBLEM 276 

APPENDIX 3. C - LIFT SPECTRA 291 

REFERENCES 293 

4 Effect of Uniform Flow 299 

4. 1 INTRODUCTION 299 

4. 2 DERIVATION OF BASIC EQUATION 300 

4. 3 APPLICATION TO FAN NOISE 303 

REFERENCES 338 

5 Theories Based on Solution of Linearized 

Vorticity - Acoustic Field Equations .... 341 

5.1 INTRODUCTION 34 1 

5.2 DECOMPOSITION OF LINEARIZED SOLUTIONS 

INTO ACOUSTICAL AND VORTICAL MODES: 

SPLITTING THEOREM 3 4 2 

5. 3 SOUND GENERATED BY A BLADE ROW 345 

APPENDIX 5. A - SOLUTION TO CASCADE 

PROBLEM 3 70 

APPENDIX 5. B - EVALUATION OF SINGLE - 

AIRFOIL INTEGRAL 378 

iv 


APPENDIX 5. C - EVALUATION OF TERMS IN DUCT 

COORDINATES 380 

REFERENCES 384 

Effects of Nonuniform Mean Flow 
on Generation of Sound 385 

6. 1 INTRODUCTION 385 

6.2 DERIVATION OF PHILLIPS’ EQUATION 386 

6. 3 DERIVATION OF LILLEY'S EQUATION 389 

6. 4 INTERPRETATION OF EQUATIONS 390 

6. 5 SIMPLIFICATION OF PHILLIPS’ AND 

LILLEY’S EQUATIONS 391 

6. 6 EQUATION BASED ON SEPARATION OF 

ACOUSTICAL AND VORTICAL MOTIONS .... 394 

6. 7 APPLICATION TO MIXING REGION OF A 

SUBSONIC JET 397 

6. 8 SOLUTIONS OF PHILLIPS' AND LILLEY'S 

EQUATIONS 404 

APPENDIX 6. A - DERIVATION OF EQUATION (6-26) . . 421 

APPENDIX 6. B - ASYMPTOTIC SOLUTIONS TO 

STURM -LIOUVILLE EQUATION 423 

REFERENCES 429 


V 




































■ 





























PREFACE 


Aeroacoustics is concerned with sound generated by aerodynamic forces 
or motions originating in a flow rather than by the externally applied forces or 
motions of classical acoustics. Thus, the sounds generated by vibrating violin 
strings and loudspeakers fall into the category of classical acoustics, whereas 
sounds generated by the unsteady aerodynamic forces on propellers or by tur- 
bulent flows fall into the domain of aeroacoustics. The term aerodynamic 
sound introduced by Lighthill (who developed the foundations of this field) is 
also frequently used. 

Because most of the dominant noise sources in aircraft are aeroacoustic 
in nature, the literature in this field is often closely connected with aeronau- 
tical applications. Up to this time, no systematic text devoted specifically to 
aeroacoustics has been written - probably because the field is still in a fairly 
early stage of development. But, after teaching this subject to a group of en- 
gineers and scientists working on aircraft noise at the Lewis Research Center, 
I concluded that such a text could serve a useful purpose. I felt that the book 
should be moderately advanced and aimed at the reader with a knowledge of 
fluid mechanics and applied mathematics at the master's degree level. 

There is sometimes a tendency in the literature to try to separate aero- 
acoustic problems into an acoustic part and an aerodynamic part and to treat 
each one separately. In this book, I have not attempted to make this distinc- 
tion and have combined all the acoustics and aerodynamics needed to relate 
the sound field to the basic parameters of the problem. 

The first chapter is concerned with certain aspects of the acoustics of 
moving media which are required in the remaining chapters. It also serves to 
familiarize the reader with some basic concepts of classical acoustics. Its 
main function, however, is to develop the mathematical techniques needed in 
the remaining chapters. The second chapter introduces Lighthill 's acoustic 
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analogy and applies it to the case where the solid boundaries do not directly 
influence the sound field. This is the situation in jet noise. A detailed anal- 
ysis of subsonic jet noise and a qualitative discussion of supersonic jet noise 
are given. The third chapter develops the acoustic analogy to include the ef- 
fect of solid boundaries. The results are applied to the discussion of the sound 
generated by struts, splitters, propellers, helicopter rotors, and so forth. 

The effects of a uniform mean flow are included in the fourth chapter, and the 
concepts are used to obtain detailed analyses of the various fan noise mech- 
anisms. In chapter 5 the acoustic analogy approach is abandoned, and a direct 
calculational procedure is developed. It is applied to the prediction of com- 
pressibility effects on the sound generated by a blade row. Finally, in the last 
chapter the effects of a nonuniform mean flow are included, and equations are 
developed which are intermediate between Lighthill's acoustic analogy and the 
direct calculational approach. These results are used to predict the effects of 
the mean flow field on jet noise. 

Credit is given to the original source of an idea whenever possible. Al- 
though some of the analyses and formulations developed are somewhat original 
or extensions of analyses in the literature, the omission of a reference is not 
meant to imply originality on my part. In fact, I wish to apologize in advance 
if I have inadvertently not given credit to the originators of any of the ideas 
which appear in this text. 
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CHAPTER 1 


Review of Acoustics of 
Moving Media 


1.1 INTRODUCTION 

In order to make the material in this book available to as broad an audi- 
ence as possible, portions of the first chapter are devoted to a review of those 
aspects of classical acoustics and the acoustics of moving media which are 
necessary for understanding the theory of aerodynamic sound. In addition, a 
number of the mathematical techniques needed in the succeeding chapters on 
aerodynamic sound theory are developed. It is assumed that the reader is 
familiar with basic fluid mechanics. 

A vector quantity is denoted by an arrow (A) and the magnitude of the vec- 
tor by the same letter (A). The components of the vector A are denoted by 
A i with i equal to 1, 2, or 3. An asterisk (*) denotes complex conjugates. 
Whenever possible, the capital and lower case of the same letter are used to 
denote Fourier transform pairs with respect to the time variable. Overbars 
( — ) denote time averages, and brackets () denote space averages. The letter 
T (without subscripts) denotes a large time interval. Other commonly used 
symbols are defined in appendix 1. C. 

1.2 DERIVATION OF BASIC EQUATIONS 

We shall now consider an inviscid non-heat -conducting flow whose motion 
is governed by Euler's equation (i. e. , the momentum equation for inviscid 
flow) 
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P 




( 1 - 1 ) 


the continuity equation 


& + v- V P + pV-v = pq (1-2) 

3t 

and the energy equation (which we write in the form) 

- + V'VS = 0 (1-3) 

3t 

where V is the vector operator 

ij_ + i_^ + kj_ 

0y i ^2 a ?3 

v = ( v i> v 2’ v 3} * s ve l°city of the fluid, p is its density, p is its pres- 
sure, and S is its entropy. The time is denoted by r, { yj, y 2 ,y 3 } are 
Cartesian spatial coordinates, q denotes the volume flow being emitted per 
unit volume by any source of fluid within the flow, and J denotes an exter- 
nally applied volume force. 

Now, in general, any thermodynamic property can be expressed as a 
function of any two others. Thus, in particular, 

P = p( P,S) 


Hence, 




(1-4) 
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where 



(1-5) 


Consequently, 


+ V- V p = 



c 


(1-6) 


For a steady flow with velocity Vq, pressure Pq, density Pq, entropy 
S Q = S(p Q ,p 0 ), and c Q = c(p 0 ,p Q ), equations (1-1) to (1-3) and (1-6) become 


provided there are no external forces or mass addition. 

Consider an unsteady disturbance with characteristic length X traveling 


at a propagation speed whose typical value is C through a fluid in which the 
velocity, pressure, and density are otherwise determined by equations (1-7). 
This disturbance introduces changes in velocity, pressure ? density, entropy, 
and c 2 (u=v -v Q , p' ^ p - p 0> p = p - p 0 , S' = S - S Q , c 2 ^ c 2 - c 2 , respec- 
tively) as it passes by a fixed observer. ^ These changes all occur on the time 
scale T = 1/f, where f = C/X is the characteristic frequency of the disturb- 
ance. The propagating disturbance is shown schematically in figure 1-1. 

^The flow velocity u induced by the passage of the disturbance is called the 
acoustic particle velocity . It is entirely distinct from the propagation speed C of the 
disturbance. 



V . p 0 v 0 = 0 


(1-7) 




3 


AEROACOUSTICS 



Figure 1-1. - Propagating disturbance. 


The amplitude of the disturbance is measured by the magnitude of the 
fluctuations u, p', p , s', and c 2 . We shall consider only those flows for 
which this amplitude is so small that not only is 

|u|«C=X/T p (1-8) 

but also 2 p’ « <p 0 > , p' « <p 0 ) , S’ « <S 0 ) , and c 2 ' « <c 2 > . Then the 
amplitude of the disturbance can be characterized by a dimensionless variable 
e such that 


and 


0 < e « 1 


(1-9) 


2 The first inequality requires that the velocity induced by the disturbance be small 
compared with its propagation speed. The remaining inequalities ensure that the fluc- 
tuations in thermodynamic properties are small relative to their mean background 
values. 
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|u|/C = O(e) 


pV(P 0 ) =0(e) 


pV(p 0 ) = 0(e) 




S’/<S 0 ) = O(e) 
c 2 */ ( Cq) = 0(e) 


( 1 - 10 ) 


Inequality (1-8) involves the assumption (to be verified subsequently for spe- 
cific cases) that for sufficiently small disturbances the propagation speed C 
is independent of the amplitude of the disturbance. 

We allow fv Q J to be of the same order as C . Then since the changes of 
time and length associated with the disturbance occur on the scale of T p and 
A, respectively, it is reasonable to introduce the nondimensional variables 3 


r = r/T p = fr 

y, = y,A 

V 0 = Vq/C 


p 0 = (p 0 -<Po»/«P(^< v O» 

P =P/<P 0 )e 

p’ = p’/(p 0 >e 


Po " Po/<Po> 

s 0 = V< S 0> 

~2 _ 2 2 . 

c 0 “ C 0 / ^ < ‘ C 0^ 

u = u/Ce 


S’ = S , /<S 0 )€ 

~2* 2'/, 2, 

C -C /(Cq)C 


<p, 


^Recall that the pressure variations in a steady inviscid flow are of order 

) <v 0 2 >. 


5 


AERCACOUSTICS 


When these quantities are substituted into equations (1-1) to (1-3) and (1-6), 
we obtain after subtracting out equations (1-7) 


(pQ + e P ) 


— rv /> w» /n; ^ 

— + v n - V u + u- V (v n + eu) 
0 U 

_3 t 


+ p'V**0 


<Pq) 

~9 

c 2 <p 0 > 


Vp + 


/ ^ 
€f<p 0 )C 



(p 0 + ep’)u + p'v 0 j = 


(Pq + € P ^ 


€ f 


rv 

/v/ r>j ^ 

— + V n . V S + u- V S n + eu- V S = 0 
3~ 0 U 

or 




V 0 - Vp'+U'V (p 0 + €p’) 






V PQ 


< c §Xp 0 > 

But since the nondimensionalization has been specifically chosen to make the 
dimensionless variables of order 1, the inequality (1-9) shows that the terms 
multiplied by e in these equations can be neglected to obtain, upon reverting 
to dimensional quantities, 


t r^j /n; ro 

-Sr + v 0 - Vp' + u-V (p 0 + ep’) 
d T 
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Po(j; + V v “ + v 7 o) + PV * - Vp *{ 




+ v • (p 0 u + p’v 0 ) = p Q q 


— + v Q - V S' + u.V S Q = 0 

d T 


(l-ii) 


.2(9p! + v .Vp’ + u-V 


, 0 T 



v P>o*f- + 7 o' 

Sr 


V p + u- V p Q 




These equations are frequently referred to as linearized gas-dynamic equa- 
tions. We have shown that they govern the propagation of small disturbances 
through a steady flow. 

Perhaps the simplest nontrivial solution to equations (1-7) is provided by 
a unidirectional, transversely sheared mean flow wherein 

a 

v Q = iUfyg) p q = Constant Pq = Constant (1-12) 

and i denotes the unit vector in the u^ direction. This velocity field is il- 
lustrated in figure 1-2. For several reasons the main emphasis will be on 
cases where the background flows are of this type.^ The first is the relative 
simplicity of this flow. Since the equations governing the propagation of sound 
in a moving medium are, in general, quite complex, it is helpful to consider 
one of the simplest cases. The second reason results from the fact that in the 
following chapters only the effects of velocity gradients on aerodynamic sound 
generation are considered and not the effects of gradients in thermodynamic 
variables. Since the flow field given by equations (1-12) has only velocity gra- 
dients and no pressure or density gradient, it is particularly suitable for il- 
lustrating the effect of the former. Finally, it turns out that in many of the 


A more complete treatment of the acoustics of moving media from a different 
point of view can be found in Blokhintsev (ref. 1). 
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Figure 1-2. - Unidirectional, transversely sheared, mean 
flow. 


cases for which the study of aerodynamic sound is important the mean flow 
field is, to a first approximation, of the type given by equation (1-12). 

Inserting equations (1-12) into equations (1-11) and eliminating p' 
between the first and last equation shows that 




'N 


1 d qP 

2 Dr 

Pq C 0 


+ V- u = q 




(1-13) 


D^S 

Dt 


= 0 


J 


where 


?2,± + vJ- 

Dr 3 t 9y ^ 


8 


REVIEW OF ACOUSTICS OF MOVING MEDIA 


and we have dropped the prime on p so that it now denotes the fluctuating 
pressure. This will be done whenever no confusion is likely to result. 

The operator D q /Dt represents the time rate of change as seen by an 
observer moving along with the mean flow. The third equation (1-13) there- 
fore states that the entropy does not change with time for such an observer. 
Thus, if the entropy were uniform and steady far upstream, it would have to 
be constant everywhere. But equation (1-4) shows that, whenever the entropy 
is constant, 



and the fourth equation (1-10) shows that for small e, 


c 2 = c 2 + 0(e) 

Then, since c 2 is constant, integrating the previous equation from the back- 
ground state implies that 


P 

P 0 C 0 


P " p 0 , p* 
p 0 p 0 


for S = Constant 


The quantity on the right is called the condensation . 
Since 


(1-14) 


V 



D o c » 

— V. u + 
Dr 


9U 9u 2 

Sy 2 3Yi 


taking the divergence of the first equation (1-13), operating with Dq/Dt on 
the second, and subtracting the result give 
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^2 dU 

p + 2p 0 — i — = V 
U 3Yi dy 9 




D o q 


(1-15) 


Because this equation has two dependent variables, it cannot by itself be 
solved to determine the disturbance field. However, in the special case where 
the mean velocity U is constant, the last term on the left side drops out and 
we obtain the equation 


V 2 p - 


Di 


D 0 q 


c 2 0 D? 


p = v '/-'o37 


(1-16) 


which (together with suitable boundary conditions) can be solved to unambig- 
uously determine the fluctuating pressure p. Once this pressure is found, 
the acoustic particle velocity u can be determined from the first equa- 
tion (1-13). Equation (1-16) is an inhomogeneous wave equation for a uni- 
formly moving medium. The reason for this terminology will be clear 
subsequently. 

Equations (1-14) and (1-16) show that, if the entropy is everywhere con- 
stant, the density fluctuation also satisfies an inhomogeneous wave equation 



J .^0 

D-? P 



for S = Constant 


(1-17) 


Finally, when U = 0, equation (1-16) reduces to the inhomogeneous wave equa- 
tion for a stationary medium or simply the inhomogeneous wave equation 


V 2 p - 


3 2 P _ 




2 n 2 
c 0 9t 


which forms the basis of the field of classical acoustics. 


(1-18) 
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We now return to the general equation (1-15). This equation closely re- 
sembles the wave equation (1-18) for a nonmoving medium with 3/3 t replaced 
by Dq/Dt. However, the additional term on the left side involves the velocity 
and must be eliminated in order to obtain a single differential equation for the 
pressure. To this end, we differentiate the y 2 -component of the momentum 
equation in (1-13) with respect to y^ to obtain 

3 2 P (1-19) 

°Dr3y 1 0y 2 3Yi 

Then operating on equation (1-15) with Dq/Dt and substituting equation (1-19) 
into the result yield 

= . 2 ™.. ( 1 - 20 ) 
Dt \ Cg Di 2 / dy 2 3y 2 Sy l Dt dy 2 3y l Dt 2 

Thus, in the general case of a transversely sheared unidirectional mean flow 
the wave equation is of higher order (in two of the variables) than it is for a 
uniformly moving medium. 

1.3 ELEMENTARY SOLUTIONS OF ACOUSTIC EQUATIONS 

In principle, all acoustic phenomena which occur in a transversely 
sheared flow can be analyzed simply by solving the wave equations derived in 
section 1.2. In this section we shall obtain a number of simple solutions to 
these equations which either illustrate certain physical principles or serve as 
tools to synthesize more complicated solutions. We shall first consider the 
case of a stationary medium. 

1.3.1 Solutions of Stationary-Medium Wave Equation 

The basic properties of the Fourier series and transforms which are used 
in this text are listed in appendix l.A. The notation and sign conventions 
adopted therein are adhered to whenever possible. 
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Multiplying both sides of the stationary -medium wave equation 



( 1 - 21 ) 


by e 1WT and integrating by parts over the appropriate time interval reduce 
this equation to the inhomogeneous Helmholtz equation 



( 1 - 22 ) 


where P and r are the Fourier coefficients or Fourier transforms (depend- 
ing on whether the process is periodic, stationary, or vanishing at °°) of p 
and y, respectively. (We shall henceforth refer to quantities such as P and 
r simply as Fourier components . ) 

Solutions to equation (1-21) can be obtained by inserting the solutions to 
equation (1-22) into the appropriate Fourier inversion formula. If the source 
terms and boundary conditions are simple harmonic functions of time, the so- 
lution p of equation (1-21) is also a simple harmonic function. That is, 


1-3. 1. 1 Plane wave solutions . - The simplest case occurs when the re- 
gion under consideration is all of space and there are no sources present. 
Then equation (1-22) becomes 


p = Pe" ia)T 



(1-23) 


The three-dimensional Fourier transform of this equation is 
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9 = 


0 


where 


P = 



We*'? 


dk 


But since x6(x) = 0, this equation has the solution 


(1-24) 


9 = A(k) 5 |k - — J 

where A is an arbitrary function of the unit vector k = k/k in the k- 
direction. Hence, the solution to equation (1-23) is 



— ]k 2 dk d* = 
c 0 / 



_ i(co/c 0 )/c* y _ 
A( K )e u d * 


(1-25) 


where d ~k denotes the element of solid angle. 
When 


A (k) = A 


6(0 - 0 0 )5(cp - (p Q ) 


sin 9 

where Q and <p are polar coordinates determined by 

k = { sin 9 cos <p, sin 9 sin <p, cos 9 } 
and 0 q, (Pq bear a similar relation to the fixed unit vector 


becomes 


(1-26) 

Kq, equation (1-25) 
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P = 



Ae 


ik 0’ y 


(1-27) 


where kp = cu/cq and kg/k^ = «q. Equation (1-25) shows that the general so- 
lution of equation (1-23) is simply a linear superposition of solutions of this 
type. Hence, the general solution of the homogeneous wave equation 



J-i!p = o 

'W 


can be expressed as a superposition of solutions of the type 


(1-28) 


i(k n -y-WT) 

p = Ae where kg = u>/Cq (1-29) 

called plane waves . The constant A is called the complex amplitude of the 
wave, = arg A = tan - * 9m A//?e A is called the phase constant, and 

$ = k Q • y - u>t+ 4> q (1-30) 

is called the instantaneous phase or simply the phase. 

When the solution to equation (1-28) is given by equation (1-29), the pres- 
sure at each fixed point y executes a simple harmonic variation in time 
whose amplitude is (A | . The angular frequency of the motion is cu; its 
frequency f is f = u)/2ir and its period T^ is T m = 1/f. The vector k n is 
called the wave number. 

The pressure oscillations at every point have the same frequency and the 
same amplitude |A |. However, the pressure oscillations at different points 
will, in general, not be in phase. The difference in phase between any two 
points, say y^ and yg, is given by k^ • (y^ - yg) and hence remains constant 
in time. This also shows that the phase is constant on any plane perpendicular 
to the kg-direction. Since the trigonometric functions are periodic, with 

r \vhen complex solutions to the wave equation are given, generally the solution to 
the physical problem is understood to be the real part. 
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period 2ir, the pressure fluctuation at any two points will be in phase when- 
ever the distance (k Q A 0 ) * (Yj - Y 2 ) between the two points measured along the 
iTq - direction is 


k n _ 9 _ 2nc n 

-£■ (y, -y 2 > = - = — ---'n-o 
k 0 1 k o " f p 


= _£ = T c f 


This distance, which we denote by X, is called the wavelength . Thus, at any 
time t = t Q , the pressure will vary along the k^-direction in the manner 
shown by the solid curve in figure 1-3 and will remain constant along any plane 
perpendicular to this direction. At a time 1/4 period later, the wave will ap- 
pear as the dotted curve. Hence, the individual pressure oscillations at each 
point are phased in such a way that they result in a wave of unchanged shape 
moving through the medium in the -direction. In other words, the pressure 
oscillations at each point are passed on to adjacent points with a phase relation 
that causes them to propagate as a wave with unchanging shape. Every sur- 
face of constant phase $ (given by eq. (1-30)), called a phase surface , must 
be perpendicular to the k Q -direction and move along with the wave, as shown 
schematically in figure 1-4. 


Position of wave at time t 
\ v- Position of wave 1/4 period later 
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It can be seen from equation (1-30) that the common velocity of the phase 
surface and the disturbance is c n . This velocity is called the speed of 
sound. We have therefore shown that, at least in this special case, the ini- 
tial assumption used in deriving the basic wave equations (i.e. , that the prop- 
agation speed of a small disturbance is independent of the amplitude of that 
disturbance) is justified. 

1. 3. 1. 2 Solutions in arbitrary regions. - When the region in which the 
wave equation is to be solved is not all of space, the solution is usually not ex- 


For an ideal gas, this propagation speed Cq is given in terms of the absolute 
temperature of the background state by 

C ° = lPo = 

which is equal to about 335 m/sec (1100 ft/sec) in air at standard conditions. 
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pressed as a superposition of plane waves but rather as the superposition of a 
number of eigenfunctions of Helmholtz's equation, called modes, which 
are appropriate to the region under consideration. Thus, the solution to the 
wave equation will appear as the sum or integral (or perhaps both) of a number 


where k = cc/cq and S and A are real. 

We may regard the quantity <f> = k[S(y) - Cqt] as being the analogue of the 
instantaneous phase which appeared in the plane wave solutions discussed in 
section 1.3. 1. 1. At any given instant of time, <i> will be constant on any sur- 
face S(y) = Constant. The surfaces of constant phase are called wave fronts 
or wave surfaces, and the function S(y) is called the eikonal . However, the 
amplitude of the wave A(y) is not necessarily constant on the wave front as it 
is for plane waves: 

Now the wave surface 


will, in general, move with time. Thus, the point y on 4> = C ^ at time t 
will move to the point y + 5y at time r + 6r and 


of simple harmonic solutions P^fylr -10- Or upon expressing P^ in com- 
plex polar form, this becomes 


A(y)e i [ kS W" a ' r l 


k[S(y) - Cqt] = <f> = Constant = Cj 


k[S(y) - c qt] = k[S(y + Ay) - c q (t + 6t)] 



This shows that, to first order in At, 


VS- Ay = c q At 


Hence, in the limit as At — 0, 
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VS 



= C. 


<h=Constant 


(1-31) 


But since VS is always perpendicular to the wave fronts, VS/|vS | is the 
unit normal to these surfaces (see fig. 1-5). And since (dy/dT) 4)=Constant is 
the time rate of change of position of a point which moves with the wave front 
* = C 1( 


V = vs 
P I VS I 



1 


is the velocity of the wave front $ = Cj normal to itself. It is called the 
phase velocity, and equation (1-31) shows that 



(1-32) 
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1.3. 1. 3 Point source solutions . - Returning to the general solution (1-25), 
we now take A to be independent of ~k. Then upon introducing the polar co- 
ordinates given by equation (1-26) with the polar axis now taken along the in- 
direction, we obtain a solution 



sin e do d(p 


\ c o/ iy \ c o/ iy 

to Helmholtz’s equation (1-23) which depends only on the magnitude y of |y |. 
In fact, it is easy to see that, if y * 0, each of the terms 


2„("Ue ±i( “ /C 0 )y 

W iy 

in this solution is itself a solution to equation (1-23). Hence, any superposi- 
tion of solutions of the type 


r 0 ico(±y/ C q-t) 
— — e 
47ry 


(1-33) 


satisfies the wave equation (1-28). The wave fronts are given by 
$ = ±ky - cor and the eikonal is equal to ±y so that 

I vs I = 1 

But in view of equation (1-32), this shows that the phase velocity is again 
equal to the speed of sound Cq. Since the phase surfaces of the solution with 
the upper sign move in the direction of increasing y, this solution must rep- 
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resent an outward -propagating wave. The solution with the lower sign repre- 

H 

sents an inward -propagating wave. 

In any region including the origin y = 0, however, the equation 

p± = £o e dd( " /c ° )y 

4ny 

does not provide a solution to the Helmholtz equation (1-23) but rather satis- 
fies the inhomogeneous Helmholtz equation 

V 2 P± + /— \ 2 P* = -A 6(y) (1-34) 

W 

with a delta function source term at the origin. In order to show this, we 
shall need to use the divergence theorem 



A dy 


=/ 5 - 

Js 


A dS 


(1-35) 


where A is any vector and v is an arbitrary volume bounded by the surface 
S with outward -drawn normal n. Thus, if v is taken to be a sphere of ra- 
dius r Q centered about the origin y = 0 and if dft denotes an element of 
solid angle, this shows that 


7 

It will be seen subsequently that this type of behavior is quite typical of solutions 
for any bounded source region. Hence, solutions which behave like (l/y)e ik y for large 
y are called outgoing wave solutions, and solutions which behave like (l/y)e -ik y are 
called ingoing wave solutions. 
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L 


Iff] 

i»/y-r 0 


dSJ * 


IS 

^4 7 r J 0 


P^y^ dy dft 


= r 


o 




±i(a.'/c Q )r 0 



= -r 


o 


But since 

6(y)dy = 1 

and 5(y) = 0 in any region where satisfies the homogeneous Helmholtz 
equation, we conclude that P* satisfies equation (1-34). By shifting the loca- 
tion of the origin, we find that 



P* = 


r Q ±i(w/c Q )r 


477T 


with 


r = |x - y | 


satisfies the Helmholtz equation 
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v 2 p ± + /OA p± = _y) 


with a delta function source term at the arbitrary point x. 
Taking the inverse Fourier transforms shows that 


f -ico(tw/c 0 ) 

P = / e r 0 du> = r 0 I T * 

4vrr J u 4?rr u 


(1-36) 


(where Tq is the Fourier transform of 7 q) satisfies the inhomogeneous wave 
equation 


— — ) P* = -r 0 (T)6(y - x) (1-37) 

•W) 

with a point source of strength yg(T) located at the point x. 

In order to interpret this result, notice that rp + is constant everywhere 
along each line CqT - r = Constant in the r-T plane shown in figure 1-6. 





Figure 1-6. - Propagation of spherical waves. 
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It therefore represents an arbitrary pulse propagating outward in the radial 
direction with unchanged shape. The propagation speed is again equal to the 
speed of sound Cq. Hence, p + represents a pressure pulse which propagates 
outward with unchanged shape in the radial direction with its amplitude dimin- 
ished by the factor 1/r. 

Upon choosing y q to be the delta function 6(t - r), it follows from equa- 
tions (1-36) and (1-37) that 


with an impulsive point source acting at the time t and located at the point x. 
Since r is always positive, this solution together with all its derivatives 
must certainly vanish whenever t < r. 

1.3.2 Solutions to Acoustic Equation for a Uniformly Moving Medium 

Now suppose that the velocity U of the medium is constant so that the 
wave motion is governed by equation (1-16). The equation closely resembles 
the stationary -medium wave equation (1-18). This resemblance is not acci- 
dental, for suppose we carry out the analysis in a coordinate system moving 
at the constant velocity U. Then the medium ought to appear at rest, and 
therefore the equation for sound propagation in this coordinate system ought 
to be the stationary -medium wave equation. In fact, introducing the change 
in variable 



(1-38) 


is an incoming wave which satisfies the inhomogeneous wave equation 



(1-39) 


y 1 = y - iU r for r = r 


(1-40) 
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into equation (1-16) results in the stationary -medium wave equation 




v’ 


/ " p 0 


_0q 

0T 


where v’ denotes the operator 


(1-4 1) 


U 


3y; 


+ J a 


+ k — 

dy' 0 0yo 


Solutions to the moving -medium wave equation (1-17) can therefore frequently 
be obtained simply by transforming solutions to the stationary-medium wave 
equation (1-41) back to the laboratory frame. Thus, transforming the plane 
wave solution 


p = e i(k.?-coV) for k= Jk | = 

c 0 

to the wave equation (1-41) (with the source term omitted) back to the fixed 
frame by equation (1-40) shows that 

p = e ik- y-(co'+k- U)t 

where U = Ui. This solution represents a plane wave in the fixed laboratory 
frame with a frequency 


co = co* + k • U = co'(l + M cos 6) 


where M = U/c Q is the mean -flow Mach number and 0 is the angle between 
the direction k/k of propagation and the mean flow direction (see fig. 1-7). 
The phase speed of the wave is 


V = - = (1 + M cos e)c Q = Cq + U cos e 
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\ 



Figure 1-7. - Plane wave propa- 
gation in a constant -velocity 
medium. 


This shows that the wave is traveling with a speed equal to c Q , the prop- 
agation speed relative to the medium, plus U cos Q, the component of the 
velocity of the medium in the direction of wave propagation. The frequency in 
the laboratory frame is increased if the medium has a component of its veloc- 
ity in the direction of wave motion and is decreased if it has a component in 
the direction opposite to the wave motion. However, the wave has the same 
wavelength, X = 2n/k, in both reference frames. This is simply a conse- 
quence of the fact that the moving wave pattern must appear the same to both a 
stationary and moving observer and only the frequency and apparent velocity 
of the wave can differ. 

1.3.3 Solutions to Acoustic Equation with Velocity Gradients: 

Geometric Acoustics 

Returning now to the general moving -medium wave equation (1-20), with 
source terms neglected, we find that the Fourier components of the pressure 
satisfy the transformed equation 


Ik + iM Ji\ 

V 2 P+(k + iM a V p 

V 35 V 

I 

CD 

1 


2™. 3 2 P b0 
dy 2 9y 2 3yi 


(1-42) 


where M = U/cq is the mean-flow Mach number and k s oj/cq. Then the so- 
lution to equation (1-20) will be the sum or integral of terms of the form 
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As in the case where the mean velocity is zero, we write P in the com- 
plex polar form 


P = A(y)e ikS ^ 


(1-43) 


so that the general term in the solution is of the form 


A(y)e 


ik[S(y)-c Q T] 


(1-44) 


Thus, the wave fronts (surfaces of constant phase) are given by 4> = k[S(y) - 
c q t] = Constant; and the phase velocity is given by V p = c Q / 1 VS (. 

In order to simplify the situation, we shall consider the case where the 
velocity varies slowly with y^. Thus, we require that the length L over 
which U changes by a unit amount ^ be so large that 


€ = — — « 1 
kL 


This means that L/X » 1/27T or X « L. Hence, the velocity changes occur 
over a distance of many wavelengths. 

We are interested in obtaining solutions to equation (1-42) which are ana- 
logous to the plane wave solutions discussed in the preceding sections. Since 
the mean velocity varies slowly on the scale of a wavelength, we anticipate 
that equation (1-42) will have solutions which behave locally as plane waves. 
Thus, suppose there exists a solution of equation (1-42) such that 


kS(y) = kLS 0 (Tf) 
A(y) = A 0 (^) 


o 

This is the length L for which 


L dU 
U dy 2 


= 0 ( 1 ) 


(1-45) 
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where 77 = y/L. S Q (0) = 0 and the derivatives of S Q and A Q with respect to 
77. are of order 1 (i.e. , S Q and A Q change on the scale of 77 ). Then expand- 
ing Sq and Ag in a Taylor series about 77 = 0 shows that for ky = 0(1) or 
y * 0(X) 


A = A q (0) + V- (VA 0 )- =0 + 0(ei 


kS = kL 


* ( VS 0^=0 + ° (€ ) 


where 



077 J 077 2 077 3 


It follows that 


A » A Q (0) 

kS « kL v- (V s 0 )- =0 = k ' y 


where we have put 

k = k ^ s oV=o 

Hence, for changes in 7 ? of the order of a wavelength, the solution (1-44) re- 
duces approximately to the plane wave solution 

. A 0 (0)e i(iJ T-^T) 

In order to find an expression for this solution which is valid for all 
values of y (and not just for y = 0(X)), we nondimensionalize the length scales 
in equation (1-42) with respect to L, introduce equation (1-43) for P with A 
and S given by equation (1-45), and neglect terms of order e = (kL) in the 
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resulting equation. Then upon reverting to dimensional quantities, we obtain 
for the real and imaginary parts of this equation, respectively, 


1 - M 


as 

3yi 


2VA • VS + AV^S 


3M 2 A £!§.+ 

ay? 


- M 



3A 

0y l 


- M -JL A|vs| 2 + 2 — A 
0y l 0y 2 


as as 
a y i ay 2 


and 




- M 


is_V = o 

0y i/ 


Since A # 0, the latter equation has two families of solutions. The interesting 
solution is 


|vs| 




(1-46) 


where U = iU is the velocity vector. Since the unit normal to the phase sur- 
face n is given by 


|vs| 


and U cos Q = U • n is the component of mean velocity normal to the wave 
fronts (see fig. 1-8), equation (1-36) can be written as 


|vs| 


'l _ U cos 6 

c 0 



or 
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$ = Constant, S - Constant 


— yj-axis 


Figure 1-8. - Velocity of phase surface. 



U cos 6 ± Cq 


Now suppose the flow is subsonic. Then since | VS | >0, only the plus sign 
can hold and 


This is identical to the expression for the phase speed in a uniformly moving 
medium given in section 1.3. 2. In order to interpret this result, consider an 
initially plane wave moving to the right in a velocity field which is increasing 
in the upward direction, as shown in figure 1-9. The phase velocity will be 
larger on the upper part of the wave surface than on the bottom. Hence, the 
velocity of the wave surface normal to itself will be larger on the top than on 


|vs| = 


U COS 0 + Cq 


The phase velocity V is therefore given by 


V = _2_ 

p |vs I 


= U cos 6 + c Q 
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Figure 1-9. - Bending of phase surface by mean flow. 


the bottom. As a consequence, the wave front will bend in toward the lower 
velocity region as it moves. Similarly, if the wave is traveling to the left, it 
will bend upward toward the higher velocity region. 

1.4 INTEGRAL FORMULAS FOR SOLUTIONS TO THE WAVE EQUATION 
1.4.1 General Formulas 

Before proceeding with the material of this section, it is helpful to recall 
three well-known integral formulas from vector analysis. Thus, let v(t) de- 
note an arbitrary region of space bounded (internally or externally) by the sur- 
face S(t) (which is generally moving), and let A be an arbitrary vector de- 
fined on v(t). Then the divergence theorem (1-35) states that 


provided the integrals exist. If V g (y , t) denotes the velocity at any point y of 
the surface S(r), the three-dimensional Leibniz's rule shows that 



(1-47) 


_d_ 

dT 



V • irk dS(y) 
s 


(1-48) 
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for any function 'Hy, ~) defined on v(t). Finally, it is a direct consequence 
of the divergence theorem that Green's theorem 


J (* 

'SS(t) \ 


*k-n,**! |ds(F) 

On ?nj 


/ 

r) 


(^vV - i//V 2 *)dy 


(1-49) 


holds for any two functions 4' and if/ defined on v. In this equation we have 
written P^/?n in place of n • V^. 

In this section these formulas will be used to derive an integral formula 
which expresses the solution to the inhomogeneous, uniformly moving medium, 
wave equation 


V 2 p - 


1 


D 


0 


c 5 D^ 


p = -r(y, t) 


(1-50) 


in terms of a solution G(y, r|x,t) of the equation 


2 1 °0 - - 
Vuj - — G = -6(t - t)6(x - y) 

2 n 2 

c 0 Dt 


(1-51) 


for an impulsive point source. ^ This result is used extensively in subsequent 
chapters to deduce the effects of solid boundaries on aerodynamic sound 
generation. 

It was shown in section 1. 3. 1. 3 for the special case of a stationary me- 
dium, that, equation (1-51) possesses a solution (given by eq. (1-38)) at all 
points of space which together with all its derivatives vanishes for t < r. In 
any region v which does not include all of space, equation (1-51) possesses 
many such solutions. Hence, let G denote any solution of equation (1-51) 
satisfying the condition 


°G 


is called a fundamental solution of the wave equation. 
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G = 


DqG 

Dt 


= 0 


for t < t 


( 1 - 52 ) 


Then applying Green’s formula to p and G and integrating the result with 
respect to r from -T to +T (where T is some large interval of time) show 
that 


ff (■ 


G - p — I dS 


Sn 


9n> 


-r/ 

J - T Mr) 


(GV 2 p - pV 2 G)dy dT 


hff 

c 0 */t Jv(t) 


Dr 


Dr 


Dr 


P " P 


G dy d t 


Dt 


But since 


- f f [Gy(y, t) - 5(t - T)5(y - x)p]dy dT 

J-T Jv(j) 


( 1 - 53 ) 


Dr 


Dt 


D 


P - P 


G 




Dt 


8t 


Dt 


-P 


D^\ 

Dt 


+ U 


G^.p^' 

0yj Dt Dt 


it follows from applying Leibniz’s rule to the first term and the divergence 
theorem to the second that 
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Hence, 





- P 


t) 


dy 


7=T 

t=-T 




Dt 



dS(y)d r 


where 


v;MV s -iU). n 


(1-54) 


is the velocity of the surface normal to itself relative to a reference frame 
moving with the velocity iU. The causality condition (1-52) implies that the 
integrated (first) term vanishes at the upper limit (r = T). At the lower limit 
this term represents the effects of initial conditions in the remote past (ref. 2, 
p. 837). Since in most aerodynamic sound problems only the time- 
stationary 10 (and not the transient) sound field is of interest, this term will be 
omitted. * 11 Hence, 



10 See appendix 1. A, section 1. A. 3. 

11 It is assumed that the boundary condition is such that the effect of any initial 
state will decay with time. In any event, it is always possible to require that 

p = =0 at r = -T 
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Substituting this result into equation (1-45) and carrying out the integrals 
over the delta functions show that 




y(y, T)G(y, T|x,t)dy 



P(y, t) (— + — — Wy, r|x, t) 
\9n c 2 Dt 


dS(y) = 



if x is in v(t) 
if x is not in i^t) 
(1-55) 


This equation provides an expression for the acoustic pressure at an arbitrary 
point x within a volume v in terms of the distribution y of sources within 
v and the distribution of the pressure and its derivatives on the boundary of v. 
We make extensive use of it in chapters 3 and 4 to predict the emission of 
aerodynamic sound in the presence of solid boundaries. 

The region i^r) in equation (1-55) can be either exterior or interior to the 
closed surface (or surfaces) S(t). However, for exterior regions the solution 
P(y, t) of equation (1-50) must be such that the surface integral in equa- 
tion (1-45) vanishes when carried out over any region enclosing S(r) whose 
boundaries move out to infinity. This will usually occur whenever p(y, r) be- 
haves like an outgoing wave at large distances from the source. When applying 
equation (1-55), it is necessary to be sure that the direction of the outward- 
drawn normal n to S is always taken to be from the region v to the region 
on the other side of S. 

The preceding argument applies just as well to the case where the sur- 
face S(t) is absent. Hence, equation (1-55), with the surface integral 
omitted, holds even when the region v is all of space. However, in this 
case, there is only one possible solution to equation (1-51) which satisfies con- 
dition (1-52) and vanishes at infinity. When U = 0, this is the function G° 
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given by equation (1-38). Then, in this case, equation (1-55) becomes 


This equation can be used to compute the pressure at any point from the known 
source distribution y whenever the region of interest is all of space. 

More generally, if the surface S is stationary and the velocity U of the 
medium is zero or tangent to the surface (so that n • i = 0), the normal rel- 
ative surface velocity becomes the normal surface velocity 


and equation (1-55) reduces to the usual integral formula for the wave equation 


Of course, when U = 0, p and G satisfy the inhomogeneous stationary- 
medium wave equations 


p(x,t) = jfj 



(1-56) 



(1-57) 



if x is in v 


if x is not in v 


(1-58) 


V 2 p - — BL = -y(y , t) 
2 - 2 


(1-59) 



(1-60) 
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1.4.2 Boundary Conditions: Green's Function 

1.4. 2. 1 Definition and properties. - Up to this point we have not explic- 
itly taken into account the effects of solid boundaries on the sound field. The 
presence of such boundaries imposes certain restrictions (that is boundary 
conditions) on the allowable solutions to the wave equation. 

For the small -amplitude motions consistent with the acoustic approxima- 
tion the boundary conditions are usually linear; that is, they consist of linear 
relations between p and its derivatives (and perhaps integrals) specified on 
the boundary of the region in which the solution is being sought. For example, 
in the case of a stationary rigid surface the boundary condition arises from the 
requirement that the normal acoustic velocity u • n vanish at the surface. 

But in this case (since the mean flow, if it exists, must be tangent to the sur- 
face), it follows from the first equation (1-13) (with f = 0) that 

— = n • V p = 0 for y on a fixed surface 
3n 

This provides a condition which the solution p to the wave equation must sat- 
isfy on the boundary. 

Now whenever solid boundaries are present, equation (1-55) cannot, in 
general, be used directly to compute the solutions to the inhomogeneous wave 
equation (1-50) because the pressure and its derivatives which appear in the 
surface integrals cannot be specified independently and the relation between 
them is a priori unknown. However, whenever the solutions of equation (1-50) 
satisfy linear boundary conditions, this difficulty can, in principle, be elim- 
inated by imposing additional restrictions on the fundamental solution G. The 
resulting function is then called a Green’s function. We shall restrict our at- 

1 O 

tention to the case where the boundary surfaces are stationary and the mean 
flow, if it exists, is tangent to the surface. In this case, equation (1-55) re- 
duces to equation (1-58). 


12 

If the motion of the surface has a small amplitude, we can treat the surface as 
stationary at its mean position and take account of its motion through boundary condi- 
tions at the mean position of the surface. 
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A Green’s function for a region v is defined to be a solution G(y, r|x, t) 
to the inhomogeneous, uniformly moving medium, wave equation (1-51) which 
satisfies linear homogeneous boundary conditions on the surface of S as well 
as the causality condition (1-52). If the region v extends to infinity, we re- 
quire, in addition, that G vanish as y -1 when y~°o. Then the function G^ 
defined by equation (1-38) is the Green's function for the case where the region 
v is all of space and the mean flow is zero. It is called the free-space 
Green's function. 

When the mean flow is zero, the Green's function satisfies the reciprocity 
relation 13 


G(y, t J x, t) = G(x, -tjy, - t) 


Inserting this relation into equation (1-59) shows that 


v!c(y, r Jx, t) - — i G(y,r|x,t) = _ 6(t _ t)6(x _ y) 

X „2 p .2 

c 0 ct 


where 



2 9 2 

0Xj 9X2 0x3 


Thus, G(y, rjx, t) also satisfies the wave equation in the variables x and t. 
But since condition (1-52) shows that G vanishes for t < t, we can interpret 
G as the pressure field at the point x and the time t caused by an impulsive 
source located at the point y at the time t. The causality condition (1-52) 
then ensures that events will propagate forward in time. The moving-medium 
Green's function can be interpreted in a similar fashion. 

Suppose that it is desired to find a solution to the inhomogeneous wave 
equation (1-50) subject to either of the linear boundary conditions 

13 

We omit the proof of this important result. The interested reader is referred to 
ref. 2, section 7. 3. 
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Case A: 
or 

Case B: 


££ + b(y, r)p = a(y, r) 
9n 


p = a(y, t) 


j 


for y on S 


(1-61) 


where b and a can be any function of y and t. And suppose that a Green's 
function can be found which satisfies the homogeneous boundary conditions 


Case A: 


Case B : 


dG(y, r|x, t) + b (y^ T )G(y, t |x, t) = 0 


an 


G(y, r|x,t) = 0 


for y on S (1-62) 


Then inserting the corresponding pairs of boundary conditions from equa- 
tions (1-61) and (1-62) into the surface integral in equation (1-58) shows that 
for x in v 


Case A: p(x, t) = //-/ G(y, r|x,t)y(y, r)dy 




f dr f G(y, r|x, t)a(y, r)dS(y) 

J- t ys 


y (i-63) 


Case B: p(x,t) = G(y, r|x,t)y(y, T)dy 


/ T dT f isHlz 

J- T JS 3 ” 


Ml 


a(y,T)dS(y) 


J 


Thus, once the appropriate Green's function has been found, the solution to 
the wave equation (1-50) subject to the linear boundary conditions (1-61) can 
be expressed in terms of the volume source distribution y and the prescribed 


38 


REVIEW OF ACOUSTICS OF MOVING MEDIA 


boundary values a by using equation (1-63). When no solid boundaries are 
present, this can be accomplished by using equation (1-56). 

Since a Green's function is a solution for the sound field emitted from an 
impulsive point source located at the point y at the time t, equation (1-63) 
shows that in the general case the acoustic pressure is just the superposition 
of the pressures due to the volume sources y(y, r) and the boundary sources 
a(y, t). 

1.4. 2. 2 Calculation of Green’s functions. - There are two fairly general 
methods for finding Green's functions. These may be referred to as the 
method of images and the method of eigenfunctions. We shall first consider 
the method of images. 

1.4. 2. 2. 1 Method of images: Since the only singularity of the Green's 
function G(y, r|x,t) occurs at the source point at the time the impulse is ini- 
tiated, it must be of the form 

G(y, t|x, t) = G°(y, r|x,t) + h(y, r|x,t) (1-64) 

where G® is the free -space Green's function (eq. (1-28)) and h is a solution 
of the homogeneous wave equation with no singularities in v. The details of 
the method are best illustrated by considering a particular example. 

Thus, suppose that the mean flow is zero and let v be the region yg — 0 
(shown in fig. 1-10). We shall construct a Green's function whose normal 
derivative vanishes on the solid boundary y 2 = 0 of this region. The function 
h must be chosen so that this boundary condition is satisfied. Since 

G°(y, r|x, t) = — 6 (r - t + 

47rr y 

is a solution to the inhomogeneous wave equation, and since this equation is 
invariant under the transformation yg — -y^i it follows that (l/47rr')6(T - t + 
r ’/C q), with r' = |x - y’ | and y' = iy^ - jyg + ky^, is also a solution to this 
equation. But because y' is never in v, this function is nonsingular in this 
region and therefore satisfies the conditions imposed on the function h. 

Hence, 
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G(y, r|x,t) = — 6 

47rr 




(1-65) 


satisfies the wave equation (1-59) in the region v. It is now easy to verify 
that it also satisfies the boundary condition 


— = 0 at y, = 0 

ay 2 


and is therefore the required Green's function. 

1.4. 2. 2. 2 Method of eigenfunctions: We now turn to the method of eigen- 
functions. Suppose that the function b in the boundary conditions (1-62) is in- 
dependent of t. Then it can be seen from equation (1-51) that G depends on 
t and t only in the combination t - t. Hence, upon taking the r-Fourier 
transform of this equation and the boundary conditions (1-62) and introducing 
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the function G (y |x), which is related to the Fourier transform ^(y |x,t) 
of G by 


G w (y |3 = 2^“* d-66) 

14 

we find (after taking complex conjugates) that 

[V 2 - M 2 2iMk -JL. + k 2 ) G (y |x) = -6(x - y) (1-67) 

V ay? 0y i / 


and that 




Case A: 

9G , ^ 

Tf + bG “ = °l 

> for y on S 

(1-68) 

Case B: 

o 

II 

3 

O 




where as usual k = co/cq and M = U/Cq is th e mean -flow Mach number. 
Then it follows from equation (1-66) that the time -dependent Green’s function 
G can be determined from the solution to this boundary -value problem 

by 


G 


27 T 



e -Mt-r) cjy |x)dco 


(1-69) 


It is frequently possible to solve the problem posed by equations (1-67) 
and (1-68) by expanding the solutions in terms of appropriate "eigenfunctions 
of equation (1-68). However, caution must be used in carrying out the inver- 
sion integral in equation (1-69) since G^ will generally have singularities 
along the co-axis. It will then be necessary to deform the contour of integra- 
tion around these singularities in a manner dictated by the causality condition 
(1-52). 

14 It is easy to show that causality condition (1-52) will be satisfied if the solution to 
this equation represents an outgoing wave at infinity. 
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These ideas are again best illustrated by considering an example. Thus, 
suppose the region v is the interior of an infinite, straight, hard -walled duct 
(shown in fig. 1-11) whose cross-sectional area is A and whose axis is in the 
y i -direction. In order to construct the Green's function G which satisfies 
the boundary condition 


0G. 


u> 


9n 


= 0 for y on S 


(1-70) 


it is convenient to first consider the functions ^ satisfying the two- 
dimensional Helmholtz equation 



in the region A and the boundary condition 


(1-71) 


3 * 

— = 0 on the boundary D of A 
0n 


(1-72) 
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It can be shown 15 that such solutions exist only for a discrete set of real 
values, say K n for n = 0, 1, 2, . . . , of the constant «, called eigenvalues . 
The corresponding solutions, * n , are called eigenfunctions. The eigenfunc- 
tions satisfy the orthogonality condition 


We attempt to expand the solution to equation (1-67) in terms of eigen- 
functions ^ to obtain 


Then the boundary condition (1-70) on the surface of the cylinder is automati- 
cally satisfied. Substituting this expansion into equation (1-67), multiplying 
the result by 4/^, and integrating over the cross-sectional area A show, in 
view of equations (1-72) to (1-74), that the expansion coefficients f m satisfy 
the equation 



(1-73) 


where 



(1-74) 


n 



where 



15 See, e. g. , ref. 2, ch. 11. 
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But the solution to this equation is 


where 


m 


i ^m( x 2’ x 3 ) 

2k r 

mm 


exp 



k m = V k2 - (1-75) 

And in order to ensure that this solution remains bounded for large values of 
I x l - y l | for all k and * m , we must choose the branch of the square root in 
equation (1-75) so that it is equal to i times the absolute value of the radical 
when k <£*£,. Hence, 

G (y |S = I V *n< y 2- y 3 ) *n (x 2- x 3> 

2 / . k r 


Finally, substituting this into the inversion formula (1-69) shows that the 
Green's function is 



G(v. r)x .tl = J_ V V y 2’ y 3^n (x 2’ x 3 

n 


n 



(1-77) 


The contour of integration in the complex w-plane which ensures that the 
causality condition (1-52) is satisfied is shown in figure 1-12. 
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9m U 



rPath of integration 


rr 



► Re(ri 

C* ~ ~ - 

- c 0P k n 

c Qpk n 

''-Branch cut for square root 


Figure 1-12. - Contour of integration for inversion of Green's function. 


In a number of important cases 16 it is convenient to express the index n 
in terms of a doubly infinite set of indices, say m and n. Then the eigen- 
values are denoted by K m n , the eigenfunctions by * m>n , and equation (1-77) 
becomes 


G(y, t|x 


,8 '*Z 


* m .n (y 2' y 3 > *m,n (x 2’ x 3 ) 

r. 


m,n 


m, n 



w( T -t)+— (y 1 -x 1 )+-^^ |yr x i 


-dcu 


n, m 


(1-78) 


For example, in the case of a circular duct of radius R, it is easy to see 
by introducing the polar coordinates 

?’=V y l +y 3 


16 When the surface D is a coordinate surface in a coordinate system where equa- 
tion (1-71) is separable. 
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-1 y 3 
(p Q = tan 1 -A 


into equation (1-71) that the eigenfunctions n are given by 


^m,n J m^ K m,n^ 


-lm 


^0 


(1-79) 


where J m is the Bessel function of order m and Km n is the n th root of 


J mVn R) =° 


(1-80) 


r m,„-"' R2 - 

K r 




( 1 - 81 ) 


and m = 0, ±1, ±2, . . . ; n = 1, 2, . . . 

1.5 SOURCE DISTRIBUTION IN FREE SPACE: MULTIPOLE EXPANSION 
1.5.1 Interpretation of Solution 

The simplest case discussed in section 1.4 occurs when the mean flow is 
zero and there are no solid boundaries present. The sound field due to a local- 
ized source distribution y is then given by equation (1-56). But inserting the 
expression (1-38) for the free-space Green's function into this equation and 
carrying out the integration with respect to r show that 

p(x,t) = 
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where as usual 


r - |x - y | 

The integration is over all of space, but only those points where y( y, t) is non- 
zero contribute to the integral. We, of course, assume that y vanishes fast 
enough as |y | - °° so that the integral converges. 

Comparing equation (1-82) with equation (1-36) shows that the volume el- 
ement dy emits an elementary wave 



r 

which is exactly the same as that emitted from an acoustic point source of 
strength y and that the resultant acoustic pressure field is just the super- 
position of these solutions. 

Since the time it takes a sound wave to travel a distance r is r/c Q , the 
time t - (r/c Q ) which appears in equation (1-82) is just the time at which the 
sound wave had to be emitted from the point y in order to reach the observa- 
tion point x at the time t. It is called the retarded time . 

1.5.2 Multipole Expansion 

Expanding 17 the integrand in equation (1-82) in a Taylor series (with re- 
spect to the variable r = x - y) about the point r = x while treating the var- 
iable y as constant shows that 


1 The expansion procedure used in this section follows the treatment of Doak 
(ref. 3). 
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gj+k+Z 





3x J 1 


3Xo 0Xo 


j.’k.'z: 


j ,k, Z =0 


47TX 


Substituting this into equation (1-82) shows that 


p(x,t) = 



a j+k+Z (-l)j +k+ ^ 


j,M=o 


3x\ 3x* 3x* 4 " x 


"J.M *" 


(1-83) 


where 




f y -Mr€, 

J j.’kiz: 


t)dy 


is called the instantaneous multipole moment and the j,k, Z th term of the ex- 
pansion (1-83) is called a multipole of order 2^ +k+ ^. Of course, it is as- 
sumed that the source distribution vanishes at infinity rapidly enough to en- 
sure convergence. 

Since, as shown in section 1.3. 1.3, each term 
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is a solution to the wave equation and since, as can be easily verified, the 

derivative of a solution to the homogeneous wave equation is also a solution, 

each term in the multipole expansion (1-83) must be a solution of this equation. 

If there exist 3 N functions i • ■ (y,t) which vanish together 

1 1’ 2’ 3’ ‘ ‘ ‘ ’ N 

with their first N derivatives sufficiently fast as y — such that 


y(y,t) = 



,N 


9 >i i i 
1 1» 2’ 3’ 

3yi 3yi 3yi • 

1 1 l 2 *3 


. i 


N 




(1-84) 


N 


1 8 

it can be shown that 


m. , , (t) s 0 for all j + k + l < N 

] , K , t 

N 

Thus, the first term in the multipole expansion will be a pole of order 2 
and, aside from this, only higher order poles will occur in the expansion. 
For example, we have seen that an applied force ^ results in a source term 
in the wave equation of the form 



Hence, the lowest order poles appearing in the multipole expansion of a solu- 
tion to this equation will be poles of order 2 called dipoles . 


1 8 

An example of how this assertion can be proved for the case where N 2 is 
given in section 2. 4. 
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1.5.3 Behavior at Large Distances From Source 

Since 


— i = 0(x"2) as x— °° 
0X^ x 


and 






x i 0 

m i k 7 

c Q x 0t ] ’ K ’ 4 



It follows that for large x, equation (1-83) becomes 


p(x,t) 



L 7 

j ,k, £=0 


(1-85) 


Now suppose that the source distribution y is essentially confined to a 
region whose size is of order L. Then the multipole moments are of order 


m 




0(L j+k+7+3 


where (y) denotes the average value of y over the source region. And if 

T is a typical period of oscillation of the sound source (so that X = c n T is 
P th u " 

a typical wavelength of the sound), it follows that the j,k, l term in equa- 
tion (1-85) is of order 


\j +k+ 1 


J+k+7 


x V T P V 


-m ^ 
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Hence, if the source region is very small compared to a typical wave- 
length, only the lowest order poles which occur in the multipole expansion 
will contribute to the pressure field at large distances from the source. A 
source distribution satisfying this condition is said to be compact . Thus, for 
a compact source, all the poles which contribute to the sound field at large 
distances will be of the same order and this order will be equal to the largest 
integer N for which the source distribution y can be expressed in the form 
(1-84). For this reason, a source distribution which can be expressed in the 
form (1-84) is called a multipole source of order 2^. Clearly, higher order 
poles will be much less efficient emitters of sound than lower order poles 
whenever the source region is compact. If N = 0 (i.e. , if y cannot be 
expressed as a derivative which vanishes at infinity or on the boundary of the 
source region), the source is called a monopole, or a simple source . We 
have already indicated that when N = 1 the source is called a dipole source, 
and if N = 2 the source is called a quadrupole. 

It can be shown that any dipole source can be constructed by bringing to- 
gether two equal -strength monopole sources in such a way that the product of 
their strength times their distance remains constant. Similarly, any quad- 
rupole source can be constructed by bringing together two dipoles, and so on 
with higher order sources. 

1.6 RADIATION FIELD 

Again suppose that the mean flow is zero. An important special case of 
equation (1-58) occurs when G is taken to be the free-space Green’s function 
G®. Thus, if there are no volume sources present in v (i. e. , y = 0 in 
v ), inserting the free-space Green's function into equation (1-58) shows that 

f p(x,t) x in v 

dS = < (1-86) 

lo x outside v 

(The formula obtained by substituting equation (1-38) into this formula and 
performing the integration with respect to t is known as Kirchhoff's theorem. ) 
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\- P = Po 


p 


Figure 1-13. - Interior and exterior regions. 


This equation applies to any solution p of the homogeneous stationary - 
medium wave equation 


within any region v bounded externally or internally (or both) by the surface 
S (as shown in fig. 1-13). 

Let us apply equation (1-86) to a solution p of equation (1-87) in the re- 
gion v exterior to a closed surface S and also to a solution p^ of this equa- 
tion in the region interior to S. Suppose, in addition, that the solution 
Pq takes on the same boundary values on S as does the exterior solution p. 
Then for any point x in v 



(1-87) 


/*T 

T 
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We must realize that the direction of the normal in the first formula is oppo- 
site to that in the second formula; hence, d/dn in the first formula is -3/3n 
in the second. Then subtracting these two equations shows that 


P(x, t) = 



dr 



G°a(y, r)dS(y) 


where we have put 


a( y, t) = 

dn 


9Pq 

3n 


for y on S 


( 1 - 88 ) 


Upon inserting equation (1-38) into (1-88) and carrying out the integration 
with respect to t we obtain 


p(x, t) = — 

4n 



(1-89) 


Equation (1-89) shows that the pressure at any point x of an exterior region 
v (which is devoid of any volume sources) is just the sum of the pressure 
fields resulting from a distribution of simple sources over its bounding sur- 
face S. 

Now consider that case where all the sources producing the sound field 
and all solid boundaries which reflect or interact with the sound are confined 
to a finite region of space, and let S be an imaginary surface enclosing these 
sources and reflecting surfaces as shown in figure 1-14. Then equation (1-89) 
describes the sound pressure in the region exterior to S. 

For a source-free region with zero mean flow the first equation (1-13), 
expressed in terms of the variables x and t, becomes 


9u — _ 
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Figure 1-14. - Emission from bounded source 
region. 


But inserting equation (1-89) into this equation shows that 


*U_L- f ilia/V.t -i-V-- 

8t 4 ” p o I I ! [ r \ V °0 8t 


Hence, there exists a function h(y, r) such that 


^ y,t- 


dS(y) 


«(y , T) = 

3 T 


i.-u/xt 

4 ”Poi r 2 [ r 


V c 0/ c 0 rt V C (V 


dS(y) 


and 


p =— f (y,t ' \dS(y) 

4 7T / r St y c o y 


(1-90) 


(1-91) 


If T is a typical period of oscillation of the sound source and hence if 
X = CqT is a typical wavelength of the sound, the ratio of the first to second 
terms in the integrand in equation (1-90) is of the order X/r. Thus, suppose 
that the observation point is many wavelengths distant from the surface S; 
that is, r » X (for any point y on S). Then the first term in equation (1-90) 
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can be neglected compared with the second to obtain 



(1-92) 


Now suppose that 
Then for y on S 


jx J is much larger than the largest dimension of S. 




2 - 2? • y + 


|y | 2 = 




2x • y lr|2 


mi, 

2 



Upon inserting this result into equations (1-91) and (1-92) we find that 


p(x,t) ~ — — 
4 7TX 3t 




u(x,t) ~ — - — np(x,t) 

Pq C 0 


(1-93) 


where n = x/x is the unit vector in the x-direction. The integral depends on 
the magnitude x of the vector x only in the combination t - (x/Cq) and other- 
wise depends only on its orientation. The latter quantity can be characterized 
by the two polar coordinates 6 and <p shown in figure 1-15. Thus, the time 
derivative of the integral in the first equation (1-93) depends only on the var- 
iables t - (x/Cq), e, and (p and therefore 


p(x,t) 



(1-94) 


The radiation field, or far field, is defined to be that region of space 
which is far enough away from the sources and reflecting object, in terms of 
both the wavelength and the size of the source region, for the pressure and 
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velocity to have the behavior given by equations (1-93) and (1-94). Ideally, a 
source system can have a radiation field only when it is embedded in a uniform 
medium of infinite extent. In practice, especially in aeronautical applications, 
there is usually a region at some distance from the source system into which 
no appreciable scattered sound comes from reflecting objects lying even fur- 
ther from the source system and hence in which radiation field behavior is ap- 
proximately achieved. 

Equation (1-93) shows that the velocity u = nu r is purely radial, and its 
magnitude u r is related to the pressure by 


u 


r 


= P 
P 0 C 0 


(1-95) 


The ratio PqCq between the pressure and velocity in the radiation field is 
called the characteristic acoustic impedance of the medium. It is equal to 429 
newton -seconds per cubic meter for air at 0° C and 1-atmosphere pressure. 
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1.7 ENERGY RELATIONS 
1.7.1 Basic Definitions 

In this section we shall define acoustic energy density E and an acoustic 
energy flux vector T for any flow governed by the linearized gas-dynamic 
equations (1-11). Perhaps the most obvious procedure which comes to mind 
when attempting to introduce a suitable definition of these quantities is to sim- 
ply neglect higher order terms in the expressions for the ordinary energy den- 
sity and energy flux vectors of an inviscid fluid. However , this approach in- 
troduces certain difficulties. Thus, when the energy density and energy flux 
associated with the mean background flow are separated out, the remaining 
terms are of second order. ^ But some of these terms are not simply prod- 
ucts of two first-order terms and can therefore not be calculated from the so- 
lution to the linear gas-dynamic equations (1-11). In order to obtain a useful 
definition of E and T, we must require that they can be calculated entirely 
from solutions to equations (1-11). 

If v is any volume which is free from external sources and enclosed by 
a surface S, the net flux of acoustic energy through S must certainly equal 
the time rate of change of energy within v. Thus, 


_d_ 

dr 



• n dS 


But since this must hold for an arbitrary volume v, it follows from the diver- 
gence theorem that E and 7 must satisfy the conservation law or energy 
equation 


1 ® The process used in the derivation of the acroustic equations can be thought of 
as the first step in obtaining an asymptotic expansion of the flow variables in powers of 
the (small) amplitude e of the acoustic disturbance. Since the variables which satisfy 
the acoustic equations are of the same order as this amplitude, they can be termed 
first-order quantities. The next smallest terms in the expansion will be of the order 
of the amplitude squared and can be called second-order terms. Clearly, the product 
of two first-order terms is also a second-order term. 
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— + V • 1 = 0 (1-96) 

3t 


in any source -free region. 

It was shown by Mohring (ref. 4) that it is possible to define an E and T 
entirely in terms of first-order quantities which satisfy the conservation law 
(1-96) by using the Clebsch potentials tj, (p, a, and /3 introduced in appen- 
dix B by the relations 2 ® 


53 = -© 

Dr 


(1-97) 


v = V<p + SV77 + aVj3 


where 0 is the absolute temperature and 


_D_ 

Dr 


— + v- v 

0 T 


(1-98) 


is the derivative following the motion of a fluid particle. It is also shown in 
this appendix that these potentials can always be chosen (provided the external 
force is conservative) to satisfy the equations 


5i?= v 2 + 0S - H 
Dr 


Da 

Dr 


= 0 


22 = o 

Dr 


J 


(1-99) 


20 


The development given by Mohring 


is followed 


fairly closely in this section. 
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1 £_ s M - aM 

0 T 0 T 0 T 


( 1 - 100 ) 


DH = 1 0p 0S2 
Dr p 0 T 0 T 


( 1 - 101 ) 


jf=H -K^ - SK^ - oiKp 


( 1 - 102 ) 


where h is the specific enthalpy, is defined by 


/ 


= - vn 


p 


and K , K , and K a are constants. 

Cp’ TJ P 


Now consider a flow governed by the linearized gas -dynamic equa- 
tions (1-11). Corresponding to this linearization the Clebsch potentials can 


where the primes denote a small fluctuating part (whose squares can be neg- 
lected). Upon inserting these results into equations (1-97) to (1-102) the 
zeroth-order equations become 

21 The zeroth-order time- dependent terms give maximal generality while still 
leaving the zeroth-order physical variables such as v Q , p Q , and p Q independent of 


be written as 


21 


V = V 0 (Y) ~ k t? t+ V 
cp= <P 0 ( Y) - K <p r+ tp 
a = o- 0 (y) + of' 

/3 = /3 Q (y) -Kpr+ P' 


time. 
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~\ 


V v io = K ,‘ e o 


v o = V( Po + s o v ^o + "o v/3 o 


V V< ?0 = V 0 + 0 O S O + H 0 


V Vc *o = 0 


V V ^0 = K /3 

^0 = H o - % - s o K „ - % K e - h 0 + + % - % - s o% - <VS - ® 


Hi -103) 


and the first-order equations become 


u = V( P' + S’Vtjq + SqVt]' + a Q VI3' + a'Vj3 Q (1-104) 


077 — _ i — , ^ 

77 + v 0 -v, +u .v, 0 = . e 


p T 

■£7 + V V cp' + u. V <p 0 = v 0 -u -n’ -g’ 




0Of* - _ , - 

+ v n . Vo? + u- V a n = 0 

St u 0 


— + V V p' + u- V 0 n = 0 

0T U 0 




(1-105) 


where 


gsh-OS 


(1-106) 


60 


REVIEW OF ACOUSTICS OF MOVING MEDIA 


✓ 7 0 + O* - S’K„ - (1-107) 


Ml + v„-v 


3 T 


0 


(1-108) 


P 0 


3t 3t 


Before using these potentials to derive an energy equation, we shall first 
prove that the following two identities hold: 


(<*LV77 T + <^Lv/3’ -^Lvs’ - £va =-?• (^ + V^')-0’^- (1-109) 

\ 3 T 0T 0 T 0 T / \0T / 0T 


el^-p e’isl 

P 0 9t 0T 


_ 3 _ 1 

0 T 2 


2 .2 

C 0 P 


*>0 




( 1 - 110 ) 


If the third equation (1-11) and equations (1-105) are used to eliminate v Q on 
the left side of equation (1-109), we obtain 


v ■ fe- vs n + Va 0 - Vtj - £“1 V/3, 

\ 3 T 0 0T ° 0T U 0T 


0 


0 


. 3S^ 

dr 


= -u 


f - v ^o + s o 

O T 


v 0?L + 3 a_ V/3 + a v M- 

0r 0r U U 3 r 




- 0 


« 3S_ 

0 T 


But equations (1-104) and (1-107) show that this expression is equal to the 
right side of equation (1-109). 

Since 


P 




S’ 
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and 





S’ 


equation (1-110) is a consequence of equation (1-5) and the Maxwell relation 
(see, e.g. , ref. 5, ch. XIX) 


ae o\ _ j_ / ap o\ 
? p o/s Q p 2 0 \ ?s o/p 0 


It can now be shown that the intensity 


I sjt(p Q u + p'v 0 ) 




( 1 - 111 ) 


satisfies a conservation equation. Thus, it follows from the second equation 
(1-11) and equation (1-108) that 
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V • T = V • (p Q u + p'vq) + (pqU + pV 0 ) • Vjf’ 


-Vo' s 9<r 



9 T 0 T 0 T 0T 



— /p 0 V (S’Vrj’ + 



Hence, upon using equations (1-109) and (1-110), we obtain the conservation 
equation 


Thus, with the acoustic energy flux defined by equation (1-111) and the acous 
tic energy defined by equation (1-113), the conservation law (1-96) holds in 
any source -free region. The energy flux vector I is called the acoustic ^ 
intensity . These definitions, however, are certainly not unique for , if A is 
any vector formed from the Clebsch potentials and the physical variables, 

E - V • A and 1 + 0A/0t will also satisfy the energy equation (1-112). 



0 T 


( 1 - 112 ) 


where 
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1.7.2 Time-Averaged Intensity and Power 

Taking the time average over the time interval T 2 - T^ of the energy 
equation (1-112) shows that 


E(T 2 ) - E(Tj) 
T 2- T l 


= - V • I + 




If the flow is periodic or stationary and if T 2 - T^ is taken to be the period 
in the first case and equal to infinity in the second case, the left side of this 
equation will vanish. Hence, for any region which is free from acoustic 
sources 


V • I = 0 (1-114) 

and this implies that 

I • n dS = 0 (1-115) 

for any surface S enclosing a source -free region. 

The acoustic power crossing a surface S (closed or opened) is defined as 

f- . 

& - / I • n dS 
y S 

Hence, if Sj and S 2 are any two surfaces enclosing a source-free region, 
equation (1-115) shows that the total acoustic power crossing is equal to 
that crossing S 2 . It is this property, which is clearly a direct consequence 
of the solenoidal property (1-115) of the acoustic intensity, from which the 
concepts of acoustic power and mean acoustic intensity derive their utility. 

One slight inconvenience associated with the definition (1-111) for the 
acoustic intensity is that it does not determine this quantity in terms of the 

T 1 — ► 

basic flow variables p , h , u, and so forth, but requires the use of the 
Clebsch potentials. Moreover, these potentials must be found by solving 
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additional equations (although these equations are readily solved whenever the 
governing acoustic equations can be solved). We shall see in the next section, 
however, that in certain important cases the Clebsch potentials do not occur 
in the expressions for I and E. 

1.7.3 Isentropic Flows 

1.7. 3. 1 Interpretation of energy. - The case which is perhaps of most 
interest is when the entropy is constant so that S = Sq = S’ = 0. Equation (1- 
B6) then shows that 


Hence, it follows from equations (1-14) and (1-107) that equations (1-111) and 
(1-113) become, respectively, 


In order to interpret the first term in equation (1-117), notice that for a 
constant-entropy process the work done per unit mass by the acoustic pres- 
sure p' against the surroundings is 


1 


P 0 +P 

f ^ 1 

h = — dp = t— + Second -order terms 



P P 0 




-1 



+ Third-order terms 
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Hence, the work done per unit volume by this pressure is 

.2 

— B + Third -order terms 

2p 0 c 0 

2 2 

We can, therefore, interpret the first term, p* /2pgCg, in E as the potential 
energy per unit volume associated with the acoustic field. 

The kinetic energy per unit volume is one -half the absolute value of the 
momentum density squared divided by the density. The momentum density in 
the acoustic wave is 

pv - PqVq = PqU + p’vq + Second-order terms 


Hence, the kinetic energy per unit volume is 


Ipo-pV 

2 p 



+ p'u • 


Vq + Third-order terms 


The second term in equation (1-117) can therefore be interpreted as the kinetic 
energy per unit volume in the wave. The third term is clearly the potential 
energy per unit volume associated with the external forces. 

In order to interpret the last term in equation (1-117), it is convenient to 
introduce the vorticity vector, co s v x v. It is a measure of the average 
angular velocity of the flow. Taking the curl of equation (1-98) shows that 

u> = V x v = VS x V 77 + V a x V/3 


The first term in this equation accounts for the vorticity introduced by entropy 
gradients, while the second term represents the vorticity introduced external 
to the flow. A flow with zero vorticity is said to be irrotational. In such 
flows the entropy must be constant. If the curl of a vector is zero, it can be 
expressed as the gradient of a scalar. Thus, in the case of an isentropic ir- 
rotational flow, no generality is lost if we assume that the scalar potential for 
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the velocity is (p (see eq. (1-98)) and that a and 0 are zero. The last 
term in equation (1-116) is then a measure of additional energy in the wave 
associated with the angular momentum of the flow. 

1.7.3. 2 Irrotational flows. - For irrotational flows, equations (1-116) 
and (1-117) therefore reduce to 

I=|2_+u- v Q + Q, j (p Q u + p'v Q ) (1-118) 

Vo / 

e = -P^_ + ‘ *o) + p ' 9 ' (1_119) 

2 p 0 c o V 2 / 

These relations were first obtained for isentropic irrotational flows by 

Chernov (ref. 6). However, Blokhintzev (ref. 1) had previously shown that 

the definition (1-118) for the acoustic energy flux leads to a proper energy 

equation for the case where the wavelength of the sound is very short com- 

22 

pared with the scale on which the mean velocity changes. 

For regions of the fluid where the mean velocity v Q and the potential 
are negligible, equations (1-118) and (1-119) reduce to the definitions of I 
and E used in classical acoustics 

I = p’u (1-120) 

E = £ — + PqU (1-121) 

2 P0 C 0 2 

1.7. 3. 2. 1 Relations for radiation field: One important region where it is 
usually possible to assume that v Q = ft' = 0 and therefore that equations (1- 
120) and (1-121) hold is the radiation field. In this region the velocity is re- 
lated to the pressure by equation (1-93). Hence, it follows from equation (1- 
120) that the intensity is in the radial direction n and is given by 

22 which is the case treated in section 1. 3. 3. 
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T= nl 


where 


2 


( 1 - 122 ) 


P 0 C 0 


Taking the appropriate time average of equation (1-122) shows that 


2 


(1-123) 


p o c o 


Thus, in the radiation field the mean acoustic intensity is proportional to the 
mean square acoustic pressure. Now most microphones in most cases meas- 
ure root -mean -square (rms) sound pressure, and the rms fluctuating pres- 
sure at the ear is believed to be most closely related to the sensation of loud- 
ness. Since equation (1-123) only holds under special circumstances, the 
acoustic intensity does not always provide a measure of the signal which would 
be sensed by the ear or a microphone. 

An ear, and usually a microphone, is basically a diaphragm encased in a 
reflecting object (head or microphone housing). If the microphone housing is 
not small compared with the wavelength, the pressure it senses is not the 
same as would exist if the microphone were not present. This difference is 
the result of the pressure increase caused by the sound radiated from the 
housing. 

Equations (1-94) and (1-123) show that 


But it is shown in appendix 1. A that the time average is independent of trans- 
lations in time for any periodic or time-stationary process. Hence, 
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i = g 2 (t ,6,<p) 

167T PqCqX 

o 

Thus, the average intensity in the radiation field is proportional to x . 
If the sound field is periodic so that 


P = 


£ 


n=-°o 


P e - iamt 

n 


it follows from equation (1-123) and equation (1-A7) that 


I = 



2 


This equation shows that we can interpret the quantity 



P 0 C 0 


as the average acoustic energy flux being carried by the n LI harmonic. It 
can therefore be called the intensity spectrum. It follows from equation 
(1-A6) that it is related to the normalized pressure autocorrelation function 
T( t) by 


r(T) ,P(t)p(t+T) s £ y^nr (1-124) 

P 0 c o n= -°° 

If the sound field is time stationary, it follows from equation (1-123) and 
equation (1-A22) that 

T = — L_ / S n Mdcu 

p o c o too 
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where S^M is the Fourier transform of the pressure autocorrelation func- 
tion p(t)p(t + r). Hence, we can interpret the quantity w)/p 0 c 0 as 

the average acoustic energy flux per unit frequency and it can therefore be 
called the intensity spectrum. It follows from equation (1-A21) that it is re- 
lated to the normalized pressure autocorrelation function r(T) by 

r( T ) . PWt + t) = f I e‘ ia,T dw (1-125) 

po c o 

These relations have only been shown to hold in the radiation field and do not, 
in general, hold at points near the source region. 

1. 7. 3. 2. 2 Unidirectional transversely sheared mean flow: When the 
mean flow is given by equation (1-12), we can take 


V 0 O >V- 6 o s o + h o K 3 =1 


a 0 - 2 "O- 0 ' ? 0~J Uy l 


and equations (1-103) will be automatically satisfied. When these relations 
are substituted into equations (1-105) (with Vq = iU), we obtain a set of first- 
order equations in the variables t and yj which can easily be solved for the 
perturbation potentials. However, these solutions are best left to specific 
cases. A solution is carried out for a duct flow in reference 4. 


1.8 MOVING SOUND SOURCES 

The sound emission from any real moving source is generally complicated 
by such effects as the interaction of the sound field with the (usually turbulent) 
flow about the body or even a back reaction of the flow on the sound source. 
However, in order to illustrate the essential features of the process, we shall 
consider the sound emitted from an ideal point source where no such flow re- 
actions are present. We shall also limit the discussion to the case where the 
source is moving uniformly (no acceleration). As will be shown in chapter 2 
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the acceleration of the source can result in sound emission even if the source 
has no oscillations of its own. 

1.8.1 Solution to Equations 

Consider a source moving with a constant velocity Vq through an infinite 
medium otherwise at rest. The volume source density is then given by 

q(y, t) = q 0 (T)6(y - VqT) 

Such a source could result, for example, from the heating and subsequent ex- 
pansion caused by a modulated beam of radiation focused on a point moving 
through the fluid. 

The wave equation (1-18) for the sound pressure now becomes 

v2p 'T7i = ' p °^[ q o <T)6<? '' ?0 

c 0 0T 

It is convenient to introduce a velocity potential ^ by 

p=!^ ( 1 - 126 ) 

3 T 


T)] 


so that 




3 2 ^ _ _ 




p 0 q 0 w(y - v o t) 


Upon comparing this with equation (1-59), we find that equations (1-38) and 
(1-56) show its solution to be 
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In order to evaluate the integral, we use the identity (which holds for any 
functions f and g of t) 



Then upon putting 


( 1 - 129 ) 


g = 



T - t 


it follows that 


dg_ v o T -^o ' * 
dr c 0 |x-V 0 t| 
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and therefore that equation (1-127) can be written as 

«o( T i) 


vl/(x, t) = 



: 


* - Ve 


l f u 

where t„ is the 1 solution of 


l x ~ V 0 T e 


+ T e - t = ° 


(1-130) 


(1-131) 


This equation, being quadratic in t , will, in general, have two roots which 
we shall denote by r± There will then be two terms in the solution given by 

^ i 

equation (1-130), which we shall denote by \p . Hence, if we introduce the 
source Mach number 



and the vector 




the two terms which appear in equation (1-130) can be written as 

p O q o( T e) 


^(x, t) - -1 


477 R* |l - M q cos 0 ± l 


(1-132) 


(1-133) 


(1-134) 
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where 



(1-135) 


is the cosine of the angle between the vectors R* and M^. And equation 
(1-131), which determines the retarded time, can be written as 


1.8.2 Interpretation of Solution 

Equation (1-133) shows that R is simply the vector between the observa- 
tion point x and the position of the source at the time t q (see fig. 1-16). 

But equation (1-136) shows that the length R of this vector is exactly equal to 
the distance c Q (t - r g ) which the sound wave, arriving at x at the time t, 
has traveled in the time interval t - t q . The sound wave emitted by the 
source at time t q will therefore just reach the observer at x at the time t. 
Hence, R is the distance between the observation point and the source point at 
the time of emission of the sound wave, and t q is the time at which the sound 
wave arriving at x at the time t was emitted (or the retarded time). 



(1-136) 



Vq t 

Figure 1-16. - Orientation of source and observer. 
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Inserting equation (1-136) into equation (1-133) and squaring the result 
gives 




(x - V Q t)(t - r e ) + 



= 0 


This equation can be solved to obtain 


R s 


/ ± \ _ * (* “ V ) * V 

1 ^ 1 

t> 

1 

O 

l 2 + l 

(‘ - M o) 

'V ' V „ ,,2 


* - V I 2 


(1-137) 


If Mq is less than 1 (i. e. , subsonic source motion), the radical will al- 
ways be larger than the first term in the numerator. But since R must be 
positive, only the plus sign in equation (1-137) can hold. Thus, for subsonic 
source motion, there can only be one source location from which the sound 
arriving at x at time t can be emitted. 

When the source motion is supersonic, both positive and negative roots 
can occur. But then the radical will be imaginary (i. e. , no solutions for R 
will exist) unless 


- j 


|x - V 0 t 


M, 


M 0 _ _ 
— • (x - v n t) 

M u 

1V1 0 


< 1 


Upon defining the Mach angle a by 


a = cos 




M o M o 2 
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and putting 


6 = cos 


M 0 - - 
— • (x - V n t) 

• 1^0 °_ 

I* - V 0 t I 


(as shown in fig. 1-17) we see that this condition requires that the observation 
point lie within a cone having its vertex at the source and a semivertex angle 
equal to the Mach angle. It is called the Mach cone . Thus, if the observation 
point is outside the Mach cone, no solutions will exist. In order to interpret 
these results, consider the circles shown in figures 1-18 and 1-19. They cor- 
respond to the surfaces which ''contain'' the sound emitted by the source at 
certain fixed instants of time, say t = 0, t p U, and so forth. 

Figure 1-18 is drawn for the case where source speed is less than the 
speed of sound. It shows that only one of these surfaces can pass through any 
given observation point O. The sound on the surface passing through the 
point O in the figure was emitted by the source at the time t = t 2 when it 
was located at x = V t 0 . 

S S Z 
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X Source position at time of 



Figure 1-18. - Subsonic source motion (at time t). Source Mach 
number, Mq, 2/3. 


Notice that the surfaces are closer together in the forward direction (and 
farther apart in the backward direction) than they would be if the source were 
stationary. Thus, more of these surfaces will pass an observer in front of 
the source in a fixed interval of time than if the observer were behind the 
source. Since the total amount of energy emitted by the source in this time 
interval is carried between the first and last surfaces enclosing this interval, 
we anticipate that the intensity of the sound (energy flow per unit time) re- 
ceived by an observer in front of the source will be larger than the intensity 
received at a point behind the source. 

When the source is moving faster than the speed of sound (i.e. , super- 
sonic source motion), the situation is quite different. In this case the source 
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overtakes the sound it emits, and the surfaces "containing" the sound take on 
the configuration shown in figure 1-19. They are now all tangent to the Mach 
cone and there will be at any time t two such surfaces passing any fixed ob- 
servation point O located within the Mach cone. The sound reaching these 
surfaces will have been emitted in the past by the source when it was at two 
different positions. (In this figure the sound was emitted at the times tj and 
t 2 when the source was at the positions x+ = and x“ = V Q t 2 , respec- 

tively.) An observer located outside the Mach cone will hear no sound at the 
time t. Thus, an observer located at a fixed point will hear no sound until 
the Mach cone passes. After that he will hear, at any instant of time, sound 
coming from two different points. When the Mach cone passes the observer, 
the sound field will be particularly intense since all the surfaces coalesce 
along this line. 

1.8.3 Explicit Expression for Pressure Field 

In order to obtain an explicit expression for the pressure fluctuations, 
notice that equations (1-131) to (1-136) show 
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-R^l - M q cos 0±) = (x - V Q t) • M q - (l - M 2 )r± (1-138) 

Differentiating this equation and using equation (1-137) therefore shows that 

(1-139) 


J_Ir±(i - m 0 cos e 1 ) = 
c„ dt ' 0 ' 1 - 


cos 0^ 


Mq cos 0* 


and hence that 


1 dR a 


M q cos 0 


Cq dt 1 - Mq cos 0* 

Thus, equation (1-134) can be inserted into equation (1-126) to obtain 


(1-140) 


•■■if— 


ft - — 


(cos 0 ± - M 0 )V 0 q 0 U - 


47rR x (l - Mq cos 0±) 2 4vrR ±2 (l - M Q cos 0±)‘ 




(1-141) 


where 



t=t“(R ± / Cq) 




For supersonic source motion, equation (1-141) becomes singular whenever 
the angle 0* equals cos -1 (1/M Q ). It can be shown 23 that this occurs only 
when the observer is on the Mach cone. 

If the source motion is subsonic, the first term in equation (1-141) will 
always dominate at large distances from the source. The equation then re- 
sembles the solution for a stationary point source. The principal difference 


“ '’By substituting equation (1-137) into equation (1-138) and recalling that the ob- 
server is on the Mach cone only when the radical in equation (1-137) vanishes. 
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is the convection factor (1 - M Q cos e*) -2 , which appears in equation (1-141) 
and causes the pressure to be higher in the forward direction and lower in the 
backward direction. 


1.8.4 Simple Harmonic Source 

For a simple harmonic source, q Q (t) = Ae _ia,t and equation (1-141) 
becomes 


P* = 


±Po c o 


c n A 


47rR ± (l - M q cos 


-ik + 


Mq^cos e ± - M q) 
R^l - M Q cos 


-iwft-^/cQ)] 


(1-142) 


This formula is clearly nonperiodic since e ± and R* depend on the time. 
However, if the observer is far enough away from both the source and the 
Mach cone, these terms will only change by small amounts during a period 
and can therefore be treated as constants. Hence, the pressure will be ap- 
proximately periodic with slowly changing amplitude and phase. In this case 
it still makes sense to talk about the frequency of the sound field. 

In order to show this, we expand R* and R^ = R^l - M Q cos 6^ in 
Taylor series about some fixed time t Q to obtain 


, , dR±(t n ) 

R ± (t) = R ± (t n ) + 2 - (t - t n ) + i 

u dt Q u 2 


! d 2 R ± (t Q ) 


dt r 


(‘ - ‘o) : 


+ . . . 


, , dR*(t n ) 

R*(t) = R*(t 0 ) + 0 (t - t Q ) + 


dt 


0 


Then substituting the relation 


1 d 2 R ± 

c o d ‘ 2 


M 2 sin 2 e ± 


R^l - M q cos 
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together with equations (1-139) and (1-140) into these expansions shows that 

t - t. 


TD±/4.\ R ‘ (if)) 

. a - 1() ) — 


o 


o 


l o 


1 - Mq cos 0q 


x 


1 1 M o sin 0 O 


c 0 (t - 1 0 ) 


1 - M 0 cos eg) 2 R (t o ) 


R*(t) - R±(t 0 ) 


1 + 


M o( M o - cos e o) 

R ± (t 0 )(l - Mq cos eg ) 2 


c 0 (t - t Q ) + 


where we have put eg = 0 ± (t Q ). But since t - t Q will change by the amount 
2 tt / cu during one period, the second terms in the square brackets will be neg- 
ligible during this time interval whenever 


R ± (t Q ) » 


2nc r 


M 


CO 


±\2 


(l - Mq cos eg) 


Thus, when the observer is many wavelengths distant from the source position 
at the time of emission (and not too close to the Mach cone if the source veloc- 
ity is supersonic), equation (1-142) becomes approximately 


iu,'p 0 A exp (- 


ia't 


P 


1 - Mq COS 6qJ 


exp s ico 




O' + I M o cos 6 0 

+ (H , tv n „± 


'0 


Mq COS 0q , 


47TR ± (t 0 )(l - Mq cos eg ) 5 


(1-143) 


which shows that the pressure is approximately periodic. However, its fre- 
quency is equal to 
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1 - M q cos 

and not the frequency u> of the source. This is the well-known Doppler shift 
in frequency. As 0 q varies from 0 to ir, the frequency o>' varies from 
o.'/(l - M q ) to o»/(l + M q ). Hence, the frequency is increased when the source 
is moving toward the observer at the time of emission and reduced when it 
moves away from the observer. 

For subsonic motion, only the plus sign can hold in equation (1-143). As 
the source approaches the observer the frequency will appear higher than the 
source frequency. It will then progressively deepen in pitch as the source 
moves past the observer. 

When the source velocity is supersonic, the observer will hear the sound 
only after the source has passed him. In this case, there are two locations of 
the source from which the sound reaching the observer at any instant of time 
is emitted. At the location corresponding to the plus sign in equation (1-143) 
the source is moving away from the observer at the time of emission, while at 
the location corresponding to the minus sign it is moving toward the observer 
at the time of emission. An interesting feature of the supersonic source 
velocity is that the sound fields from the two different emission points which 
arrive simultaneously at a given observation point can have different phases 
and therefore interfere with one another. 

1.8.5 Multipole Sources 

The results obtained in this section can be extended to multipole sources. 
Thus , by putting 


..N 


P = 


3 >i i i 

1 p 1 2> • • • > 1 


N 


ay t ay. 

*1 *2 *N 


in the equation 
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? N M. . j (T)6(y-V 0 r) 

1 1> 1 2> • • • u 

syi »•••) ? y iAT 

*1 *2 N 


„2 1 8 2 p 

V p — = 

2 dr 

c O 


for the sound pressure from a point multipole source of order N and strength 
M in uniform motion, we see from the results obtained for a 

i l» i 2’ • • • ’ X N 

monopole source in section 1. 8. 1 that 




M. 


1 l’ l 2» 


i (T e* 
’ X N 


P 4tt 0x. 0x. , . . . , 0x. R* 1 1 M q cos 6 ± | 

1 \ l 2 N 


(1-144) 
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APPENDIX 1 .A 

FOURIER REPRESENTATION OF FUNCTIONS 
1.A.1 Periodic Functions 

Any sufficiently smooth periodic function of time f(t) with period T can 

Ir 

be represented as a superposition of simple harmonic functions by the Fourier 
series 


OO 

«« = £ 

n=-°o 


C n e 


-inwt 


(1-A1) 


where u> = 27T/Tp is called the fundamental angular frequency, f = u>/2ir is 
the fundamental frequency, and the terms with n + 0 are called harmonics. 
Each Fourier coefficient C n is determined by 



(1-A2) 


t h 

The absolute value of this coefficient |C | is called the amplitude of the n 
harmonic, and the argument of C is called its phase. Sometimes C itself 
is called the (complex) amplitude of the n n harmonic. When the function 
f(t) is real, the Fourier coefficients satisfy the relation 


C -n = C n for n = • • 


(1-A3) 


Motion which can be represented by such a series is the basis of all mu- 
sical sound. In particular, the vibrations of wind and string instruments can 
be approximately represented in this way, and the "tone quality" of the sounds 
produced is determined to a great extent by the relative amplitudes of the var- 
ious harmonics present. Thus, representing a periodic function by a Fourier 
series is more than just a means of representing complex functions in terms 
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of simpler functions. It somehow corresponds to the way we hear and distin- 
guish sounds. 

The periodic cross -correlation function 


A 


f J (t)f 2 (t + t )=— J f J (t)f 2 (t + r)dt 

Tp 0 


of any two periodic functions 


»!<»- E V'‘ 


-inwt 


n=-oo 


t 2 (*) - E v l 


inwt 


n=-<» 


(1-A4) 


satisfies the relation 


fj(t)f 2 (t+ r) = £ K B n e ~ ia)nT (1 " A5) 

n=-<*> 

which shows that A*B„ is the Fourier coefficient of the cross -correlation 
n n — 

function. Hence, in particular, the autocorrelation function f 1 (t)f 1 (t+T) 
satisfies the relation 


OO 

fj(t)fj(t + r ) = l A n 


|2 e -ino>T 


(1-A6) 


n=-<» 


and the mean square value |f ^(t) \ of f ^(t) satisfies the relation 


m °° m 

|f l( o| 2 = E K 


(1-A7) 


n=-oo 
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The cross -correlation is independent of translations in time, which means 
that 


f l (t + V f 2 (t + *0 + t) = f l (t)f 2 (t + t) 


( 1 -A 8) 


for any t^. 

1 .A. 2 Aperiodic Functions Which Vanish at Infinity 

Of course, periodic sounds represent an idealization since they must be 
defined so that their form repeats continuously throughout all time while all 
real sounds must certainly be of finite duration. A periodic sound could, of 
course, be represented by a periodic function which is equal to the sound with- 
in the interval where it is nonzero, but it would not represent the sound out- 
side this interval. However, it can be shown that any sufficiently smooth func- 
tion f(t) which vanishes sufficiently rapidly at t = ±°° can be represented by 
the Fourier integral 


f(t) = 



F(w)e" ia,t dco 


(1-A9) 


where the Fourier transform F(a>) of f(t) is determined by 

F(o>) = — f f(t)e iwt dt (1-A10) 

2tt J- °° 

The integral shows that any function which vanishes sufficiently rapidly at in- 
finity can be represented as the superposition of harmonic functions of all pos- 
sible frequencies w/27t. 

The quantity |F(w)| 2 is called the spectral density of f(t) at the fre- 
quency w/27t. For small Aw, an electronic filter which cuts out all fre- 
quencies except those between u>/2ir and (w + Aw)/(2ir) would deliver a meas- 
urable power proportional to |F(w) | 2 times Aw/ 27T, the width of the fre- 
quency band passed by the filter . 
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A sufficient condition for the Fourier transform of a function f(t) to exist 
is that it be a square integrable function. This means that 


r i««i : 

%/ — oo 


dt < oo 


The cross -correlation function 


f j (t)f 2 (t + t) = J f ^ (t)f 2 (t + r)dt 


of any two square integrable functions 


[ i (t) - £ f i 


(co)e -ia>t do) 


f 2 < t) 


= J F 2 (w)e _icot dw 


exists and satisfies the relation 


f l (t)f 2 (t + t) 


■ r a 


(w)F 2 (w)e' 1WT dw 


(1-All) 


(1-A12) 


(1-A13) 


which shows that the cross-power spectrum Fj(o>)F 2 (o>) is the Fourier trans- 
form of the cross-correlation function. Hence, the powe r spectrum |Fj(w) 
is the Fourier transform of the autocorrelation function f ^(t)fj(t + t). Some 
useful properties of the Fourier transform are listed in table 1-1. 

It is also convenient to consider Fourier transforms with respect to spa- 
tial variables. In this case, however, the previous results need to be ex- 
tended to three dimensions. Thus, equation (1-A9) can be generalized to show 
that the function f(y) can be represented by the Fourier integral 
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TABLE 1-1. - SOME PROPERTIES OF 


FOURIER TRANSFORMS 


Function, 

Fourier transform, 

f(t) 

F(w) 

d n f(t) 

(-iw) n F(w) 

dt n 


f(- +b\ 

|a| e -iabo) F(aw) 

\a / 


6(t) 

1 

2tt 

/ f(t)g(r - t)dt 

F(cu)G(w) 

J-OO 



f(y) = 



F(k)e iir -y 


dk 


(1-A14) 


where the integration is now carried out over the three-dimensional (k^kgjkg) 
space and the Fourier transform F(k) of f(y) is determined by 


f(k) 



(1-A15) 


Notice that we have reversed the sign convention from that used for the 
Fourier transforms with respect to time. 


1.A.3 Aperiodic Stationary Functions 

We shall frequently have to deal with functions which are not periodic and 
do not possess a Fourier transform. Rather than satisfy the condition (1-All) 
(which would ensure the existence of the Fourier transform), these functions, 
called stationary functions, merely satisfy the requirement that the average 
value^ 

“^According to this definition, periodic functions are always stationary. 
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|f(t) |‘ 


= lim J_ f 
T "*°° 2T J-T 


|f(t) | 2 dt 


remain finite. 

For such functions the Fourier transform lim F(w,T) where 

F(o), T) = — r f(t)e iwt dt 
2tt J-T 


will not, in general, exist. However, for any two such functions f-^ 
f 2 (t) the cross -power spectral density function 


Si 2 (u>) 


,. F*(w,T)F 2 (w,T) 

lim v __1 t 

T— °° 


where 


F.(co,T) = — / T f- (t)e lwt dt for j = 1,2 

3 2tt J-T 3 

does exist and in fact is equal to the Fourier transform of the cross 
correlation function 


q(t)f 2 (t + 


t) = lim — 
T~°° 2T 



fj(t)f 2 (t+ r)dt 


Hence, 


fj (t)f 2 (t + t) = 



S 12 (co)e“ iwT du> 


(1-A16) 

(1-A17) 
(t) and 

(1-A18) 


(1-A19) 

(1-A20) 
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The autocorrelation function f ^ (t)f ^(t + t) satisfies the relation 


f* (t)f x (t + t) = /°° S u (cu)e- iwT do; 


and the average value |f- (t) | 2 satisfies 


(1-A21) 




S ^ j(w)dcu 


(1-A22) 


where S^to) is called the power spectral density function. Equations (1-A18) 
and (1-A20) should be compared with equation (1-A13). 

Equation (1-A19) shows that f^(t + t Q )f 2 (t + t Q + t) = fj(t)f 2 (t + r). 

Hence, the cross correlation of a stationary function is independent of time 
translations. 

Since the integral (1-A17) exists for finite T, we can use the theory of 
Fourier transforms to treat stationary functions by introducing the ’'shutoff" 
function 


fO |t | > T 

f(t,T) = l 

lf(t) /t I < T 

Then F(t,T) and f(t,T) are Fourier transform pairs and can be treated by 
using the theory of Fourier transforms. At the end of the analysis the power 
spectral density function can be calculated by taking the limit as T-« indi- 
cated in equation (1-A18). 

This trick of only analyzing f(t) during the interval 2T is related to the 
actual measuring process. Thus, the length of time required for the filter to 
separate out the components within a band Aoj/27 t is longer the narrower the 
bandwidth. However, we cannot afford to wait forever, although the only way 
we can obtain a minutely detailed representation of the spectral density is to 
average over an infinite time. 

The stationary functions encountered in practice are usually random var- 
iables. Because of the complexity of these functions the information lost by 
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dealing only with the autocorrelation functions and power specti a is usually of 
little interest. 

These ideas can be extended to stationary functions of a three-dimensional 
spatial variable y. The cross -correlation function of two functions f^y) and 
f 2 (y) is defined by 


where AV indicates that the volume element AV grows to fill all space. 
It is related to the cross-power spectral density 


We have again reversed the sign convention in the Fourier transform. 



AV 



F*(k,AV)F 2 (k,AV) 


(1-A23) 


AV 


where 



by the Fourier integral 



(1-A25) 
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APPENDIX 1 .B 
CLEBSCH POTENTIAL 

In this appendix the Clebsch potentials a, 13, <p, and 77 introduced by 
Seliger and Whitham (ref. 7) are developed. Let 77 be any solution of the 
equation 


= -q 
Dr 


(1-B1) 


where 


— = — +V • V (1-B2) 

Dr 3 t 

is the derivative following a fluid particle. Then it is an immediate conse- 
quence of Pfaff’s theorem (ref. 8 ) that at any instant of time r there exist 
functions <p( y, r), a(y,r), and /3(y, t) such that 

(v - SV 77 ) • dy = dcp + a d/3 (1-B3) 


or equivalently 


v = Vcp + SV 77 + aV/3 


(1-B4) 


We shall now show that the potentials 01 and /3 satisfy certain very simple 
equations. In order to do this, however, we must first establish an important 
theorem of fluid mechanics. Thus, let y p (y°, r) denote the position vector at 
the time r of the fluid particle which passed through the point y® at the time 
T - 0. Then if the external force per unit mass j,/p is conservative so that 



P 


(1-B5) 
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the momentum equation (1-1) can be written in Lagrangian variables as 



- I Vp - VJ2 
P 


where 



- d Yp 
v = — bL 
d t 


is the fluid velocity. Hence, 



% . 

d % 1 3p 

0S2 

ay? 

dr 2 p d y? 

ay? 


But the second law of thermodynamics (ref. 5) shows that 


0 dS = dh - — dp 
P 


where 


(1-B6) 


h = e + E 

P 


(1-B7) 


is the specific enthalpy and e is the specific internal energy . Then 


,2~* 

_E . y P _ a (h + n) [ A os 


(1-B8) 


3Yi 


0 


dr 


?Yi 


0 


ay< 


o 
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Upon introducing Lagrangian variables, equations (1-3) and (1-B1) 
become 


and 


— (y D (y, T), t) = 0 

d T p 


— (y n (y, r), t) = -e 

dT p 


Then equation (1-B8) can be written as 



But since 





- 3y. 

= v • 


3y^ 


P-v°-IJL f\ 2 dr 

0 2 ~ 0 7o 

9y i 


where v* 9 = v(y^,0), integrating equation (1-B9) by parts shows that 



(1-B 10) 
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where 



This result is known as Weber's transformation. We shall use it to determine 

the governing equations for a and /3. 

Thus, inserting equation (1-B4) into Weber's transformation shows that 

t.° = vfi°, 0) = ±- [rfy, r) + x] + s(y“ . o) iL(y®, o) + a(y, r) -L /><y, r) 


Comparing this with equation (1-B4) shows that functions cp , cy, and /3 can 
always be chosen so that 


<p( !y°, o) = <p( y p , r) + x 
a(y°,0) = a(y p , t) ► 

j3(y°,0) = /3(y p , t) 


(1-B11) 


But since y and r are arbitrary points on the path of the fluid particle, it 

p 

follows that 



(1-B12) 


5^=0 (1-B13) 

Dr 


In order to obtain another relation connecting these potentials, notice that 
the vector identity 


95 


AEROACOUSTICS 


v- Vv = V X vx(Vxv) 

2 


can be used to write equation (1-1) as 


— + vL-vx(VXv) + Vfi=d Vp (1-B14) 

3 t 2 n 


Then inserting equation (1-B4) into this relation shows that 


Ivp= -v(if+S aM+fi +Y?L VS 23 - Vi, 5§ + Va 2? - V/3 22 
p \3 t St St 2 / Dt Dt Dt Dt 

Hence, it follows from equations (1-3), (1-B1), (1-B6), (1-B12), and (1-B13) 
that 


where 


V 



i2 + s M+ «m\ = o 

3 r 3 t 3 t) 


H H h + Iv 2 + 0 (1-B15) 

2 

is the stagnation enthalpy. We can therefore suppose without loss of gen- 
erality (since adding a function of time to cp does not change v) that 

H = - IS.- S - a M (1-B16) 

St St St 

In order to obtain an equation for the potential notice that taking the 
dot product of equation (1-B4) with v and subtracting the result from equa- 
tion (1-B15) show that 

H-v 2 = -£^-S^!-c(^ 

Dt Dt Dt 
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Hence, it follows from equations (1-B1) and (1-B13) that 

Hi£=v 2 + eS-H (1-B17) 

Dt 

Finally, taking the dot product of equation (1-B14) with respect to v 
shows that 


D ( y2 * o\ * 1 D P = 1 8p * SS1 

d"t\T / pDl'piT Tt 

Hence, it follows from equations (1-3), (1-B6), (1-B12), and (1-B15) that 

(1-B18) 

Dr p 3t 3t 


where we have put 


J r.*-K v -SK 1 l -aK fl 


and K , K , and are constants. 
(p’ ri’ p 
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APPENDIX 1 .C 
COMMONLY USED SYMBOLS 


B 

C f 

c 

c 0 

F 

f 

T 


G 

G 


co 


I 

CO 

I 

T 

T 

i 

J 

k 

k 

k 

M 


numbei' of propeller or fan blades 

convective amplification factor, 1 - M cos 9 

chord length; local speed of sound 

speed of sound at steady background state 

viscous stress tensor 

total force exerted by solid boundaries 

frequency; or [ f | 

force per unit area exerted by solid boundaries on fluid 
force per unit volume of fluid 
fundamental solution of wave equation 
free- space Green's function 

fundamental solution of Fourier transformed wave equation 

Fourier transform of T 

magnitude of I 

intensity vector 

time-averaged intensity vector 

unit vector in x^- or y^-direction 

unit vector in X 2 ~ or y 2 -direction 

wave number 

wave number vector 

unit vector in x^- or y^- direction 


Mach number, U/Cq 
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n unit normal vector to solid surface (drawn outward from surface into 

fluid) 

& acoustic power 

p pressure 

Pq pressure of steady background flow; or constant reference pressure 

R vector between observation point and center of moving source point 

or region 

r |x - y | 

r x - y vector between observation point and source point 

S entropy; Sears' function; fixed surface 

S(t) moving surface 

T large time interval (eventually put equal to infinity) 

T. . Lighthill's stress tensor 

T period, f” 1 

T-j Lighthill's stress based on relative velocity v ' 

t time associated with the arrival of sound wave at observation point 

U, U TO mean flow velocity 

V number of stator vanes 

V g surface velocity 

v complete fluid velocity 

v ' velocity of fluid in moving frame, v- = - 6j.U 

x coordinates associated with observation point 

y coordinates associated with source point 

T normalized pressure autocorrelation function, p(t)p(t + t)/PqCq; 

Fourier transform of y 

y source term 

5(x) Dirac delta function 
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6.. Kronecker delta (1 if i = j; 0 if i * j) 

jf" moving coordinates attached to source 

0 temperature 

9 polar coordinate (polar angle) or direction between line connecting 

source and observation points and direction of motion of source 

k eigenvalue 

m, n & 

A wavelength 

u(t) volume of fluid exterior to solid surfaces 
p density 

Pq density of steady background flow; or constant reference density 

p' fluctuating density, p - Pq 

a reduced frequency; interblade phase angle in chapter 5 

r time associated with emission of sound wave 

<k phase or velocity potential 

cp polar coordinate (azimuthal angle) 

E2 angular velocity 

E2 | , or w(l - M c cos 9) 

u> angular frequency, 2ui 

Subscripts: 

D drag component 

T thrust component 

0 constant reference value; or value of quantity in steady background 

flow 

Experimental data are presented as pressure or power levels in decibels, 
dB. This means that the ordinate of the plot is either 20 log 1Q (p/p r ), where 
p is some reference pressure (usually 2x10 ^ dynes/cm), or 10 logjQ 

where is some reference power (usually 10 ^ W). The unit of 
frequency is the hertz (1 Hz = 1 cycle/sec). 
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CHAPTER 2 


Aerodynamic Sound 

2.1 INTRODUCTION 

In an unsteady flow, pressure fluctuations must occur in order to balance 
the fluctuations in momentum. But since all real fluids possess elasticity 
(i. e. , they are compressible), the pressure fluctuations can be communicated 
to the surrounding fluid and propagate outward from the flow. It is these 
pressure waves in the surrounding fluid which we recognize as sound. 

At fairly low Mach numbers the pressure fluctuations in the vicinity of the 
flow are substantially uninfluenced by compressibility and can be determined 
from the velocity field by solving a Poisson's equation'*' 

V 2 p = y 

in which the source term y is a known function of the flow velocity. However, 
the Biot-Savat law shows that we can consider the velocity field to be in turn 
driven by a prescribed vorticity field. And since Kelvin's theorem of conser- 
vation of circulation shows that the vorticity in an inviscid fluid is simply car- 
ried along with the flow, an initially localized region of vorticity will remain 
that way for sometime to come. Thus, many flows can be envisioned as rel- 
atively localized regions of vorticity which drive not only the pressure fluctua- 
tions in their immediate vicinity but also those which occur at large distances. 

The pressure fluctuations at large distances are weak and satisfy the 
acoustic wave equation. Thus, in this region, which we shall often call the 

^ These pressure fluctuations are sometimes called pseudo sound . 
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acoustic field, the effects of compressibility and the finite propagation speed 

2 

of acoustic waves are important. 

Although the localized pressure fluctuations have been extensively studied, 
the theory of aerodynamic sound is principally concerned with the study of the 
pressure fluctuations in the acoustic field. This subject probably began with 
Gutin's theory (ref. 1) of the noise produced by the rotating pressure field of 
propellers, developed in 1937. However, it was not until 1952, when Lighthill 
(refs. 2 and 3) introduced his acoustic analogy to deal with the problem of jet 
noise, that a general theory began to emerge. Lighthill’s ideas were extended 
by Curie (ref. 4), Powell (ref. 5), and Ffowcs Williams and Hall (ref. 6) to 
include the effects of solid boundaries. These extensions include the theory 
developed by Gutin and, in fact, provide a complete theory of aerodynamically 
generated sound which can be used to predict blading noise as well as jet 
noise. 

The fundamental equation which forms the basis of the acoustic analogy 
approach is derived in the next section. The methods of classical acoustics 
given in chapter 1 are then used to obtain solutions to this equation for the 
case where no solid boundaries are present. (The treatment of solid bound- 
aries is deferred to chapters 3 and 4.) These solutions are applied to high- 
speed subsonic jets, and fairly detailed results are obtained. Supersonic and 
low-speed subsonic jets are treated in a somewhat more qualitative fashion. 

In Lighthill’s acoustic analogy, certain terms associated with the propa- 
gation of sound are treated as source terms. In practice, this places certain 
limitations on the accuracy of the theory. Alternative approaches developed 
to overcome these limitations are presented in chapter 6. 


“If the Mach number is sufficiently low, there will be an intermediate region where 
the pressure fluctuations have some of the properties of both the localized pressure 
fluctuations and those in the sound field. Thus, in this intermediate region the pres- 
sure fluctuations are as weak as in the sound field, but the distances involved are small 
enough so that the effects of finite propagation speed, and hence of compressibility, can 
be neglected. 

3 

The difference in character between the pressure fluctuations in the acoustic field 
and those in the vicinity of the flow is evidenced by their relation to the flow velocity. 
Thus, the localized pressure fluctuations are of the order pu T ^ where u T is a char- 
acteristic velocity. But it was shown in chapter 1 that the pressure fluctuations in the 
sound field are of the order pCqU t . 
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2.2 LICHTHILL'S ACOUSTIC ANALOGY 

In this section we develop the acoustic analogy approach introduced by 
Lighthill in two classical papers published in 1952 and 1954 (refs. 2 and 3). 
This approach was initially evolved to calculate acoustic radiation from i ela 
tively small regions of turbulent flow embedded in an infinite homogeneous 
fluid in which the speed of sound Cq and the density Pq are constants. 

In this case the density fluctuations, p’ = p - p Q , at large distances from 

the turbulent region ought to behave like acoustic waves and hence satisfy the 

4 

homogeneous wave equation 


_L ik - vV = 0 
2 ,2 
c 0 dr 

Lighthill arranged the exact equations of continuity and momentum in such a 
way that they reduce to this equation outside the region of flow. 


2.2.1 Derivation of Lighthill's Equation 

In order to derive Lighthill’s result, notice that upon using the summation 
convention the continuity and momentum equations can be written as 

j£ + _9_ pv . =0 (2-D 

37 3y j 1 




SYi 3Yj 


where e-- isthe(i,j)^ component of the viscous stress tensor. Fora 
Stokesian'* gas it can be expressed in terms of the velocity gradients by 


4 The notation introduced at the beginning of section 1. 2 will be used in this sec- 


tion. 
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6 ij 


/6v. 3v, 0 3v, \ 

M p + -i-2 5 
vYj 3 j 9 y k / 


( 2 - 2 ) 


where p is the viscosity of the fluid. 

Multiplying the continuity equation (2-1) by v p adding the result to the 
momentum equation, and combining terms show that 


lp v iS .i. ( p,. V 5 ij p -e ij ) 


0T 


1 


But after adding and subtracting the term 3 Cq dp/dy^, this equation can be 
written as 


where 


dr 0 3y t 3y. 

T ij = pv iVj + 6 y [(p - P 0 ) - c 2 (p - p 0 )] - e t) 


(2-3) 


(2-4) 


is Lighthill's turbulence stress tensor . Finally, differentiating equation (2-1) 
with respect to r, taking the divergence of equation (2-3), and then subtract- 
ing the results yield Lighthill's equation 


^ - c 3 vv = 

ax 2 ^ 9 yj 


(2-5) 


2.2.2 Interpretation of Lighthill's Equation 

Equation (2-5) clearly has the same form as the wave equation governing 


r 

The subscript 0 is used here to denote constant reference values, which will 
usually be taken to be the corresponding properties at large distances from the flow. 
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the propagation of sound emitted by a quadrupole source 6 3 2 T i j/Sy i 3yj in a 
nonmoving medium (see section 1. 5. 2). It therefore shows that there is an 
exact analogy between the density fluctuations in any real flow in arbitrary 
motion and those in an ideal acoustic medium at rest (with sound speed c Q ) 
due to a distribution of quadrupoles of strength TV. 

The crucial step in Lighthill's analysis is to regard this source term as 
known a priori. (Notice that the nonlinear terms are all contained in the 
source term). However, we never have complete prior knowledge of this term 
since it involves the fluctuating density, which is precisely the variable for 
which equation (2-5) is to be solved. In fact, since Lighthill’s equation is an 
exact consequence of the laws of conservation of mass and momentum, it must 
be satisfied by all real flows: most of which are certainly not sound like. 

Thus, in most cases, a knowledge of T- is equivalent to solving the complete 
nonlinear equations governing the flow problem, which is virtually impossible 
for most flows of interest. 

Even for those flows which are sound like, the source term 
(3^T. ./3y. 3y ), aside from representing the sound emission, includes such 
real *f lmd* effects as the convection and refraction of the sound by the mean 
flow, the scattering of the sound by turbulence and entropy spottiness, the 
back reaction of the sound field on the flow itself, and the viscous dissipation 
of the sound by the flow. The prediction of any of these effects requires that 
the sound field (which is not known until eq. (2-5) is already solved) be in- 
cluded in the source term. 

In spite of these drawbacks the acoustic analogy approach serves as a 
foundation for most aerodynamic sound analyses. This is probably due to the 
fact that this approach allows us to use the powerful methods of classical 
acoustics to treat aerodynamic sound problems. In chapter 6 we discuss pro- 
cedures which have been developed to alleviate the difficulties associated with 
this approach. 

By incorporating suitable boundary conditions, we can apply Lighthill's 
acoustic analogy to flow in the presence of solid boundaries. As a first step, 


6 It is shown in the next section that this source term should vanish outside the 
region of turbulent flow and hence (as indicated in the beginning of this section) eq. 
(2-5) does indeed reduce to a homogeneous wave equation in this region. 
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however, we shall consider the case where the effect of solid boundaries on 
the sound field is negligible. Then the only important applications of the re- 
sults will be to jet noise. (In fact, Lighthill actually developed his theory 
specifically to deal with this problem. ) In chapter 3 we show how solid bound- 
aries can be included in the analysis and apply the theory to a number of spe- 
cial cases. 

2.2.3 Approximation of Lighthill's Stress Tensor 

Lighthill' s equation can only serve as the starting point for the solution of 
aerodynamic sound problems if it is possible to regard its right side as a 
known source term. We shall now show that there are at least some flows for 
which this is a reasonable assumption. 

To this end, consider a subsonic turbulent airflow (or for that matter any 
unsteady high-Reynolds-number subsonic flow) of relatively small spatial ex- 
tent (such as the flow in a jet) embedded in a uniform stationary atmosphere. 
The subscript 0 will now be used to denote the constant values of the thermo- 
dynamic properties in this atmosphere. Within the flow we anticipate that the 
viscous stress e^, which appears in T.j, will always be negligible compared 
with the far larger Reynolds stress term pv^ . . In fact, it is well known from 
the study of turbulence that the ratio of these terms is of the order of magni- 
tude of the Reynolds number pUL/ p, which in virtually all applications of 
aerodynamic noise theory is quite large. 

In the region outside the flow (or at least at sufficiently large distances 
from this flow) the acoustic approximation should apply, and hence the veloc- 
ity Vj should be small. Then the quadratic Reynolds stress term pv^. will 
be negligible. In addition, the effects of viscosity and heat conduction can be 
expected to act in this region in the same way as they do for any sound field. 
This means (as shown by Kirchoff, see ref. 8) that they only cause a slow 
damping due to the conversion of acoustic energy into heat and have a signifi- 
cant effect only over very large distances. Thus, it should be possible to ne- 
glect e^ entirely. 

Now assuming that the flow emanates from a region of uniform tempera- 
ture, the effects of heat conduction ought to be of the same order of magnitude 
as the viscous effects (provided the Prandtl number is of order 1 as it is for 
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most fluids). Hence, heat conduction should also be negligible within the flow. 
Then the entropy changes will be governed by the inviscid energy equa- 
tion (1-3). And, since it is assumed that the flow emanates from a region of 
uniform temperature, this equation shows that the entropy should be relatively 
constant. But it is shown in section 1. 2 that 

P - P 0 = c ( )(P " P 0 ) ( 2_6 ) 

in any isentropic flow in which (as is usually the case in subsonic flows) 

(P - P 0 )/p 0 and ( P ' P0^ P 0 are sufficiently small. 

We have therefore shown that is approximately equal to pVjV. inside 
the flow and approximately equal to zero outside this region. Hence, upon 
assuming that the density fluctuations are negligible within the flow, we can 

7 

approximate Lighthill's stress tensor by 


T ij ” Wj 


(2-7) 


But within the flow it is reasonable to suppose that the Reynolds stress Po v i v j 
can be determined, say from measurements or estimates of the turbulence, 
without any prior knowledge of the sound field. Then the right side of Light- 
hill's equation (2-5) can indeed be treated as a source term. 


2.3 SOLUTION TO LIGHTHILL'S EQUATION WHEN NO SOLID 
BOUNDARIES ARE PRESENT 

It is shown in section 2. 2 that the problem of predicting the sound emis- 
sion from a region of unsteady flow embedded in a uniform atmosphere can be 
reduced to the classical problem of predicting the sound field from a known 
quadrupole source of limited spatial extent. If any solid boundaries which 
may be present do not influence the sound field to any appreciable extent, the 
solution to this problem can be expressed in terms of the free-space Green's 
function. Indeed after comparing equation (2-5) with equation (1-59), we see 

7 Of course,” it is being assumed that no combustion occurs in the flow. This could 
result in large fluctuations in entropy and hence in (p - P Q ) - c Q (p - p 0 ). This term 
would then have to be included in T— . 
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Q 

from equation (1-82) that this solution is given by 

• dy (2-8) 

T=t-(r/c Q ) 

where 

r = |x - y| 

In order to transform this equation into a more suitable form, it is convenient 
to introduce the differential operator which denotes partial differentia- 

tion with respect to y^ with not only t but also r held fixed to obtain 

, C *2 T 4H (y, t - r/c n ) 

P(x, t) - p„ = J_ / -5 « 1 dy (2-9) 

4itCq J 

Then since the operator 3/3y^ denotes partial differentiation with respect to 
y^ with x and t held fixed and 3/ 9x^ denotes partial differentiation with 
respect to x^ with y and t held fixed, the chain rule for partial differenti- 
ation shows that for any function F(y, r, t) 

6F _ 3F + 3F 
SYj 3yi 3x t 


p(x, t) - p Q = 


-j, h 

I r 


3 T ii - 
j (y,T) 


9y t dy. 


and hence that 


®As indicated in chapter 1, the omission of the limits on a volume integral denotes 
an integration over all space. 

110 


AERODYNAMIC SOUND 


6 2 F 0 2 F a 2 F S 2 F a 2 F 

f. f- -f- 

syjSyj 3yj ayj ay A ox. ay. ax i ax t ax. 

Using this result in equation (2-9) shows that 



( 2 - 10 ) 


provided the integrals exist. In this equation the notation [T^/r] is used to 
denote T-j(y, t - r/cg)/r. Notice that the integrand in each of the first three 
integrals is the divergence of a vector. But if denotes a sphere of radius 
R, the divergence theorem shows that 



A dy = lim 
R-°° 



A • dS 


— 9 

for any vector A for which the integrals exist. Hence, upon assuming that 

T- is smooth and decays faster than y * for large y, we can conclude that 

q 

We show in section 2. 2 that outside a localized region of turbulent flow where the 
viscous and heat conduction effects are negligible, TV behaves like pVjVj. But in this 
outer region, vj will not decay any slower than the rate y"^ at which the acoustic 
particle velocity decays (eqs. (1-93) and (1-94)). Hence, must decay at least as 
fast as y” 2 But we cannot be sure that the last integral in eq. (2-10) will converge 
unless T^j is known to decay faster than y~ 2 . However, the incompressible flow 
velocities, which dominate (at sufficiently low Mach numbers) in the region of a local- 
ized flow, decay as y"^ for large values of y. Thus, if we could begin by completely 
neglecting the contribution of the acoustic velocities, T- would decay as y - ^ and the 
last integral in eq. (2-10) would certainly converge. By using the method of matched 
asymptotic expansion, it can be shown (ref. 9) that this approximation is valid when- 
ever the wavelength of the sound is large compared with the size of the source region. 
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these integrals vanish and that equation (2-10) becomes 


P(x, t) - P 0 = 



( 2 - 11 ) 


In aerodynamic sound problems we are usually interested in the sound 
at large distances from the source where, as we have seen, the expression 
for the sound field becomes particularly simple. Thus, first consider the 
case where the observation point x is many wavelengths away from any point 
in the source region. (This distance need not be large relative to the dimen- 
sions of the source region. ) Then upon using the manipulations described in 
section 1. 5. 2 the second partial derivative of the integrand in equation (2-11) 
becomes 


8 2 T jj( y > t ~ r / c p) 
3x- 9Xj r 


r i r i 3 2 T H (y,t - r/c 0 ) _ 2 

-i-J- $ + 0(r *) 


2 3 


c 0 r 


at" 


where 


r = x - y 


Hence, for large r, 


P(x, t) - p Q 



If the distance between any source point and the observation point is also large 
compared with the dimensions of the source region (i. e. , if the observation 
point is in the radiation field), we can (upon assuming that the origin of the 
coordinate system is in the source region) replace r.rj/r^ by x^./x^ to ob- 
tain 
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p(x, t) - p Q 


x.x. 
1 3 


. 2 3 

4ttCq x 


/ 


1 32T «/y,t-i-Vy 


( 2 - 12 ) 


2 at 2 
Cq dt 


- 0 / 


provided the integral converges. 10 This equation allows us to calculate the 
density fluctuations in the radiation field once the source term is known. 

2.4 APPLICATION OF LIGHTHILL'S THEORY TO TURBULENT FLOWS 

2.4.1 Derivation of Basic Equations 

The most important application of the solution (2-12) is the prediction of 
sound from turbulent jets. ^ But for turbulent flows it is reasonable to as- 
sume that the stress tensor T- is a stationary random function of time. 
Then equation (2-12) shows that the density fluctuation in the radiation field 
must also be a function of this type. For such sound fields (see section 
1. 7. 3. 2. 1) both the average intensity and its spectrum can readily be deter- 
mined from the normalized pressure autocorrelation function 

[p(x, t + r) - pjpft t) - p Q ] 

T(x, t) h 1= 

P 0 C 0 


And since equation (2-6) must certainly hold in the radiation field, it follows 
from equation (2-12) that this function is related to the source term by 


T(x, t) = 


1 n 2 5 

1677 CqPq 


x j x i x k x ; if 


3 T ii - 

at 2 


3 2 T 


— (y”,t M )dy’ dy” 


at' 


(2-13) 


10 _ q 

The convergence of this integral now requires that decay faster than y ° 
for large y. 

Hit can also be used to predict the sound from periodic jets. See section 2. 5. 3. 
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where 


t* = t 


lx-? 


t" = t + T - 


I* - y 


(2-14) 


It is shown in the appendix that the integrand in equation (2-13) can be put 
in the form 


p o T 4 

(y',t’) — (y M ,t”) = — T ii (?,t')Tw(? , ,t M ) (2-15) 

o 9 4 Al 

at z at' 4 3 t 

But since (as shown in appendix 1. A. 3) the cross correlation of a stationary 
function is independent of time translations, it follows from equation (2-14) 
that 


. ij (y , ,t , )T w (y",t") = T ij (y',t)T K (? , ,t + r + |x ~ y< ‘ ~ < ~ y ” ' ] (2-16) 


And since lx - y ' | behaves like 


|x - y’ | = x - - • y ' + 0(x _1 ) 
x 


for large x it follows that 


|x - f I - lx - y M lx. (?* - f ) 


(2-17) 


X C r 


Finally, inserting equations (2-15) to (2-17) into equation (2-13) shows that 
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r(x, r) = - Xl?C L — — Jjf T i .(y , ,t)T w (y",T 0 )dy' dy” (2-18) 

1677 ^CgPg X 6 3 

where 

t 0 s t + t +-?— • (y M - y') 

XGg 

It is now convenient to introduce the separation vector 7/ = y H - y' as a 
new variable of integration in equation (2-18) and to define a two-point time- 
delayed fourth-order correlation tensor by 


T..(y’,t)Tj,(y”,t + r) - <p m { y\v) 

gt ( v t r T ) = _JJ iliSE 

ijk 2 

P 0 


(2-19) 


where is an arbitrary time-independent tensor which will eventually be 

chosen to simplify the equations. Then, since the Jacobian of the transform 
y' y" y',p is unity, inserting these quantities into equation (2-19) shows 

that 


r(x, t) = 


PQ x i x i x k x Z. 

16t7 2 CqX 6 



(2-20) 


This equation relates the pressure autocorrelation in the sound field to the 
source correlation tensor # ijkr Taking its Fourier transform and using 
equation (1-125) and table 1-1 in appendix 1. A show that the intensity spec- 
trum in the radiation field is given by 



x i x iV; 

327T 3 Cg X 6 



iu)[r-(x/x)- p/cg] 

e 


^ijkz ( y’’^ T) d ^’ d? ~ dr 


( 2 - 21 ) 
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This equation can, in principle, be used to calculate the spectrum of the sound 
field emitted from a turbulent flow whenever solid boundaries do not play a 
direct role in the process. However, most turbulent flows which are not in 
the immediate vicinity of solid boundaries (e. g. , jets, wakes, etc.) have 
nearly parallel mean flows. In the next section we deduce certain properties 
of the correlation tensor which will be helpful in understanding the sound 
fields produced by such flows. 

2.4.2 Parallel or Nearly Parallel Mean Flows 

Whenever the mean flow is nearly parallel, it is of interest to consider 
the case where the velocity v(y, t) is the sum of a parallel mean flow iU(y 2 ) 
as shown in figure 2-1 and a fluctuating part u(y, t) with zero mean so that 

v. = 6^U + m (2-22) 

2.4.2. 1 Special form of Reynolds stress approximation to correlation 
tensor. - Before turning to more general considerations, we shall attempt to 



Figure 2-1. - Unidirectional transversely sheared 
mean flow. 


12 This type of model for the turbulence correlation tensor appears to have been 
introduced by Ribner (refs. 10 and 11). 
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gain some insight into the connection between the turbulence velocity correla- 
tions and the correlation tensor dt by approximating T-j by the Reynolds 
stress. Thus, substituting equation (2-22) into the Reynolds stress approxi- 
mation (2-7) and choosing (P^i in equation (2-19) to be 


ri2 


7**2 


2 T Ttt2; 


u? 6 ii 6 ii u k u r + u " 5 ik 5 u u i u i + u ’ uu 5 n 5 ii 5 ik 6 u +u i u j « 


show, after carrying out a very tedious calculation, that 


12 


T>/ - - ujuj uJ : 'uy) + 4U'6 li u!u”u|' + 4U'U'' 6li « lk uju {' 


(2-23) 


where the double primes indicate that the quantities are to be evaluated at y" 
and t + r, while the primed quantities are to be evaluated at y' and t. The 
notation - indicates that the quantities on both sides of the equal signs are 
not necessarily equal but merely make equal contributions to equations (2-20) 
and (2-21). In order to obtain this relation, we changed the names of dummy 
indices in the summations and used the equation 


U'6 


H u j u k a l' / - 


- u " 6 ik' i i u j u " 


obtained by changing the variables of integration from y T , 77 to -r; and y 1 + rj 
and then using the invariance of the turbulence correlations under time trans- 
lations. ^ 

2. 4. 2. 2 Introduction of moving coordinates . - Let l denote a typical 
correlation length of the turbulence. Then L is roughly the smallest length 
for which 


!i W y ’ , ' 1 ’ T - « 0 whenever |?| > l 
i *ijki <y '’ 0 ’ t) 


■^The calculations are carried out in more detail in ref. 12. 
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Figure 2-2. - Isocorrelation contours in moving frame (measurements in mixing region lj diameters down- 
stream). (From ref. 13.) 


If changed so slowly with time that it was practically constant for time 

changes of the order of l /c Q (the change in retarded time across a turbulent 
eddy) or, what is the same thing, if (the characteristic decay time of a 
turbulent eddy) satisfied the inequality 


T 

V 


» 


l 

c 0 


(2-24) 


it would be possible to replace + x • tj/xcq) by (y*, if, r), 

since ( 77 / Cq) • x/x = 0(£/cq) in the region where the integrand in equa- 
tion (2-20) is of significant magnitude. Indeed, if it were not for the mean 
flow, a plot of constant correlation contours might appear as shown in fig- 
ure 2-2 and the inequality (2-24) would then be satisfied. However, for mov- 
ing eddies, especially at higher velocities, the turbulent fluctuations (seen by 
a fixed observer) will appear to be much more rapid because of the convec- 
tion of the random spatial pattern of the turbulence by the mean flow. This 
rapid convection of the eddy pattern therefore causes the turbulence fluctua- 
tions with time seen by an observer moving with the mean flow to be much 
118 
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Time delay, t, pisec 

Figure 2-3. - Isocorrelation contours for fixed observer (measurements in center of mixing region 1^ diameters downstream). 
(From ref. 13. ) 


slower than those seen by a fixed observer. Hence, the eddy pattern appears 

14 

to be nearly frozen. As a result the constant correlation contours in an ac- 
tual flow will resemble those shown in figure 2-3. In fact, this figure is a 
plot of actual measurements of the second-order time-delayed correlation 
u l(y\ t)u^(y’ + i?7pt + t) carried out in the mixing region of a jet by Davies, 
Fisher, and Barratt (ref. 13). The inequality (2-24) will therefore not gen- 
erally be satisfied in most real flows. But in any coordinate system which, 
roughly speaking, "moves with the eddies” the constant correlation contours 
should again resemble those shown in figure 2-2. (In fact this figure was ob- 
tained from fig. 2-3 by introducing just such a coordinate system. ) 

Thus, suppose that the correlation tensor (if, r) is expressed in 

terms of the variables r and 


14 This result is frequently referred to as Taylor's hypothesis . 
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?= V - ic 0 M c r (2-25) 

where i is a unit vector in the mean flow direction (i. e. , y^-direction) and 
CqM £ is the slope of the dashed line in figure 2-3. Then will remain 
constant along any line having this slope. Hence, a change in with r 
held fixed corresponds to a movement in the direction perpendicular to these 
lines. The constant correlation contours in the ^ - r plane must therefore 
resemble those shown in figure 2-2. And, as a consequence, the decay time 
of the " moving-axis correlation tensor 1 ’ defined by 

R iJK (y',F.T)= *i JK (y',?,T) (2-26) 

is more likely to satisfy the inequality 

r t >> —— (2-27) 

c 0 

than is the fixed-frame decay time r . 

Substituting equation (2-26) together with the change of variable (2-25) 
into equation (2-21) shows that 


r u>® = 


4 

M PQ 

32)t 3 Cq 


x i x j x k x l 



(1 - M cos 9)t ■ - • J _ 


'0 J 


I, T)d^ dy’ dr 


where 


1 

cos 6 = — 

X 

is the angle between the direction of mean flow and the line between the ob- 
servation and source points shown in figure 2-4. The essential simplicity of 
this equation becomes especially apparent when the four-dimensional power 
spectral density tensor 
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Figure 2-4. - Orientation of observation point relative 
to flow direction. 


H i)W <?. t »> — 4 £f e ‘ (10T " k ' 4) R isw <? - 1 r)dF dT 

(2/r) 


is introduced to obtain 


»a, 4 p 0 XjX x k Xj f 

> — J H ijk2 

2c£ x D J 


y', —2 co(l - M cos 0) 


c 0 X 


dy T (2-29) 


Instead of carrying out a similar operation on equation (2-20) for the pressure 
autocorrelation function, it is simpler to take the inverse transform of equa- 
tion (2-28) to obtain 



(2-30) 
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Aside from the possible advantage of being able to neglect the retarded time, 
this equation possesses the additional advantage over equation (2-20) of being 
less sensitive to small errors in the correlation function. In order to see this, 
notice that the largest changes of the correlation function with respect to time 
occur as a result of the convection of the frozen eddy pattern by the mean flow. 
Hence, the largest part of the time derivatives of and therefore of the 

integrand in equation (2-20) will be due to the convection. But the uniform 
subsonic convection of a frozen eddy pattern cannot contribute to the sound 
field. Hence, only a small part of the integrand does not integrate to zero. 
This difficulty does not occur with equation (2-30) since the changes with re- 
spect to time now occur on the time scale of the sound-producing turbulence 
fluctuations. The integrand in this equation should therefore be much less 
sensitive to small errors made either in the measurement or in the analytical 
approximation of the turbulence correlation. This is extremely important 
since this quantity is quite difficult to determine accurately. 

As pointed out by Ffowcs Williams (ref. 14), equation (2-29) shows in a 
particularly explicit way which components of the turbulence generate the 
sound field. Thus, it shows that for turbulence measured in the moving frame 
the wave number vector of the sound field (x/x)(cu/cq) is the same as that of 
the turbulence which generates it. However, the frequency of the turbulence 


U) 
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is equal to the Doppler factor (1 - M c cos d) times the frequency of the sound 
it generates. A plot of a typical moving-frame turbulence power spectral 
density function (ref. 14) in wave number - frequency space is shown in fig- 
ure 2-5. It reflects the fact that in the moving frame the turbulent energy is 
concentrated around the low frequencies. But equation (2-29) implies that all 
the sound-emitting elements must lie along the line shown in the figure. 

Hence, the part of the turbulence spectrum containing the maximum energy is 
by no means always the part which emits the most sound. At subsonic con- 
vection speeds these parts coincide more closely for forward emission 
(|G | < jt/ 2) and high Mach numbers than they do for backward emission and 
low Mach numbers. Accordingly, more sound is emitted in the forward direc- 
tion than in the backward direction; and the higher the Mach number, the 
greater the forward emission. 

2. 4. 2. 3 Neglect of retarded time in subsonic flows . - Equations (2-29) 
and (2-30) have been put into a form where omission of the retarded-time 
variation introduces the smallest error. Inspection of equation (2-30) shows 
that this term can be neglected whenever the decay time of the moving- 
axis correlation is so long that 


Thus, when the inequality (2-31) is satisfied, equation (2-30) can be approxi- 


(2-31) 


c Q (l - M c cos 9) 


mated by 



/ 


(1 - M c cos 0) 5 


1 



R ijk£ ^ y, > 


J T =t/(l-M c cos 9) 


df dy’ 


(2-32) 


and hence its Fourier transform (eq. (2-29)) can be approximated by 
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v*> = 


4 

iTUJ^Pq x ; x. x,_x 


2c; 


■ X X, X, /* r 

1 ] J H ijwLy’’ °> u, ( 1 - M c cos 0 )] d y’ (2-33) 


It is important to notice that equation (2-33) does not imply that the sound is 
emitted by the zero-wave-number components of the turbulence. In fact, 
these components radiate no sound at all. The equation simply implies that 
the energy in the turbulence at the small wave number (co/cq)(x/x) at which the 
sound is emitted is approximately the same as the energy in the turbulence at 
k - 0. The quantity 1/ Cq(1 - M c cos 9) which appears in the inequality (2-31) 
can be interpreted as the time it takes a sound wave to cross a moving eddy at 
an angle 9. Thus, if the eddy is small enough so that this time is much less 
than the eddy decay time, the retarded time can be neglected. Notice that, as 
the convection Mach number of the eddy increases, the error created by ne- 
glecting the retarded time gets worse. Hence, this approximation is essen- 
tially limited to subsonic (or perhaps very high-Mach-number supersonic) 
flows. 


2.5 PHYSICS OF JET NOISE 

In this section the equations derived in section 2. 4 will be used in con- 
junction with experimental observations of jet flow fields to explain and pre- 
dict various types of jet noise. 

2.5.1 High-Reynolds-N umber Subsonic Cold-Air Jets 

The sound emission from subsonic cold (i. e. , unheated) air jets has been 
more extensively studied than any other type of jet noise. We shall show sub- 
sequently (near the end of section 2. 5. 1. 2) that the inequality (2-31) is reason- 
ably well satisfied in the sound-producing region of such jets so that equa- 
tion (2-32) can be used to predict the noise. However, this cannot be done 
unless the turbulence correlation tensor R.^ is known. Since our knowledge 
of this tensor is quite limited, we shall try to model it in some approximate 
fashion. This will be accomplished by making a series of progressively more 
restrictive assumptions. Each of these assumptions will allow us to obtain a 
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formula for the sound field that requires less information about the turbulence 
than the preceding one. 

2. 5. 1. 1 Appr oximations to source term for subsonic jet flows . - The 
parallel mean flow approximation (2-22) and the Reynolds stress approxima- 
tion (2-7) should be adequate to describe the flow in a jet and are therefore 
adopted in this section. Then equations (2-23) and (2-26) show that the 
moving-axis turbulence correlation tensor is the sum of three terms. How- 
ever, it is shown in reference 12 that, if the turbulence is assumed to be lo- 
cally homogeneous and incompressible, the middle term integrates to zero 
and only the first and last terms contribute to equation (2-32). It is now con- 
venient to change the variable of integration in equation (2-32) from y* to y, 


Then in view of equations (2-23) and (2-26), equation (2-32) becomes 


where 






/ R ?jk^> T)d ^ 



Jr=t/(1-M c cos 9 ) 


(2-34) 


where 
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are, respectively, the fourth- and second-order time-delayed turbulence ve- 
locity correlation tensors. 

Now let I(x|y) denote the average intensity, at the point x, of the sound 
emitted from a unit volume of turbulence located at the point y, and let 
ljx\y) and T(x|y, t) denote its associated spectra and autocorrelation func- 
tion, respectively. Then 


!(x) =y'l(x|y)dy , I w (x) = J I^Cx |y)dy , r(x, t) = J r(x|y,t)dy 


and it follows from equation (2-34) that 
r(x | y, t) = 


_PQ x i x iVz 


16tt 2 Cq(1 - M c cos fl) 5 x 6 


X 


A[ / R ?iki (». I t)4 * 45 ll6lk /uTJ"R° (y, t T)d^j 


r=t/(l-M c cos 9) 
(2-35) 


The first term in this equation is called the self-noise and the second term is 
called the shear noise . This terminology was introduced by Lilly (ref. 15) to 
indicate that the former represents noise generated by turbulence-turbulence 
interactions whereas the latter represents noise generated by turbulence - 
mean shear interactions. 

In order to predict the variation in the sound field around the jet, it is 
necessary to make some assumptions about the relative magnitudes of the 
various components of the turbulence correlation tensors. Perhaps the sim- 
plest such assumptions are those made by Ribner (refs. 11 and 12). The first 
of these is that the joint probability distribution of the velocities at two points 
is approximately normal. It is shown in books on turbulence (e. g. , Batche- 
lor (ref. 16)) that this assumption implies that the fourth-order correlation 
can be expressed as the sum of products 


R 


ijkZ 


- R° R° 
" R ik R jf 


R° R° 
R tf R jk 


(2-36) 
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of second-order correlations. The other assumption is that the turbulence is 
isotropic. This means (ref. 16) that the second-order turbulence correlation 
tensor is an isotropic tensor and hence that there are functions A(£,t) and 
B(|, t) such that 


R°j(r,T) = AU,t)^ +B(S,r)6 ij 

But for incompressible flows the continuity equation implies that A and B 
are related by (ref. 16 ) 


4A + ^M + I 9B = 0 

9 $ « 9 ? 


Introducing these approximations into equation (2-35) and carrying out a rather 
tedious calculation shows that 


r(x|y,t) = 


p 0 


16j7 2 Cq(1 - M c cos 0) 5 x 2 


r~[y R llll d ^ + 4(cos40 + COs2d Sin20 sin2<?) f u ' u " R ii d r] 


r=t/(l-M c cos 9) 


(2-37) 


where 


cos cp = —=== 

V x 2 + x 3 

is the azimuthal angle shown in figure 2-6. For axisymmetric jets, averaging 
over this angle will account for the different orientations of the sound sources 
in any given annular slice of jet. Then equation (2-37) becomes 
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Figure 2-6. - Coordinate system for jet flow. 


r(x | y, t) av 


^0 

16^ 2 Cq( 1 - M c cos 0) 5 x 2 


X 



4 2 

d r , cos 6 + cos ^ 


/ 


U’U"R 


11 




=t/(l-M 


cos 9 ) 


Taking the Fourier transform of this equation and using the relations (between 
the intensity, its spectra, and the autocorrelation function) given in section 
1. 7. 3. 2. 1 now show that 
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4 

£2 Pq 


l^av 3 5 4 2 

32tt J Cq(1 - M c cos 0) 


( f**J' 


R llll dT + 


COS^0 + cos 2 © 


t J f U ' U " R 1 


11 ^ dT ) 
(2-38) 


where 


ft = <x>(l - M c cos 9) 


and that 


I (x|y) av = 


P 0 


16ff 2 Cn(l - M cos 0) 5 x 2 


&f R ° nn 


d£ 


r=0 


cos^fl + cos 2 © A ] 


(2-39) 


where 


A s 


\(— f U ! U” 

W J 


R 11 d ^ 


/ T= 0 


{if 


R llll d « 


'r=0 


is the ratio of the maximum shear noise to the self-noise. By assuming a 
specific model for the turbulence correlation functions, Ribner (refs. 11 
and 12) has estimated that A « 1. 

From similarity considerations we expect 


{if 


R llll 


T - 0 
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/ 4 3 a \ 

to be of the order (u' where u' denotes a typical root-mean-square 

turbulence velocity and K is some dimensionless constant. Hence, 


I(x|y) 


av 


K 


P 0 ( T ^) 


-w 


1 + 


cos^fl + cos^0 


16t7^Cq( 1 - M c cos flj^x 


5. .2 


(2-40) 


The total power emitted per unit volume of turbulence ^(y) is obtained by 
integrating equation (2-40) over the surface of a large sphere of radius x. 
Thus, upon neglecting the variation of the term 


1 + 


cos’0 + cos^i 


with angle in comparison with the (usually much larger) variation of 

(1 - M c cos 9 )~ ^ and replacing it by its approximate average value of 3/2, we 

obtain 


^(y) 


3 Kp Q u ,4 Z 2 3 1 + Mg 

2 dTIC l T t ( 1 - m 2 c ) 4 


(2-41) 


2. 5. 1. 2 Fluid mechanics of subsonic jets . - The approximations given in 
the preceding section were introduced to simplify the equations and are, for 
the most part, not based on any specific information about the flow field in a 
jet. In this section, we shall summarize those aspects of the jet flow field 
which are relevant to jet noise. The information is based on the measure- 
ments of Laurence (ref. 17); Davis, Fisher, and Earratt (ref. 13); and Brad- 
shaw, Ferriss, and Johnson (ref. 18). 

Consider a high-Reynolds-number air jet issuing from a convergent noz- 
zle with a fairly uniform velocity Uj into a stationary fluid, as shown in fig- 
ure 2-7. As the jet issues from the nozzle an annular mixing region forms 
between the jet and its surroundings. The flow in this region becomes turbu- 

lent within about one-half of a jet diameter downstream. It then spreads 


130 


AERODYNAMIC SOUND 



Figure 2-7. - Jet structure. 



linearly into both the jet and the surrounding atmosphere until it fills the en- 
tire jet at 4, or perhaps 5, diameters downstream. Hence, the thickness of 
the mixing region is about 0. 2 to about 0. 25 y^. The flow within the 
conical region bounded by the turbulent flow remains laminar, and hence this 
region is called the potential core . Of course, the boundary of the jet mixing 
region is not straight as shown in figure. 2-7 but has more the appearance 
shown in figure 2-8. Once the mixing region fills the jet its uniform growth 
ceases and it evolves differently as it passes first through a transition region 
and finally, at about 8 diameters downstream, into a region of self-preserving 
flow called the fully developed region . The latter region also grows linearly 
with y 1 but at a different rate than the mixing region. Schlieren photographs 
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(a) Jet-exit Mach number, Uj/Cq, 0.9. 



(b) Jet-exit Mach number, Uj/Cq, 0.74. 

Figure 2-9. - Schlieren photographs of flow in a high-velocity subsonic 
jet from a 7.6-centimeter(3-in.)diameter nozzle. (Taken by W. L. 
Howes at NASA Lewis Research Center.) 
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of a typical high-velocity subsonic jet are shown in figure 2-9. 

The mean velocity profile and the mean square turbulence velocity varia- 
tion across the mixing region are shown (roughly to scale) in figure 2-10. The 
turbulent energy is confined to a fairly narrow region about the center of the 
mixing region, and the peak turbulence intensity u^^ at the center of the 
mixing region remains fairly constant well into the transition region. It is 
approximately equal to 


max 


0. 16 U n 


(2-42) 


Within the fully developed region the mean velocity falls off as y/. 

In the mixing region, each turbulent "eddy” is believed to be elongated in 
15 

the direction of flow. Thus, the longitudinal correlation length l , in the 
direction of flow is about twice the longitudinal correlation 1 length l j in the 
radial direction. These correlation lengths both vary linearly with distance 
from the nozzle and, in fact, 


-I r 

There is some recent evidence to indicate that the long axis may actually be at a 
45° angle to the flow direction. 

■^The longitudinal correlation length in the indirection is here defined as the 
distance for the longitudinal correlation coefficient in that direction, R^(y T , 0)/ 

Rq(y T , 0, 0) (no sum on i(i = 1, 2, or 3)), to fall to 1/e. The quantity lq denotes the 
unit vector in the i^-direction. 
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0. 1 yj^ and Z^O.OSyj^ (2-43) 

In the fully developed region the correlation length is relatively independent of 
y^ to about 20 diameters. 

A suitable measure of the decay time is the time taken for the second- 
order moving-frame turbulence correlation to fall to l/e of its t = 0 value. 
Davies, Fisher, and Barratt (ref. 13) found that along the centerline of the 
mixing region this quantity satisfied the relation 

l « 0. 2 UjT ^ (2-44) 

Hence, for Uj < c Q , the inequality (2-31) is fairly well satisfied. And, as a 
result, we are fairly well justified in adopting the assumption (see section 
2. 4. 2. 2) that the retarded time is negligible. 

The eddy convection velocity U c = c Q M c has been measured in the mix- 
ing region by a number of investigators (refs. 13 and 19 to 21). Measure- 
ments taken by Davies, Fisher, and Barratt (ref. i3) are shown in fig- 
ure 2-11. The figure shows that the convection velocity varies across the 



Figure 2-11. - Radial distribution of convection velocity. (From ref. 13. ) 
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mixing region but not nearly as much as the mean velocity. It is equal to the 
mean velocity and to about 0. 62 Uj at the center of the mixing region, where 
most of the turbulent energy is concentrated. These curves vary very little 
with axial distance y^. 

2. 5. 1. 3 Power emitted per unit length of jet . - In this section we use the 
measurements described in section 2. 5. 1. 2 to estimate ^'(y^)? the power 
emitted per unit length of the jet. This quantity can be approximated by mul- 
tiplying the power emitted per unit volume given by equation (2-41) by the 
cross-sectional area of the jet A(y^) to obtain 


3Kp n u' 4 £ 3 1 + M 3 

^'(yi ) ~ A(yj) — 

««0 T { i. 1 - M c) 


(2-45) 


First consider the mixing region. The cross-sectional area of this an- 
nular region is 


A(y«) = 7 rD x (Thickness of mixing region) = 

1 4 


We can estimate the correlation length l and u' in equation (2-45) by 

IllciX 


and 


u' 


u. 


max 


Then upon inserting the empirical equations (2-42) to (2-44), equation (2-45) 
becomes 


^'(y x ) 


5X10- 7 K Mi D 

<5 


i + Mi 


(‘ - M c)‘ 


(2-46) 
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This shows (since M c is independent of that the power emitter per unit 
length of the mixing region is independent of axial position y*. 

Notice that, since the local mean velocity U in the mixing region (say 
along the centerline) is independent of y^, equations (2-42) and (2-44) imply 
that within this region t^L/U and u' °c U. Although the experimental in- 
formation is less complete beyond y^ = 4D, it is not unreasonable to assume 
that this proportionality is still maintained (even though U now varies with 
y^). Then equation (2-45) implies 

TT 8 

^’( y l) 00 ^-A(Yi) (2-47) 

Now consider the fully developed region yj > 8D. Since the centerline 
velocity falls off as yj 1 and since the cross-sectional area increases roughly 
as y^, it follows from equation (2-47) that 

^•(y)cc-L (2-48) 
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which shows that the power emitted per unit length approaches zero very ra- 
pidly in this region. Although the correlation length l becomes proportional 
to y t for large values of y p it appears to be fairly constant to « 20D. 

Equations (2-46) and (2-48) show that the power emitted per unit length of 
jet varies in the manner indicated in figure 2-12. Thus, according to these 
arguments, 17 practically all the power is emitted from the first 8 or 10 jet 
diameters, with most of it coming from the mixing region. 

2. 5. 1.4 Comparison of predicted sound field w ith experiments. - The 
total power emitted from the mixing region can be approximated by 

multiplying equation (2-46) by the length 4D of this region to obtain 


9 


M 


2x10^?^ 


1 + Mt 


2\ 4 


(i - -*) 


Since the factor 


1 + M, 


(> - M?r 

slowly varying function of Uj compared with U®, we can replace it by 


is a 

its value at M c = 1/2 to obtain 


tT 8 n 2 

9 8X10" 6 K— ^ — 
M 5 

c 0 


If roughly one-half the power comes from the mixing region, the total sound 
power emitted by the jet is approximately 



TT 8 r > 2 

-6 

6x10 0 K— ^ 


^0 


(2-49) 


17 The reasoning used in this section is, of course, highly approximate and the 
actual distribution of emitted power in the jet is still controversial. 
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O 

This is the now famous U law of jet noise obtained by Lighthill. The small 
size of the number 1. 6x10 ^ is a consequence of the inefficiency of the quad- 
rupole source. Measurements of the sound emission from subsonic air jets 
with low initial turbulence levels indicate that the "Lighthill parameter” 
V(p o u > : j / c q) is about 3x10 *\ Hence, considering the very approximate 
nature of the arguments, equation (2-49) is in very good agreement with the 
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Figure 2-13. - Variation of total sound power level with jet velocity for subsonic circular nozzles. (All data 
scaled to an area of 1 ft 2 and an ambient temperature of 298 K (77° F). Free-field lossless data. From 
ref. 22.) 
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Figure 2-14. - Experimental directivity data from reference 22. Jet nozzle diameter, D, 5. 08 centimeters (2 in. I. 


observations. For jets with high initial turbulence, 18 the Lighthill parameter 

can increase by more than a factor of 30. 

The good agreement of the eighth-power law with the experimental data is 

illustrated in figure 2-13. This figure, taken from reference 22, is a com- 
posite of Lewis data and data taken by Lush (ref. 23). Equation (2-40) shows 
that the directional pattern of the jet noise is the result of the convection fac- 
tor (1 - M c cos 0)~^, which arises from the motion of the turbulent eddies rel- 

Most jets with high initial turbulence produce considerable internal noise, which 
is difficult to separate from the jet noise. 
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ative to the observer, and the factor 

^ + cos 4 fl + cos 2 fl^ 

which results from the structure of the sound sources and is called the ’’basic 
directivity pattern” by Ribner (refs. 11 and 12). Because of the large expo- 
nent (5) the directivity patterns tend to be dominated by the convection factor. 



Figure 2-15. - Experimental directivity data of reference 23. Jet nozzle diameter. 0, 2. 54 centi- 
meters (1 in. ). 
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Since most of the sound is probably coming from the mixing region, it is rea- 
sonable to assume that M c is approximately equal to 0.62 Uj/cq. The di- 
rectivity patterns predicted by (1 - M c cos 9 ) ** with this value of M c are 
compared with the air-jet sound field measurements of Olsen, Gutierrez, and 
Dorsch (ref. 22) in figure 2-14 and with those of Lush (ref. 23) in figure 2-15. 
(The level of the theoretical curves is adjusted to go through the experimental 
data at 90° from the jet axis, where the convection effect is zero. ) It is shown 
in section 6. 7 that this agreement can be considerably improved by accounting 
for the effect of the jet velocity field on the convective amplification factor. 

The figures show that the measured sound intensity tends to decline at 
small angles (<20°) to the jet axis. It was suggested by Powell (ref. 24) that 
this drop is caused by refraction. Thus, it is shown in section 1. 3. 3 that, in 
the geometric acoustics limit, the sound propagating in the flow direction will 
be turned by the mean flow into the lower velocity region. Hence, the sound 
which is emitted in the downstream direction will be bent out through the sides 
of the jet, leaving a reduction in intensity along the axis. The effects of re 
fraction on the sound field are discussed more fully in chapter 6. 

2. 5. 1. 5 Spectra . - The sound heard by. an observer at the side of a jet 
progressively deepens in pitch as he moves downstream. But since the turbu- 
lent eddies are also being convected downstream, the results of section 1. 8 
indicate that there should be a rise in pitch due to the Doppler shift. It has 
been conjectured by Ribner and MacGregor (ref. 25) that there are two effects 
which counteract the Doppler shift and produce the observed concentration of 
low-frequency sound in the jet axis. The first of these is a consequence of the 
self-noise term in equation (2-39) having a higher peak frequency than the 
shear noise term. 19 Since the former term is independent of direction while 
the shear noise is beamed downstream, this results in a net concentration of 
low-frequency sound on the axis. The other effect is a consequence of the 
high-frequency sound being more susceptible to refraction by mean flow than 
the low-frequency sound. 

-(w f r) n 

For example, if R n varied with time as e 1 for any integer n, eq. 

(2-37) shows that R nl i would vary as e ^ fT ^ , indicating that the latter term had 
a higher characteristic frequency than the former. 
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2.5.2 Supersonic Jets 

The arguments used in section 2. 2. 3 to show that the right side of Light- 
hill’s equation could be treated as a source term do not apply at supersonic 
speeds. As a consequence, the acoustic analogy approach may no longer be 
valid. Nevertheless, we shall attempt to use it as a guide to obtain a quali- 
tative explanation of certain aspects of supersonic jet noise. 

2. 5. 2. 1 Emission of Mach waves . - The discussion in section 2. 5. 1 is 
for the most part limited to subsonic flows. Indeed, for supersonic convec- 
tion Mach numbers the denominator of equation (2-32) (on which this discus- 
sion is based) will go to zero and as a result r(x, t) will be infinite at all 
points where 1 - M c cos 9 = 0 (i. e. , at points which lie on the Mach cone of 
the moving eddies). However, the inequality (2-31), used in the derivation of 
equation (2-32) from equation (2-30), no longer holds at these points. But 
since any reasonable correlation function must vanish at large times, the 
term 


R m 



S 

Cq(1 - M c cos 9)i 


in the integrand of equation (2-30) must also vanish at these points. Hence, 
the integrand in equation (2-30) can still remain finite. 

The factor (1 - M £ cos 9)^ in the denominator of equation (2-32) is the 
result of source convection effects. As in the case of a point monopole 
source, discussed in section 1. 8, it causes the sound intensity to increase 
whenever the sound sources move toward the observer. However, in the 
present case an additional effect resulting from the decrease in the cancella- 
tion between the component monopole sources which comprise the quadrupole 

20 

causes the exponent of the convection factor to be larger. At zero velocity 
this cancellation causes the quadrupole source to be very inefficient. But the 
effect decreases as the source acquires a larger component of velocity in the 
direction of the observer. In fact, when M c cos 0 = 1, the source is ap- 
proaching the observer at precisely the speed of sound. As a result, the 
20 

There are also certain differences between the present case and the point mono- 
pole source which result from the source occupying a finite volume of space. 
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sound emitted by the elements of the quadrupole further from the observer 
cannot overtake the sound from those nearer the observer. At this condition 
the cancellation effect is absent and the sound behaves as if it were emitted by 
a monopole source. Because of this decreased cancellation, we expect the 
sound field to be relatively intense in the direction 

9 = cos"'*' — — 

M c 

Moreover, equation (2-29) shows that in this direction 



Thus, the wave number of the sound field is the same as that of the turbulence 
which produced it, as it is in subsonic flow. But it is now the zero-frequency 
(stationary) components of the turbulence which produce the sound. Hence, 
the sound is being emitted by an essentially frozen convected pattern of turbu- 
lence and the process is therefore analogous to the sound emission by a mov- 
ing projectile. 21 For this reason it is called eddy Mach wave radiation . 

In order to obtain an expression for the sound field which is finite in the 
Mach wave direction, we take the inverse Fourier transform of equation (2-50) 
to get 



XR ijki ( y , ’^ T o )d ^ d y i dT o 

Then separating the vector £ into its component £ n in the Mach wave direc- 
tion x/x and its component 4 S perpendicular to this direction (as shown in 

21 These ideas are discussed from a different point of view in chapter 6. 
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Figure 2-16. - Coordinate system for Mach wave 
equation. 


fig. 2-16) shows that 


_ p n x. x.x,x ? 

r(x, r) = UJlA 


16tt 2 x 6 


And therefore that 



I(x) = r(x, 0) = 




dy' dr 0 


(2-51) 


This equation was derived by Ffowcs Williams (ref. 14). We might try, as we 
did in the subsonic case, to use experimental flow measurements to estimate 
the strength of its source term. However, because of the impossibility of 
making hot-wire measurements at supersonic speeds, much less is known 
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about the turbulence. There is hope that, with the recent development of 
laser -Doppler techniques, this situation will be remedied. In any event we 
can still attempt to determine the dominant characteristics of the sound field 
by performing a similarity analysis. Thus the differentiation with respect to 
£ ought to scale with the jet diameter D, the integration with respect to 
time t q ought to scale with D/Uj, and ought to scale with Uj. 

Then, dimensionally, equation (2-51) becomes 


Notice that in this case the radiated sound depends on the jet velocity to the 
third power instead of the eighth. It is now generally accepted that this be- 
havior occurs in actual jets at sufficiently high supersonic Mach numbers. A 
typical plot of radiated power as a function of jet velocity (taken from ref. 14) 

is shown in figure 2-17. 
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(a) Ratio of pressure just ahead of exit to atmospheric pressure, p e /p b , 1.5. 



(b) Ratio of pressure just ahead of exit to atmospheric pressure, Pg/P^, 0.8. 

Figure 2-18. - Flow from a convergent-divergent nozzle at different back pressures (from ref. 45). 
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2. 5. 2. 2 F luid mechanics of supersonic jets . - The flow characteristics 
of supersonic jets are different depending on whether the pressure at the noz- 
zle exit is greater than (under expanded), less than (overexpanded), or equal to 
the ambient pressure surrounding the jet (fully expanded). In the first two 
cases, shock bottles will be present. The flow fields for these cases are 
shown in figure 2-18. For certain operating conditions these shock bottles are 
sensitive to slight pressure or velocity variations so that only a slight change 
in external pressure at the jet exit can cause significant movement of the 
shocks. Aside from the presence of shocks the most significant difference 
between subsonic and supersonic jets is that for supersonic jets the length of 
the potential core increases with Mach number. The general structure of a 
fully expanded supersonic jet is illustrated in figure 2-19. Surrounding the 
supersonic potential core is a region in which turbulent mixing occurs at su- 
personic velocities. The potential-core length and the supersonic-mixing- 
region length were measured by a number of investigators. The data of 
Nagamatsu and Sheer (ref. 26) together with data of other investigators which 
they collected are shown in figure 2-20. 
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2. 5. 2. 3 Location of acoustic sources . - One of the most important 
acoustic properties of a jet is the distribution of the sound sources in the flow. 
Three basic methods have been used to measure the location of these sources. 
The first consists of operating the jet through a small hole in a large sound- 
absorbing screen (refs. 27 and 28). The second consists of extrapolating 
back from the directional maxima in the sound field (refs. 29 and 30). And 
the third consists of measuring near-field pressures along the jet boundary 
(ref. 31). There are a number of objections to using each of these methods 
(refs. 14 and 27), and a great deal of caution should be observed in interpret - 
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ing the results. However, the general indication is that the maximum noise- 
producing region occurs just downstream of the sonic line. The measurements 
of Bishop, Ffowcs Williams, and Smith (ref. 27), which indicate that the prin- 
cipal sound sources occur well upstream of this line, are an important excep- 
tion. 

2. 5. 2. 4 Experimental evidence for existence of Mach waves . - A large 
number of optical measurements have been made to investigate the eddy Mach 
wave radiation emitted by jets. For example, Lowson and Ollerhead (ref. 32) 
and Dosanjh and Yu (ref. 33) have taken shadowgraphs, and Eggers (ref. 34) 
and Jones (ref. 35) have taken schlieren photographs. Two distinct types of 
waves which show characteristics of Mach waves seem to appear. There is 
one group of waves which appear within the first few diameters of the nozzle 
exit, and there is another which is not prominent in the shadowgraphs but can 
be seen in the schlieren photographs. These latter waves have been observed 
to extend further downstream to perhaps 8 to 10 diameters depending on the 
Mach number. 

Since Mach waves must always originate in the supersonic region and 
since there is experimental evidence to indicate that the dominant sound is 
generated downstream of this region, the Mach wave radiation may not be an 
important source of supersonic jet noise. It is also argued by Tam (ref. 36) 
that the frequencies associated with these waves are too high to contribute to 
the dominant part of the observed acoustic spectrum. 

2. 5. 2. 5 Large-scale structure models of jet noise . - A Mach wave 
model has been proposed by Bishop, Ffowcs Williams, and Smith (ref. 27) to 
explain certain types of supersonic jet noise. Their experiments indicate that 
the dominant noise sources are extremely large eddies which are coherent on 
a scale much larger than the width of the shear layer and are clustered around 
the potential core of the jet. They propose that these eddies have a relatively 
ordered structure and arise from an instability of the primary flow. A mech- 
anism for calculating the structure of these eddies (analogous to the one used 
for laminar instability calculations) is suggested by the authors. 

Tam (ref. 36) has also proposed a model (for a nearly fully expanded su- 
personic jet) in which the sound generation is related to the large-scale flow 

^An analysis of Mach wave radiation by Phillips and Pao is discussed in 
chapter 6. 
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structure. In Tam's model, however, it is large-scale spiral-mode instabil- 
ities involving the entire jet which are responsible for the noise. These insta- 
bilities (it is proposed) arise as a result of a periodic resonant excitation by 
the shock waves of disturbances originating in the nozzle. This excitation 
causes the disturbances to grow in amplitude. 

2. 5. 2. 6 Noise generated by shock waves . - In addition to the noise- 
generation mechanisms discussed in the last section, mechanisms involving 
shock-turbulence interactions and a feedback mechanism involving the shock 
wave structure have been proposed as dominant sources of supersonic noise. 
Thus, when turbulence passes through a shock wave, it causes a localized de- 
formation of the shock, which results in the emission of sound. This sound, 
which is broadband but still strongly peaked is usually called " shock associ - 
ated noise . " Analyses of this process have been carried out by Lighthill 
(ref. 37), Ribner (ref. 38), and Kerrebrock (ref. 39). This mechanism is 
generally regarded as the dominant noise source in supersonic wind tunnels. 

The feedback mechanism was proposed by Powell (ref. 40) to explain the 
discrete tones observed in the spectrum of choked cold-model jets called "jet 
screech. " Powell's explanation involves (like Tam's mechanism) an amplifi- 
cation by the shock wave structure of disturbances originating in the nozzle. 
However, in Powell's model the motion of the shock wave emits a sound wave 
which propagates upstream to the nozzle lip. The ensuing change in pressure 
which occurs at this point will be just sufficient under certain conditions to 
cause a new perturbation of the shock system, resulting in a feedback system. 

2.5.3 Low-Velocity Jets: Orderly Structure 

At very low Reynolds numbers the flow in a jet is laminar and produces 
no sound. However, as the Reynolds number is increased the jet becomes un- 
stable to small disturbances and an unsteady periodic flow is set up. 

2. 5. 3. 1 Pl ane jets: edge tones . - First, consider a jet issuing with a 
velocity Uj from a long slit of width h into an unbounded quiescent fluid. 
When the Reynolds number p 0 Ujh/p is greater than about 100, the jet be- 
comes unstable to disturbances in a certain range of frequencies and begins to 
oscillate, taking on a sinuous appearance. This unsteady flow gives rise to a 
hissing noise which has a peak frequency near f = 0. 055 Uj/h. 
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Figure 2-22. - Vortex structure in edge-tone configuration. 


This noise can be converted into a distinct tone of a much greater inten- 
sity, called an "edge tone, ” by placing an edge some distance downstream 
from the slit, as shown in figure 2-21. Because these edge tones are involved 
in the sound production by flutes and organ pipes, they have been thoroughly 
investigated both theoretically and experimentally. The experiments indicate 
that the jet oscillations are associated with discrete vortex centers shed al- 
ternately from the nozzle lip and the edge vortex, as shown in figure 2-22. A 
plausible explanation of how this configuration can maintain itself in a stable 
fashion was given by Curie (ref. 41), who extended the ideas set forth by 
Richardson (ref. 42). 

For any given jet velocity there is a minimum distance from wedge to slit 
below which no tone occurs. Beyond this distance the frequency of the tone 
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increases with increasing velocity and decreases with increasing distance until 
a condition is reached where there is a marked irregularity in the vortex pat- 
tern. At this point there is a sudden jump in the frequency of the tone. Fur- 
ther increases in distance or velocity result in a continuous change in fre- 
quency until a second jump occurs and so on. When the process is reversed, 
the jumps in frequency will again occur - but at somewhat different values of 
the velocity and distance. 

2. 5. 3. 2 Circular jets: bird tones . - When a round jet issuing from a 
round hole of diameter D becomes unstable, the vortex sheath at the edge of 
the orifice rolls up into a vortex ring (which is swept downstream), and the 
jet resembles the sketch shown in figure 2-23. This behavior occurs for 
Reynolds numbers in the range 160 < PqUjD/ p < 1200. A more pronounced 
periodic behavior can be obtained by allowing the circular orifice to discharge 
into a pipe. This periodicity can produce pure tones. However, in order to 
produce a sharp tone which is insensitive to small changes in orifice shape, it 
is necessary to blow through two (suitably shaped and spaced) orifice plates. 
The sound produced by this arrangement is called a "bird tone. " It occurs in 
some brass instruments and when a human whistles. 

The behavior of the flow from a circular nozzle is similar to that from 
an orifice with the jet instability evolving from a sinusoid to a helix and 
finally into a train of vortices. When the Reynolds number is increased be- 
yond about 1200, the flow in the jet becomes turbulent and the periodic 
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structure gradually disappears. The jet then behaves in the manner de- 
scribed in section 2. 5. 1. 2. However, there has been some conjecture (refs. 

43 and 44) that the low-velocity periodic structure persists (even at these 
high Reynolds numbers) in the form of a large-scale orderly structure of the 
turbulence and that it may have a direct bearing on the production of noise 
from high-speed jets. 

2. 5. 3. 3 Sensitive jets . - When a jet is on the verge of becoming turbu- 
lent, it is very sensitive to muscial notes. Rayleigh (ref. 8) attributed this 
behavior to the fact that, due to the instability of the vortex sheath surrounding 
the jet column, the sound waves at the exit plane can easily excite interfacial 
waves. The "sensitive jet” phenomenon has received a great deal of study 
since it was first observed in 1850. In this instance it was in the form of a 
gas flame dancing in response to a violoncello. 
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APPENDIX - TRANSFORMATION OF SOURCE CORRELATION FUNCTION 

In this appendix we shall transform the integrand in equation (2-13) into a 
more suitable form. Since we are dealing with a stationary process, this in- 
tegrand denotes the time average 


Upon denoting T.^t’Jby TJ. and using a similar convention for T” it 
follows from the second equation (2-14) that 1J ’ 



Since all stationary functions must remain bounded even at large times, inte- 
grating by parts implies that 




Then using the second equation (2-14), again, shows that 
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A = 


-lim — 
T-°° 2T 


a 3 


3 T C 



at 


T ii * 


Finally, upon integrating by parts a second time, we find that 


4 /'T 

A = lim — / T!.T" dt 

T — 00 2T 0 r 4 -'-T ^ K4 


3t 


- Ti j (y’,t’)T w (y M , tM ) 
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CHAPTER 3 


Effect of Solid Boundaries 

3.1 INTRODUCTION 

In chapter 2, Lighthill's equation was used to predict the sound from un- 
steady flows in the absence of solid boundaries (or more correctly, from 
flows where the effect of such boundaries could be neglected). However, in 
many cases of technological interest, solid boundaries appear to play a direct 
role in the sound generation process, and their presence often results in a 
large increase in the radiated sound. Thus, solid surface interactions are 
directly involved in the generation of sound by helicopter rotors, by airplane 
propellers, and by aircraft engine fans, compressors, and turbines. They 
also have a significant effect on the sound generated by externally blown flap 
STOL aircraft, as well as by high-performance aircraft aboard aircraft car- 
riers. 

We might anticipate that solid boundaries will affect the sound field in two 
ways. First, the sound generated by the volume distribution of quadrupoles in 
Lighthill's theory will be reflected and diffracted by the boundaries. And sec- 
ond, there may be a resultant distribution of dipole or even monopole sound 
sources at the boundaries. Dipoles are particularly likely since, as we have 
seen, they correspond to externally applied forces, which occur whenever 
surfaces are present in the flow. 

In this chapter Lighthill's acoustic analogy is extended to include the ef- 
fects of solid boundaries. 


161 


AEROACOUSTICS 


3.2 DERIVATION OF FUNDAMENTAL EQUATION 

We shall suppose that the effects of initial transients can be neglected. 
Then the integral formula (1-55) can be used to obtain a solution to Lighthill’s 
equation in any region v(t) bounded, wholly or partially, by surface S(t). 

But since Lighthill’s equation (2-5) has the form of a stationary-medium wave 
equation, it is appropriate to put If = 0 and, as a result, to require that the 
functions p and G satisfy the stationary -medium wave equations (1-59) and 
(1-60), respectively. Indeed, comparing equations (1-59) and (2-5) shows 
(upon identifying p’ with p) that 



P' = P " P 0 


denotes the fluctuating density, V n is (since U = 0) the normal component of 
the surface velocity V , and 


G = G(y, r|x, t) 


(3-2) 


denotes any solution of the inhomogeneous wave equation (1-60) which satisfies 
the causality condition (1-52) and vanishes at infinity (if v extends to infinity). 
But using the identity 
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_ 9T-. a 9 2 T ii 

d q l] 9_ rp dG _ Q y_ 

0y i 0y j 9y j ij ay i 9y i 0y j 


T ii 


9 2 G 
9y t 9yj 


to eliminate 9 2 T i -/0y i 0yj and applying the divergence theorem (1-47) to 

eliminate resulting volume integrals show (after inserting the definition (1-57) 

of V and the definition n.(0/0y.) of 0/0n) that 
n 11 


P' = 



a2 g_ T.. dy dr 
9y t 9y 3 1] 



Then upon changing the names of dummy indices and introducing equations 
(2-3) and (2-4), this becomes 
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-- 1 n 

cl J-T Js(t) 


n.h. dS(y)di 


(3-3) 


where 


= -^(p - P Q ) + n.e^ (3-4) 

11 

is essentially the i m component of the force per unit area exerted by the 
boundaries on the fluid and 


h. s G (— i - yf + py. Vj . — + p'vf 22 


' 0T 1 3t 


9y< 


0T 


We shall consider only the case where the surfaces are impermeable to the 
flow* so that 


n i v i = n i*i * or y on 


Then 


0V. 


"A = (Gp -i ♦ pv, 52 + pvjvj 25. ) -„.p 0 v. 


0G 

0T 


and as a result the continuity equation (2-1) implies that 


^Since our interest here is in the generation of sound and not its absorption by 
acoustically soft surfaces. 
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n.h. = n. 
11 i 


' dpv^G 

St 




(3-5) 


But applying Leibniz's rule (1-48) and the divergence theorem (1-47) to 
3pvXx/3y i shows that 



9 2 pv.G 

— dy" 

3y. 3 t 



dpv-G 

n.v. * — dS 


l l 


0y i 



n. 

i 


/9pVi G 
l 3t 


v i 



dS 


Hence, after using the argument which follows equation (1-54) to omit the inte- 
grated term 



we find that only the last term 


3G ,, 3G 

-Wii7= 


in equation (3-5) contributes to the integral in equation (3-3) and hence that 
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This is the fundamental equation governing the generation of sound in the 
presence of solid boundaries. It is, aside from the omission of a possible 
initial transient, an exact equation. It applies to any region i/(r) which is 
bounded by impermeable surfaces S(t) in arbitrary motion provided the 
source distributions T. . and f. are localized enough to ensure convergence 
of the integrals (see footnote 9 of section 2. 3). 

In the acoustic analogy approach we assume that the stress tensor T-. 
and the surface force f i can either be modeled mathematically or determined 
experimentally. Then the right side of the equation is known, and the density 
fluctuations in the sound field can be calculated. The first term represents 
the generation of sound by volume sources. The second term represents the 
sound generated by unsteady forces exerted on the fluid by the solid boundar- 
ies. The last term represents the sound generated as a result of the volume 
displacement (thickness) effects of the surface. 

In any given problem there will usually be many possible choices for the 
fundamental solution G in this formula. But it should be chosen to obtain an 
optimum approximation to the sound field from the available information about 
the sources f i and T.. . Since this involves a certain amount of intuition, it 
is important to study some of the specific applications of this equation. The 
remainder of the chapter is devoted to this task. 

3.3 FFOWCS WILLIAMS - HAWKINGS EQUATION 

When the region v is all of space, the surface integrals in equation (3-6) 
will not be present, and the only possible choice of G will be the free-space 
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Green's function given by equation (1-38). In this case, equation (2-11) 
(which was the starting point for the jet noise analysis in chapter 2) is re- 
covered. Now even when solid boundaries are present, there is no reason 
why G cannot still be taken as the free-space Green's function. In this sec- 
tion, we investigate the consequences of such a choice. 


3.3.1 Derivation of Equation 

Since equation (1-38) shows that G° depends on y and x only through 
r = j x - y*|, it follows that 




dy i 3x i 


(3-7) 


Hence, inserting equation (1-38) into equation (3-6) shows that 



In order to carry out the integrations over r, it is convenient to introduce 
a Lagrangian coordinate system, say £(y,r), in which the surface S(r) re- 
mains fixed. Then the velocity V and the acceleration a* of any point £ of 
this coordinate system are given by 
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v = a y(^ l) 

dr 


s- av(g,T) 

3t 


£= Constant 


^Constant 


(3-9) 


And since each point on the surface S(t) is fixed in this system 


V s = V 


(3-10) 


for all points on S(r). 

Let us now suppose that the region v{t) occupies the exterior of the im- 
permeable surface S(r), as shown schematically in figure 3-1. The last term 
in equation (3-8) appears to represent a monopole source. And if the surface 
S(t) were expanding and contracting in such a way as to cause its enclosed 
volume to change with time, we would certainly expect this term, which repre- 
sents the sound generated by volume displacement effect, to be a monopole. 
However, if the surface moves in such a way that the volume of the interior 
region ^(r) does not change with time, we might expect this source to de- 
generate into higher order sources. Thus, it is shown in books on elementary 
fluid mechanics (ref. 1) that the time rate of change of an element of volume 
in the Lagrangian coordinate system is proportional to the divergence of the 
velocity V of a fixed point in this system. Then if the volume of ^(t) is to 


u(t) 



Figure 3-1. - Moving-coordinate surface. 
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remain constant in time, there will be at least one ^-coordinate system such 
that 


V • V = 0 (3-11) 

at all points within v . But when this condition is satisfied, equation (3 -A3) 
of appendix 3 . A can be used with 


f( r , t) 


= L.i' 


47rrc; 


' 0 / 


to transform the last integral in equation (3-8) and thereby obtain 

► T 


1 3‘ 


2 3x, ax, /_ 

c Q i 

J J -T 

1 

j.i 

2 

ax. / 

c 0 

•/- 

1 

j.1 

2 

ax. / 

C 0 

V 

1 

+ — 

a 2 


— 6 1 1 - r - — T. • dy dr 


47rr 


ff 

-T J v(t) 

n r 

r J s(t 

*T /» 

T Jv c i 

1 3 2 ff -i_6 |t 

,2 9x. 3x. / / 47rr \ 

0 J- T JvAt) 


'Oy 


i] 


— 6 t - t - — dS(y)dr 
4wr \ c J 


4wr 


6 t - t - 


)p 0 a j dT 


- r — - p^V. dy dT 


(3-12) 
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Thus, the volume displacement effect of the moving surface results in a dipole 
source proportional to the acceleration of the surface and a quadrupole source 
proportional to V\ Vj . 

Instead of evaluating these integrals for a solid surface in arbitrary mo- 
tion, we shall restrict our attention to the case where the surface is rigid. In 
this case we can choose the ^-coordinate system to be Cartesian (as shown in 
fig. 3-2). Thus, the coordinate axes can translate with a velocity Vq(t) and 
rotate with an angular velocity fi(r) but must always remain Cartesian. In- 
deed^ any book on classical mechanics (e.g. , ref. 2) will show that the veloc- 
ity V of any fixed point £ in this coordinate system is 


V = V q (t) + «(t) x ? (3-13) 

We shall carry out the integrations over the delta functions in equation (3-12) 
by introducing this coordinate system. To this end, recall that the Jacobian 
of the transform 


y - e 


between two Cartesian coordinate systems is unity and that the element of sur- 
face area dS(£) in the ^-coordinate system is equal to the element of surface 
area dS(jO in the y-coordinate system. Then since the limits of integration of 
the volume and surface integrals are independent of t in the ^-coordinate 
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system, the order of integration can be interchanged in these coordinates to 
obtain 



1 0 


c 


2 ax. 

0 1 



where we have allowed T to approach 

The integrations over r can now be carried out by using the identity (1-128) 
with g equal to t - t + (r/c Q ). Then, since it follows from equation (3-9) that 

( *y\ = i -i. m (3-i4) 

\ 3 t Cgr \ar/J r 



(where 
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M = — (3-15) 

c O 

and r = x - y ), carrying out these integrations yields the Ffowcs Williams - 
2 

Hawkings equation (ref. 3) 



9 

"The equation actually devised by Ffowcs Williams and Hawkings is more general 
in that it does not require that the surfaces be rigid. 
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where the notation [ ] _ indicates that the quantity enclosed within the 

brackets is to be evaluated at 5 and the retarded time t q = r e (x,t, ?), which 
is obtained by solving equation 

g(r e , t,x, S s T e - t + A|x - y(t r e )| = 0 (3-17) 

c 0 

And if more than one solution to this equation exists (as it does at supersonic 
speeds), each term in equation (3-16) should be interpreted as a sum over all 
such solutions. 

3.3.2 Interpretation of Equation 

Comparing equation (3-16) with the solution (1-144) obtained in section 1.8 
(for a point multipole source moving with a constant velocity) shows that each 
moving volume element d? outside of S(r) emits an elementary wave which is 


X 
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the same as that emitted by a moving quadrupole source of strength T.. d£ 
(see fig. 3-3), that each element of surface area dS(?) emits an elementary 
wave which is the same as that emitted by a moving dipole source of strength 
" f i ds (0, and that each moving volume element df within S acts as if it 
emitted elementary waves which are the same as those emitted by a dipole 
source of strength "P 0 a j and a quadrupole of strength PqV^V.. The first 
term corresponds to the solution which arises in Lighthill's theory. The di- 
rect effects of the solid boundaries are accounted for by the remaining three 
terms. The first of these represents the sound generated by the fluctuating 
force fj exerted by the solid boundaries on the fluid. The remaining two 
terms represent the sound generated by the volume displacement effects - the 
dipole term resulting from the acceleration of the surface. 

If the velocity V of any point of the source region is supersonic, the 
Doppler factor 



M = 1 - M cos 9 


(3-18) 


which occurs in the denominator of each term in equation (3-16) vanishes at the 
angle 


This introduces a singularity of the type discussed in section 2. 5. 2 with the 
resultant emission of Mach waves. The emission of these intense shock waves 
by solid surfaces moving at supersonic speeds is a well-known phenomenon. 

3.3.3 Curie's Equation 

When the surface S is stationary, a^M=V=0, ?= y, and equation 
(3-16) reduces to Curie's equation (ref. 4) 
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dy 



dS(y) (3-20) 


3.3.4 Far-Field Equations 

3.3.4. 1 Derivation. - Now suppose that S is bounded and that the volume 
source region remains concentrated near this surface. We shall require that 
the velocity V be subsonic at each point of this region so that the Doppler 
factor C ^ can never vanish. Then equation (3-16) can be simplified when- 
ever the observation point is sufficiently far from the source region. In order 
to accomplish this, notice that applying the chain rule to equation (3-17) shows 


But upon using equations (3-14), (3-17), and (3-18) to eliminate g from this 
equation, we find that 


Hence, applying the chain rule to an arbitrary function f(x, r g ) shows that 



175 


AEROACOUSTICS 


9f di 


0X i 


idx 


Jtf 

l0t_ 


e 'x 


r. 

1 


C 0 ctr 


T=7\ 


(3-21) 


and therefore, in particular, that 


dr r i r i 


8x i r 


3r 5 

CgC^r 3y J dT e rC^ 


at r = r 


(3-22) 


Now each integral in equation (3-16) involves a first or second derivative 
with respect to of a term of the form 


A(t) 


r C' 


LI T= T 


where (in order to simplify the notation) dependence on £ has been sup- 
pressed. But since A does not depend on x explicitly, equations (3-22) and 
(3-18) show that as r — °o 


= 0(0 



A(t) 

1— 

1 0x. 

1 /-it 1 

\ 1 

L r 1 c 1. 


T=T 



Then equation (3-21) shows that 


0x i 


1 A(r) 
r i^,f| 


0 A 


c Q r 2 C^ 9t | C 1 " | 


+ 0(r- 2 ) 


T=T, 
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and hence that 


0 2 

1 A(t) 


r i r j a i a A 

dx. 3x. 

l 1 

; | C t[ 

T= T 

e 

c 2 r 3 C t dT C* dT |c 1 ’| 


+ 0(r -2 ) 


Thus, at large values of r, equation (3-16) can be approximated by 




(3-23) 


When the surface S is stationary, the retarded time is a linear function 
of t. Hence, derivatives with respect to retarded time can be replaced by 
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derivatives with respect to t and equation (3-23) reduces to 



This shows that no sound is radiated by stationary surfaces when the 
source functions T.. and f^ are steady (i. e. , independent of time). How- 
ever, equation (3-23 1 ) shows that, even if the sources are steady, sound will 
be emitted whenever the surface velocity V (and as a consequence C^) de- 
pends on time. Thus, when the sources are steady, accelerative motion of a 
surface (which occurs, for example, on a propeller) will result in the emission 
of sound, whereas a steady motion will not. Of course, this conclusion only 
applies for subsonic velocities (for which the convection factor never 
vanishes). 

Surfaces moving with a constant supersonic velocity will generate shock 
waves which will reach the far field and be sensed as sound (often called a 
sonic boom). 

3. 3. 4. 2 Compact sources . - We saw in section 1. 5. 3 that the structure 
of the radiation field from a fixed source region becomes particularly simple 
when this region is compact. This is a consequence of being angle to neglect 
the variation in retarded time across the source. 

3. 3. 4. 2. 1 General equations: A similar simplification can be obtained 
for a moving source region. To this end let 6y denote a distance across such 
a region. Then it follows from the mean-value theorem that the corresponding 
change in retarded time At £ is approximately 

dr 

- r (y + 6y) - r (y) « — £ 6y. (3-24) 

e e 

But since applying the chain rule to equation (3-17) shows that 
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IK +IK_ Ilf = q 


dy. 8i- 3y 4 

•'1 e •'i 


this equation becomes 


At 


1 



e c Q (l - M cos 9) 


r 


Hence, the change in retarded time across the source region is roughly 


where L = | 6y | is a characteristic source dimension. As pointed out in sec- 
tion 2. 4. 2. 3 (for the case of moving eddies), Ar g represents the time it takes 
a sound wave to cross the moving source region. 

Now let denote a characteristic time for the source fluctuations mea- 
sured in the moving frame. If this time is large compared with the variation 
in retarded time A r g across the source region, that is, if 


it will be possible to neglect retarded -time variations in the integrals in equa- 
tion (3-23). We shall also suppose that the variation in Mach number across 
the source region is sufficiently small so that the convection factor can be 
treated as a constant in these integrations. Then, with these approximations, 
equation (3-23) becomes 


At 


1 L_ 
e 1 - M cos 6 Cq 


« T~ 

Cq(1 - M cos 9) ^ 


(3-25) 
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(3-26) 


where t now denotes the retarded time at the center of the source region, 

_► e 

R denotes the vector from the center of the source region at the retarded 
time r e to the observation point x, V° and a9 are the velocity and acceler- 
ation of the center of the source region 


C 



v ° / x . R 
(T e> ~ 
c 0 R 


(3-27) 


v c = 



d? 


is the net volume enclosed by S, and 

Q.. =r / T. . dF 


and 


F i (t) = f t)dS(F) 

represent the integrated strength of the external quadrupoles and the net force 
exerted by the surface on the fluid, respectively. 
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The first term in equation (3-26) is clearly a quadrupole source and the 

second is clearly a dipole. If the approximation (2-7) is used, the quadrupole 

2 

strength will be of the order PqU’ , where u* denotes a typical fluctua- 
ting velocity. The dipole strength f. is (upon neglecting viscous terms in 

eq. (3-4)) approximately equal to the fluctuating pressure p\ However, in 

2 

most fluctuating flows, p* is of the order PqU' , so that the source strengths 

should be roughly equal. For example, Uberoi (ref. 5) showed that 
2 

p* « 0. 8 PqU* for isotropic turbulence. 

If these two sources are of equal magnitude and if their spatial and tem- 
poral scales are roughly equal, their ratio will be of the order 


3. 3. 4. 2. 2 Special results for stationary surfaces: When the surface S 
is stationary, equation (3-28) reduces to 


L 


t^Cq( 1 - M cos 9 ) 


3 

Hence, equation (3-25) shows that in this case the quadrupole source can be 
neglected, and equation (3-26) becomes 



(3-28) 



(3-29) 


where 


3 

This equation was obtained by Lowson (ref. 6) without the acceleration term. 
This term was included by Ffowcs Williams and Hawkings (ref. 3). 
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F i(t) = f s f i(y, t)dS(y) (3 -30) 

And the inequality (3-25) now shows that this equation applies when 

— « r ^ (3-31) 

C 0 

Then (since the time average is independent of translations) the average sound 
intensity from a time -stationary flow is given (see eqs. (1-14) and (1-123)) by 


y ^ I Vj dF i( t) dF.(t) 

16jr 2 cjjp 0 x 4 dt dt 


(3-32) 


Suppose that the unsteady forces generating the sound are caused by a 
turbulent flow with mean velocity U and correlation length l . Then, as in- 
dicated in section 2. 5. 1. 2, the turbulent eddies will evolve slowly in time 
compared with the time 



which they take to pass a fixed observer (Taylor's hypothesis). The forces in- 
duced on any fixed object should therefore fluctuate predominantly on the latter 
time scale. Hence, the inequality (3-31) becomes 


L «— 
M 


(3-33) 


where 
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is the mean -flow Mach number. Thus, unless M is very small (in which 
case the sound field will be negligible), the characteristic source dimensions 
must be small compared with the turbulence correlation length. 

Equation (3-32) can be used to obtain similarity relations (analogous to 
those obtained for jet noise) for the sound field generated by a fluctuating flow 
in the vicinity of a small stationary object. Thus, if denotes the charac- 
teristic period of the fluctuating force, we anticipate that 


9F. 


at 



cc 



and if U c denotes an appropriate characteristic velocity of the flow, 

I? I °=P 0 U c l2 

and 


Tf oc 


U, 


Hence, it follows from equation (3-32) that 


„ tt 6 t 2 
— ^0 U c L 

I cc u c 


3 2 
C 0 X 


The total radiated power will therefore be proportional to 
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Comparing this with the relation 


obtained in section 2. 5. 1. 4 for the total sound power emitted from a volume 
quadrupole source shows that their ratio is 


Hence, the lower the Mach number, the more likely it is that surface dipoles 
are important relative to volume quadrupoles. 

Equation (3-29) implies that the cross correlation 


between the lift fluctuation acting on a body and the far -field sound pressure 
should be proportional to the time derivative 


of the lift autocorrelation function. Clark and Ribner (ref. 7) measured the 
cross correlation of the sound and lift fluctuations on a small airfoil in a tur- 
bulent jet. Their results are shown in figure 3-4. They attribute the small 
discrepancy (27 percent max. ) to the false enhancement of lift resulting from 
model vibrations. 



F 2 (t)p(t + t) 


— F 2 (t)F 2 (t + t) 


3t 
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Figure 3-4. - Comparison of cross correlation of lift and sound pressure and first derivative 
of autocorrelation of lift - both normalized. (From ref. 7. ) 


3.4 CALCULATION OF AERODYNAMIC FORCES 

In order to use the equations derived in the previous section to predict the 
sound field, it is necessary to determine the fluctuating force F. acting on the 
body. This force can either be determined through the direct measurements 
or calculated analytically from the unsteady flow field in the vicinity of the 
body. In this section a number of the analytical methods are described. 

The calculation of these forces is, in general, a very difficult task. All 
the purely analytical results obtained so far involve the assumption that the 
fluctuating velocity is small compared with the steady velocity. This allows 
us to linearize the unsteady flow calculation. 

Thus, it is assumed in this section that the unsteady flow is the result of a 
frozen small -amplitude disturbance pattern (called a ’’gust") being convected 
past a stationary body by a uniform mean flow iU w . This means that the mag- 
nitude of the disturbance velocity u^ = |u oo ,v oo ,w m ) is^ small ^compared to 
and that far upstream from the body the flow velocity iU^ + u^ is steady (but 
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spatially nonuniform) in a reference frame moving with the mean velocity 
iU oo- This mi S ht > for example, be a good approximation for a turbulent flow 
which (as we have seen) changes slowly in time in a reference frame moving 
with the mean flow. We also assume in this section that the flow is incom- 
pressible, with the effects of compressibility being deferred to chapter 5. 

3.4.1 Quasi-Steady Approximation 

First, consider the case where the spatial scale of the disturbance is 
large compared with a typical dimension of the body. Then it is not unreason- 
able to assume that the forces acting on the body follow the same relations as 
they do in a steady flow. This is called the "quasi -steady" approximation. 
Thus, we assume that the lift and drag forces acting on the body (L and D, 
respectively) are given by 


L 4 P 0 V2C L A 




(3-34) 


D 4 P 0 V2 °D A 



*3 

Figure 3-5. - Coordinates for orienting body relative to oncoming flow. 


D 
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where A is some suitable cross-sectional area of the body, V is the up- 
stream velocity, and the lift and drag coefficients, and C D , respectively, 
are functions only of the orientation of the body relative to the oncoming flow. 

This orientation is usually characterized by specifying two angles, say 
a and y, which determine the direction of the oncoming flow relative to three 
mutually perpendicular axes fixed to the body. Thus, with these axes, denoted 
by (y ,y 2 ,y 3 ), the angles a and y can be defined in the manner indicated in 
figure 3-5. The case of most interest is probably that of a thin, relatively 
two-dimensional body. (For example, blown flaps and fan and compressor 
blades certainly fall into this category. ) Then a can be taken as the change 
in angle of attack and y as the angle between the projection of oncoming flow 
onto the plane of the airfoil and the mean-flow velocity (see fig. 3-6). 


y ? 





Figure 3-6. - Coordinates for orienting airfoil-shaded body relative to oncoming flow. 
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The total oncoming flow velocity V is given by 


V ^(iUo + uJ. (iU^ + uJ 


(3-35) 


But since u m is assumed to be small compared with U^, we find upon 
neglecting squares of small quantities that 


_ 0C T 

!C l + — 
L 9a 


9C t — dC T v dC T w 
a + ^± y *C T + — ^ ^ 

0y 3 a 0y U M 


_ ec 


c d* c d + 


^ v ac_ w 

D °o P) CO 


da U 0y U 

OO ' GO 


and 


V 2 * U 2 + 2u U 

OO OO OO 

where C L and C D denote the time-averaged lift and drag coefficients, and 
the lift and drag slopes are taken as constants. Hence, it follows from equa- 
tion (3-34) that the fluctuating lift and drag forces L’ = L -”L and D’ = D - ~D 
are given by 


(3-36) 

D’=ipAu(^v + 2 Cu^ 

2 0 00 \da d y 00 D °°y 

y 

The first two terms in each of these equations represent the response of 
the body to transverse gusts, the last terms represent the response to a 
longitudinal gus t. For slender bodies 4 , C D « 0 and as a result the fluctuating 

4 Since we are usually interested in high Reynolds number flows. 


L' = - p n AU 
2 0 00 


f dC L 

da 


0C n 


v + 

oo 


dy 


w + 2C X u 

oo L oo. 
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lift will dominate over the fluctuating drag. For a two-dimensional flat plate 
at a small angle of attack (say a q) to the oncoming flow iU^, dC-^/da = 2ir 
and C L = 2 ttckq. Hence, for a two-dimensional gust (u^ = {u^, v^, 0}) the 
first equation (3-36) becomes 


— = O n U 7TV + 27Tp n U Q! n U 

^0 °o 00 ^ U oo U OO 

But since is assumed to be small, the second term in this equation should 
be negligible compared to the first and 

t4 p ° u « v «S = p ° u ” v “' (3 ' 37) 

This equation also applies to two-dimensional airfoil shapes with small 
thickness and camber. It shows that in a two-dimensional flow the fluctuating 
lift acting on such bodies is due solely to the fluctuations in angle of attack 
caused by the upwash velocity v^. We shall see that this conclusion holds 
even when the quasi -steady approximation does not apply. 

3.4.2 Calculations Based on Unsteady-Thin-Airfoil Theory 

For thin 5 bodies, it is possible to obtain results which apply at much 
higher frequencies than the quasi -steady approximation. The development of 
this subject began in the middle 1920' s with the work of Wagner (ref. 8), who 
determined the growth of lift on an airfoil starting impulsively from rest. Ten 
years later, Theodorsen calculated the lift on a sinusoidally oscillating airfoil 
(ref. 9). Then Kiissner (ref. 10), in addition to providing a general approach, 
introduced a unit response function (called the Kussner function) which relates 
the fluctuating lift on a two-dimensional airfoil to a step change in the upwash 
velocity. In 1938, von Karman and Sears (ref. 11) devised a general approach 
which could be used to calculate the lift for any small -amplitude motion of a 


5ln a direction perpendicular to the flow. 

6 That is, for much smaller scale disturbances. 
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two-dimensional airfoil. And in 1941, Sears (ref. 12) used this result to ob- 
tain a simple expression, called the Sears function , for the fluctuating lift due 
to a frozen sinusoidal gust impinging on a fixed airfoil. The remainder of this 
section is concerned with Sears' problem and its generalizations. 

3.4. 2. 1 Formulation of problem. - Consider a stationary (nonmoving) 
thin body subject to a small -amplitude gust with a velocity u w . Since the am- 
plitude of the incident disturbance and the thickness of the body are now both 
small, we anticipate that the deviation w of the velocity v from the mean 
velocity iU^ will also be small. Hence, w will be determined (to the first 
order) by linear equations. We shall also suppose that the flow is inviscid 
and incompressible. Then substituting 

v = iU^ + w (3-38) 

into the inviscid continuity and momentum equations (1-1) and (1-2) (with 
p = Pq and the source terms omitted) shows, upon neglecting terms involving 
squares of w, that 


0w tj 9w 
0r °° 3y t 



and 


V • w = 0 


It is convenient to put 


(3-39) 


(3-40) 


w = u + u (3-41) 

OO 

where can be thought of as the velocity fluctuation which would exist if the 
body were not present. Then u will coincide with the nonuniform flow far 
upstream from the body if we insist that 

u - 0 as | y | (3 -42) 
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And since w becomes equal to at large distances from the body, we 
should require that u b itself satisfy the continuity equation (3-40). Thus, 

V- 0^=0 (3-43) 

But since iT^ is steady in a coordinate system which moves with the mean 
flow, 


0U 0U 

— +U oQ ^=0 (3-44) 

3 r Oyj^ 

Hence, it follows from equations (3-39) to (3-44) that u satisfies the same 
equations as w, namely, 


+ =-— Vp (3-45) 

3t °° ayj. p Q 

V • u = 0 (3-46) 

For a stationary object in an inviscid flow the appropriate boundary condi- 
tion on the surface of the body is that n • v (the normal velocity to the surface) 
vanish. But in view of equations (3-38) and (3-41), this implies 

n.,U + n • if = -n • iT for y on S (3-47) 

The boundary value problem posed by equations (3-45) and (3-46) and the 
boundary conditions (3-42) and (3-47) is identical to the one which determines 
the flow due to a thin flexible body moving with a constant velocity 
through a uniform stationary fluid while oscillating normal to itself with the 
velocity -n • u . Then the velocity iU^ + u represents the flow due to a 
flexible body oscillating normal to itself (with velocity -n • u^) in a uniform 
stream. This implies that the unsteady flow resulting from the convection of 
a frozen disturbance past a fixed body can be determined by solving the prob- 
lem of an undulating body in a uniform stream. 
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Up to this point, the effects of viscosity have been neglected. However, 
any real fluid possesses at least a small amount of viscosity and this can have 
a significant influence on the flow! Thus, a small amount of viscosity causes 
the flow about a thick body to separate from the surface, forming a flow pat- 
tern which is completely different from that predicted by inviscid flow theory. 
In the present problem, the effect of a small viscosity can be accounted for by 
allowing the solution u to be discontinuous along a sheet extending from the 
trailing edge. 

In order to understand the nature of this discontinuity, consider (for 
definiteness) a two-dimensional airfoil impulsively accelerated to a uniform 
velocity from a state of rest. Initially, the action of viscosity will cause a 
very thin boundary layer to form along the surface of the airfoil, with the re- 
mainder of the flow being inviscid and irrotational. There will be one stagna- 
tion point at the leading edge and one near the sharp trailing edge, as shown in 
figure 3 -7(a) Since the trailing edge is sharp, there will be a high velocity 
and a consequent low pressure at this point. Then since the pressure at the 
rear stagnation point is high, there will be a large adverse pressure gradient 
between these two points which causes the boundary layer to separate and 
form a concentrated vortex, as shown in figure 3 -7(b). But the velocity in- 
duced by this vortex sets up a circulatory flow about the airfoil which shifts 
the rear stagnation point to the trailing edge and thereby eliminates the large 
pressure gradient. Then, as shown in figure 3 -7(c), the vortex separates 




Figure 3-7. - Initiation of flow about an airfoil starting from rest. 
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from the trailing edge and is swept downstream to infinity. (It therefore does 
not need to be included in the calculation of the steady -state flow. ) The rear 
stagnation point remains at the trailing edge, and hence there are no large 
changes in pressure in this region. This is known as the Kutta -Joukowski 
condition. 

A similar process takes place in a periodic flow. However, a new trail- 
ing vortex is shed every time the lift, and hence the circulation around the 
airfoil, changes. Thus, there is a continuous trail of vorticity forming a 
vortex wake, which must be included in the analysis. The strength of this 
wake is determined by assuming that the Kutta -Joukowski condition is satis- 
fied at the trailing edge. 

If the body is sufficiently thin and the amplitude and frequency of the un- 
steady flow are not too large, we can assume that the wake is infinitely thin 
and lies in the plane of the airfoil (which we shall take as the y^-y^ plane) 

(see fig. 3-8). It can be shown that the normal velocity and pressure should 
be continuous across this wake but the tangential velocity will, in general, be 
discontinuous. 
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Because of the boundary condition (3-42) we can require that 

V x u — 0 as|y|— oo 


But taking the curl of equation (3-45) shows that 


(— + U -i-lv x u = 0 
\3t 3y! 


Hence, 


V x u = 0 (3-48) 

everywhere except perhaps in the trailing vortex sheet. This equation shows 
that there exists a velocity potential such that 

u= -V$ (3-49) 

and equation (3-46) shows that 4> satisfies Laplace’s equation 

V 2 4> = 0 (3-50) 

Equation (3 -42) implies that $ must satisfy the boundary condition 

V$ - 0 as | y) - oo (3-51) 

at infinity, and equation (3-47) implies that <f> must satisfy the condition 

V<$ = -n • if = n^ + n • u^ for y on S (3-52) 

on the surface of the body. 

Hence, u can be found by solving Laplace’s equation (3-50) subject to the 
boundary conditions (3-51) and (3-52). But in order to satisfy the Kutta- 
Joukowski condition, the solution $ will, in general, have to be discontinuous 
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across the trailing vortex sheet. In addition, it will be necessary to allow $ 
to have a singularity at the leading edge (which must be chosen as the weakest 
one consistent with the Kutta condition). 

Since the nonuniform incident flow velocity if^ is time independent in a 
coordinate system, say y*, moving with the mean flow, it can be represented 
by the three-dimensional Fourier transform 


u 


OO 




dk 


Or since y' is related to the fixed coordinate system y by 

y'-y- i U r 

J J oo 


this becomes 


=>/ !T( 


i(k- 

a(k)e 


-k.U t) — 

1 OO ’ j, 

dk 


(3-53) 


Thus, the disturbance can be represented as a superposition of plane waves. 
Equation (3-43) now implies that 


a • k = 0 


(3-54) 


And since the vector k is in the direction of propagation of the waves, equa- 
tion (3 -54) shows that their amplitudes are transverse to their direction of 
propagation. For this reason they are called transverse waves. 

Since u is determined by linear equations and boundary conditions, the 
solution for any disturbance velocity u^ can be found simply by superposing 
solutions to the problem for an incident harmonic gust 


- - ‘(k-y-k^r) 


u„ = ae 

OO 


(3-55) 


Hence, it is only necessary to consider an incident disturbance of the type 
(3-55). 
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The only coupling between the incident disturbance iT and the "scat- 

OO 

tered" velocity u is through the boundary condition (3-47) on the surface of 
the body. For a single harmonic disturbance this becomes 

- - ~ _ i(k- y-k.Ur) 

-n • u = V$ = njU^ + n • ae A for y on S (3-56) 

For a thin flat body, such as a strut or airfoil at small angle of attack, it 
can be assumed that the body lies nearly in the yj-yg plane, as shown in fig- 
ure 3-8, and the surface boundary condition (3-56) can be "transferred" to 
this plane. Thus, the equation for the surface S can be written in the form 

[y 2 - e f(y r y 3 ] 2 = ^ 2 s(y v y 3 ) 


where g(ypy 3 ) > 0 on the projection of the body on the yj-yg plane and g = 0 
corresponds to the edge of the body. For a thin body, e is a small param- 
eter . The equation 


y 2 = ef (y r y 3 ) 

determines the "mean surface" of the body, and is its thickness dis- 

tribution. Then the normal vector n is to within first-order terms in e 



where the upper sign refers to the upper side of the body and the lower sign to 
the lower side. Since a is the of the same order as the thickness param- 
eter e, the boundary condition (3-56) is to within first-order terms in e 
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is_ lu i ( k iyi +k 3 y 3- k l U oo T ) = -u 9 = 
ay J “ + a 2 e 2 ay 2 


for = 0 and g > 0 (3-57) 

The trailing wake can also be assumed to be in the y^-y^ plane. 

Notice that the first term on the left side of equation (3-57) - which con- 
tains the effects of thickness, angle of attack, and camber - is independent of 

-ik-jU^r 

time. The second term is proportional to e . Since the problem is 

linear, its solution (and as a consequence, the force acting on the body) will 
also consist of a time -independent term which involves the effects of thick- 
ness, camber, and angle of attack and a time -dependent term which is inde- 
pendent of these effects. Thus, in the linearized approximation the effects of 
thickness, camber, and angle of attack contribute only to the steady force 
acting on the body and make no contribution to the unsteady force. Hence, for 
the purpose of calculating the oscillating force, the body can be replaced by a 
flat plate having the same y^-y^ projection. The boundary condition (3-57) 
then becomes 


V !i. **1 WsW for y2 . 0; g > „ ,3.58) 

ay 2 

3. 4. 2. 2 Solution to two-dimensional problem . - Solving equation (3-50) 
subject to the boundary conditions (3-51) and (3-58) is a difficult task, and the 
best that can usually be done is to reduce the problem to an integral equation . 
However, an exact closed-form solution can be obtained for a two-dimensional 
disturbance incident on a two-dimensional body (strut or airfoil). 

In this case, equation (3-55) becomes 


^Fairly efficient collocation techniques have been developed to solve these equa 
tions. 
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u- =ie 1 [ k l (y r U « T)+k 2='2] ( 3 -. 

00 

where a is a two-dimensional vector in the y 1 -y 2 pl ane which satisfies the 
transverse mode condition 


a i k i + a 2 k 2 = 0 

And the boundary condition (3-58) becomes 


(3-60) 


u 2 = -a 2 e 


^(yru.r) 


for y 2 = 0; - | < Yl < | 


(3-61) 


where as shown in figure 3-9 the plate lies between -c/2 and c/2 on the 
yj-axis. Since the boundary conditions are two dimensional, the solution 
must also be two dimensional. Hence, the velocity 

u = iu 1 (y 1 ,y 2 ,T) + ju 2 (y p y 2 , t) (3-62) 

only has components in the y^ and y 2 -directions and these are independent of 
of y 3 . 

This problem was first solved by Sears (ref. 12). The solution is ob- 
tained by a somewhat different approach (based on complex variable theory) in 


V2 
j 1 



Figure 3-9. -Two-dimensional problem. 
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appendix 3.B. It is shown that the pressure jump across the plate Ap(y 1 ) 
(i. e. , the net force per unit area) is given by 


_ik l U oo T 

Ap = 2a 2 p Q U oo e S(aj) 



(c/2) - y x 
(c/2) + y x 


(3-63) 


where 


S(aj) = 


-ia 1 [K 0 (-icr 1 ) +K 1 (-ia 1 )J 


is called Sears’ function , K Q and Kj are modified Bessel functions, and 


k^c 

a l 5 

i O 


is the reduced frequency . The latter quantity is related to the frequency 

a; = k,U of the fluctuating force by 

1 °o 

< jOC 

O’*! ~ 

1 2U 

OO 


The variation in pressure along the airfoil is determined by the factor 


'(c/2) - y x 
(c/2) + y x 


which is the same as that on a flat plate at a small angle of attack in a steady 
flow. Since 
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/•c/2 

J- c/2 


■+ y- 


'(c/2) - yj 
(c/2) + y 1 




r c/2 

•/-c/2 


(c/2) - y x 
(c/2) + y. 


dYi 


c 

4 


equation (3 -63) implies that the fluctuating force always acts through the 
quarter -chord point. 

For acoustically compact sources (see section 3. 3. 4. 2), only the total 
fluctuating force per unit span is needed to calculate the sound field. This 

O 

force, Fg, is perpendicular to the flow and (as shown in appendix 3.B) is 
given by 


-ik.U^T 

F 2 = ^2 p 0 U °° ce °° S(ct 1 ) 


(3-64) 


By using the asymptotic expansions for the modified Bessel functions 
(ref. 13), it can easily be shown that 



as cr^ — °° 


Thus, Sears’ function approaches zero at very high frequencies, which im- 
plies that an airfoil will be unaffected by gusts of sufficiently high reduced 
frequency. 

At low reduced frequencies, the Sears' function approaches unity, and 
equation (3-64) reduces to the quasi -steady approximation (3-37). 

It was shown by von Karman and Sears (ref. 11) that the difference 

8 Which is to say it is a lift force. 
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between equation (3-64) and the quasi -steady approximation is equal to the lift 
resulting from the "apparent mass" variations^ plus the lift generated by the 
vorticity in the wake acting back on the body. The former effect occurs when- 
ever a body undergoes an unsteady motion in an inviscid fluid even when no 
wake is present. 

Sears’ function can be approximated to within a few percent over most of 
its range by 


Notice that it approaches the same high-frequency limit as Sears’ function. 

The approximation for the amplitude was first suggested by Liepmann 
(ref. 14), and the approximation for the phase was suggested by Geising, 

Stahl, and Rodden (ref. 15). 

At high frequencies (coc/2c 0 = U oo ct 1 /c q > 1) the fluid cannot be considered 
incompressible even when — 0 since the time for an acoustic disturbance 
to cross the chord is no longer short compared with the period of oscillation. 
Hence, Sears' function cannot be used to calculate the lift at these frequencies. 
But even at low frequencies there has been surprisingly little experimental 
verification of the validity of equation (3-64). However, low-frequency 
(a^ < 1) oscillating airfoil data collected by Acum (ref. 16) show discrepancies 
of the order of 10 to 20 percent when compared with the Theodorsen function 
(which is the oscillating airfoil counterpart of Sears’ function). 

The principal assumptions in the von Karman - Sears theory appear to be 
those related to the wake. Namely, that the wake lies in the plane of the air- 
foil and that the Kutta-Joukowski condition holds at the trailing edge. In order 
to check these assumptions (at least for the case of oscillating airfoils), flow 
visualization studies were carried out by Bratt (ref. 17) (using smoke) and by 
Ohashi and Ishikawa (ref. 18) (using schlieren photography). Some of the wake 


9 That is, the force required to accelerate the surrounding fluid. 



^ 1 + 2tto^ 


(3-65) 
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(a-1) Reduced frequency, Oj, Q. 5. 



la-2) Reduced frequency, Oj, 1.8. 
(a) Region I. 



lb-1) Reduced frequency, Oi, 2.15. 



(b-2) Reduced frequency, Oj, 2.65. 
(b) Region II. 



(c) Region III; reduced frequency, Oj, 8.5. 

Figure 3-10. - Variation of flow pattern with reduced frequency. IFrom ref. 17. ) 
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profiles observed by Bratt are shown in figure 3-10. They illustrate the effect 
of varying the reduced frequency while holding the amplitude of the oscillations 
fixed. Three distinct regions of wake behavior can be detected. At low ampli- 
tudes and reduced frequencies (region I), the assumption that the wake lies in 
the plane of the airfoil appears justified. At intermediate frequencies (re- 
gion n), the wake moves like a whipping string and the linearized approxima- 
tion may break down. At higher reduced frequencies, the vorticity in the wake 
becomes concentrated in discrete lumps which are shed alternately from oppo- 
site sides of the trailing edge. The approximate ranges of amplitudes and fre- 
quencies in which these various types of behavior occur are shown in figure 
3-11, which is taken from reference 18. Ohashi and Ishikawa found that the 
Kutta-Joukowski condition was satisfied over the entire range of frequencies 
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and amplitudes of their experiments. 

There is no guarantee that conclusions based on experiments for oscil- 
lating airfoils will be valid for stationary airfoils subject to unsteady flows 
(which is the case of principal interest in aeroacoustics problems). However, 
experiments involving airfoils in unsteady flows are extremely difficult to per- 
form, and good data are almost nonexistent. Arnoldi (ref. 19) produced a 
periodic unsteady flow by placing an airfoil in the Karman vortex street (see 
section 3. 5. 1. 2) of an upstream cylinder. His results, which are at a high 
reduced frequency (cxj = 3. 9), show that Sears’ function does fairly well in pre- 
dicting the phase of the fluctuating force but underpredicts the amplitude by 
almost 50 percent. This discrepancy could be due to the occurrence of flow 
separation in his experiment or to the fact that the higher harmonics in the 
vortex street are not accounted for. His results are plotted as phase vectors 
in figure 3-12. The reason for including the short vector is explained in the 
next section. 

We have seen that (in the linear theory) the angle of attack and camber of 
the body have no effect on its fluctuating lift. And equation (3-64) shows that 


2 


e 



0 


.1 


.2 


.3 



Figure 3-12. - Comparison of theoretical and experimental Sears' function in high- 
frequency limit. (Data from ref. 19. ) 
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Figure 3-13. - Cambered airfoil at angle of attack. 


the fluctuating force depends only on the upwash component of the disturbance 
velocity ag and not on the chordwise component a^. In order to account for 
the dependence of the fluctuating lift on the chordwise velocity, angle of at- 
tack, and mean camber (see fig. 3-13), the analysis must be carried to sec- 
ond order. This was done by Horlock (ref. 20) for an uncambered plate at 
angle of attack a. His work was later extended by Neumann and Yeh (ref. 21) 
to include a parabolic mean camber (with maximum camber 6). The results 
of these calculations show that the fluctuating lift F 2 is the sum of three 
terms (refs. 20 and 21) 


F 2 = 


F 2 . 
F 2 + 


F l’ a 


*2’ f 


9 

where F^ is the function (3-64) obtained by Sears. The two additional terms 
are given by 


! -ik.U r 

F 2 01 = 17a lPo U <» CQ!e °° T ( a l) 

1 f “ ik*U T 

Fg’ = 2 JJ a 1 p 0 U oo 6e U^) 




J 


(3-66) 


where T(ct^) is the Horlock function (ref. 20) which is related to Sears' 
function by 


T(ct x ) = S(ct x ) + J 0 (e 1 ) - iJ^CTj) 
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and the function U(a^) given in reference 21 can be put in the form 


U(a x ) = 


iCT i K o(- io i) J o(°i) ‘ j K 0 ( - icT l )J l (a l ) + a i K i(- ia i) J i( a l) 

SKorj) 


+ — 

a l 


3.4. 2. 3 Three-dimensional effects . - Equations (3-63) to (3-66) apply 
only to bodies which are infinite in the y^ -direction. For real bodies, these 
formulas should be modified to account for "end effects. " Bender (see 
ref. 22) has recently shown that the end correction for a flat plate (still for 
two-dimensional disturbances) can be approximated fairly accurately by mul- 
tiplying equation (3-64) by the ratio of dC L /da! (the steady -state lift slope) to 
2 tt (the lift slope for infinite -span thin airfoils). 

The problem of a two-dimensional flat -plate airfoil subject to the full 
three-dimensional disturbance field (3-55), called an oblique gust , has been 
studied independently by Graham (ref. 23), Filotas (ref. 24), and Mugridge 
(ref. 25). 

A simple way of obtaining an approximate solution to this problem is to 

divide the plate into a number of strips (parallel to the flow) and treat each 

strip as if it were a two-dimensional plate subject to a two-dimensional gust. 

The local amplitude of the gust is used to calculate the fluctuating force on 

each strip. Thus, in the "strip theory" approximation, the fluctuating lift per 

unit span is given by equation (3-64) with a 2 replaced by the local upwash 
ikoYo 10 

velocity a 2 e to obtain 

ifcoyo-k.Ur) 

F 2 « na^U^ce 1 °° S (c^) (3-67) 


Graham (ref. 23) arrived at an exact seminumerical solution to the 
problem in the form of a series whose coefficients can be calculated suc- 


^ Since the solution is coupled to the disturbance field only through the boundary 
condition (3-58), only the longitudinal and transverse components, and kg, of the 
wave number influence the fluctuating lift. 


206 


EFFECT OF SOLID BOUNDARIES 


cessively. This is an improvement over the collocation procedures, which 
must be used for thin bodies of arbitrary shape. Filotas (ref. 24), however, 
gives an approximate expression for the lift which reduces to the approxima- 
tion (3-65) of Sears' result for two-dimensional gusts and gives the correct 
high-frequency limit for an arbitrary gust. This approximation can be written 
as 


i(k„x„-k.U t) 

F 2 = "P 0 U oo a 2 ce F(^,ct) (3-68) 


where 


expJ 


F 0//,o) 


-lo- 


sin 6 - 


nO ( 1 + — cos i// 


1 + 2770 (1 + - COS l// 


£l + 7TO( 1 + sin^ l// + 770 cos *)] 


1/2 


and 




tan 


-1 








It is also shown by Filotas that the center of lift is only fixed at the quarter - 
chord point (as found by Sears) in a purely two-dimensional flow. In fact, 
whenever three-dimensional effects are present, the center of lift will ap- 
proach the leading edges as o approaches infinity. This means that the edge 
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region becomes progressively more important as a source of sound as the 
chord becomes large with respect to the wavelength. 

Mugridge (ref. 25) derived an approximate multiplicative correction 
o 3 ) to the strip theory approximation (3-67) which accounts for the ef- 
fects of the streamwise vorticity in the wake resulting from the nonuniform 
loading of the airfoil by the oblique gust. 11 His results, which are only ac- 
curate for 


a = 




o \<2 


show that the amplitude of the correction factor is given by 


where 


| M(cr 1 , cr 3 ) | = 



(3-69) 



i= 1,3 


3.5 CALCULATION OF SOUND FIELD FROM SPECIAL FLOWS 

In the remainder of this chapter the general formulas derived in the 
preceding sections are used to calculate the sound fields emitted by a number 
of specific flows. These flows have been chosen either because they are of 
technological interest or because they illustrate certain fundamental ideas. 


He assumes that on the airfoil the streamwise vorticity can be neglected and 
that the spanwise vorticity acts as if the flow were two dimensional. 
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3.5.1 Flows with Sound Field Determined by 
Ffowcs Williams - Hawkings Equation 

The calculations in this section are all based on equation (3-23). 

3. 5. 1. 1 Sound emission from a thin strut in a turbulent flow. - We shall 
first consider a long strut or airfoil fixed in a turbulent (time stationary) flow 
of finite lateral extent (as it is in a jet). This problem is of technological in- 
terest because it relates to the broadband sound emission from flap segments 
under the wings of externally blown flap aircraft and from internal support 
struts and splitters in aircraft engines as well as from propellers and air- 
craft engine fans. The configuration is illustrated in figure 3-14. 

We would like to use the simplified equation (3-29) to calculate the sound 
field. However, equation (3-33) shows that the former equation will apply at 
reasonable Mach numbers only if the characteristic dimension L of the body 
is smaller than the eddy size. This is frequently the case when L is taken 
as the chord c of the airfoil but not when it is taken as its span b. However, 
equation (3-29) can still be used to calculate the sound emitted per unit span of 
the airfoil and (since the problem is linear) the results can be summed to ob- 
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tain the total sound emission. To this end we write equation (3-29) in the form 


where 


P’(x| y 3 ) 


x 2 

4?rcj*x 2 





X 


¥3 

X 


+ OCX- 1 ) 


is the distance between the observation point and the point along the strut from 
which the sound is emitted and p'(x|y 3 ) is the density fluctuation at x emitted 
from a unit length of strut at y^. Hence, 


p’(x) 



The normalized pressure autocorrelation function r defined by equation 
(1-125) is then given by 


b/2 /*b/2 


r(x, T ) = 


16tt 2 c 2 p 0 x 4 


/• D/^2 /• 

J- b/2 J -b/2 


3F 2 (t’|y^) 0F 2 (t»'|y^) 


at 


at 


dy 3 dy^' (3-70) 


where 


t’ = 


t + 



?3 


t” = t + r + yW 

CqX 


210 


EFFECT OF SOLID BOUNDARIES 


This result could also have been obtained from the dipole term in equation 
(3-20) by neglecting the chordwise retarded-time variation while retaining the 
spanwise variation. It represents the sound which would be emitted by a line 
of dipoles placed along the span of the airfoil - the strength of each point di- 
pole being adjusted to account for the total emission over the chord. 

By using the manipulations described in the appendix of chapter 2 and the 
fact that the correlation is independent of translations in time (since the flow 
is time stationary), we put equation (3-70) in the form 


Upon introducing the separation vector = y 3 - yj as a new variable of 
integration, the double integral in this equation becomes 


But it is reasonable to assume that the correlation length of 

F 2^l y 3^ F 2^ T ol y 3 + ^ iS ° f the Same ° rder aS the turbulence correlation 

length along the strut, which we shall suppose is much smaller than the 
span b. Hence, the length r? 3 over which the integrand in equation (3-72) is 
nonzero is small compared to b. The limits of integration in the inner inte- 
gral can therefore be taken as -°° to °° so that equation (3-71) becomes 



b/2 /•*>/ 2 

| f 2 (t|yyp 

/2 J -b/2 



where 
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r(x, r) = 


1R 2 3 4 a 2 

16 7T CqPqX 0T 


-x 2 0 2 



F 2( t ly 3 ) F 2 ( T ol y 3 


+ 77 3 )d77 3 dy 3 (3-73) 


One might at this point be tempted to neglect the retarded -time variations 
which appear in r Q by arguing, as we did in chapter 2, that the decay time of 
the turbulence is large compared with its correlation length. However, we 
must realize that in this formula the time is measured relative to the fixed 
frame so that its characteristic value can be much shorter than the time asso- 
ciated with the oscillations of the eddies. 

Since the spectrum 1^ of the average intensity is the Fourier transform 
of r, equation (3-73) shows that 


is the power spectral density of the fluctuating lift force on the body. 

We shall again suppose that the turbulence can be assumed to be frozen 
during the time it takes to transverse the strut. Then (as shown in section 
3. 4. 2. 3) the fluctuating lift force acting on the strut due to a single Fourier 
component 



'b/2 


(3-74) 


where 




of the turbulence upwash velocity must be of the form 
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a 2 (k)g(k 1 ,k 3 )e J 6 1 00 (3-75) 

provided the mean flow velocity U w can be taken as a constant. And if we 
also assume that the turbulence is homogeneous, the moving -frame turbulence 
correlation 

*22^0 ‘ !u °o t > s u 2 ( y • ^00^2 [y + %- llJ J t+ T >] 

can depend only on the indicated argument, and as a result it follows from 
appendix 1. A that the moving -axis spectral density $ 22 ^) °* the upwash 
velocity is given by 


^22^0 “ iU <=o T ) “ 


/// 


ik*(? n - iU o 0 T ) 


$ 22 ^)^ 


(3-76) 


These equations are used in appendix 3. C to show that the lift power spectral 
density is related to $22 t>y 


H 2 2 (y 3 ; k 3^) = 



Hence, equation (3-74) becomes 
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1 ^ ) sl J X ’ 6 ^ <p) 


9 2 2 2 

UJou) up Q c sin 0 cos <p 


SCgX 2 


<g [ J!L } — sin 9 sin cp 

\ U OC C 0 ) 


r °° 

J *22 k 2 ’ Sin 0 Sin ^2 


(3-77) 


where we have put Sf(k 1 ,k 2 ) = g(k 1 ,k 2 )/ 5 rp () cU oo and introduced the spherical 
coordinates 9 and cp defined in figure 3-14. 

When k, = 0, equation (3-75) represents the response of the strut to a 

U 

two-dimensional gust. Hence, 


k c 

ar(k 1( o) = s(aj) 4 = -^- 

Ci 


(3-78) 


where S is Sears’ function. Equation (3-77) therefore shows that the sound 
intensity in the plane perpendicular to the strut (cp = 0 plane) depends only on 
the two-dimensional response function (i. e. , Sears’ function). In the general 
case, Sf can be approximated either by using Filotas’ equation (3-68) or by 
using Mugridge's correction factor given by equation (3-69). Thus, 


9f(k 1 ,k 3 ) = F (if/, a) if/ = tan" 1 -1 and a = ^ k 2 + kg (3-79) 


if Filotas’ equation is used; and 


|*04, kg) | = 1^)1 


o\ + (2/tt 2 ) 
a 2 + (2/tt 2 ) 


(3-80) 
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if Mugridge's correction is used. 

It remains to determine the spectral density function $ 2 2 - This can be 
accomplished by assuming an idealized model for the turbulence. Thus, if we 
assume that the turbulence is isotropic, the spectral density tensor takes 
the form (ref. 26) 


And if in addition it is assumed that the moving -frame longitudinal correlation 
function is S iven by 



where 



Hence, the upwash spectral density becomes 




2 


we find that (ref. 26) 


E(k) = 



and as a result that 
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$ 22 - 




Substituting this into equation (3-77) and performing the integration now shows 
that 


_ 3bp n u? /nv 2 M 3 sin 2 0 cos 2 <p h 2 ol 

I (x,e,cp) = !L£f-\ 

w 9,1 \x/ /_, *\ 5/2 


32 


i(£" 2 + h 2 )' 


/ 2oq 2oq ' 

Sfl — -, — - M sin 0 sin <p 


where 


a 0 = 


wc 

21J 


is the reduced frequency, 


U 


M = 


is the free -stream Mach number, 


h 2 s Oq( 1 + M 2 sin 2 0 sin 2 <p) 


and 


P= — 
c 

Thus, upon introducing the approximation (3-65) to Sears’ function, equation 
(3-78) shows that 
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i w (x,e,o) 


3bp Q U2 , c .2 M 3 sin 2 0 ctq 


32 \x / / _o o\®/ 2 

+ ^0/ ^ + 2 ™0> 


(3-81) 


in the plane perpendicular to the strut (i// = 0 plane). And more generally, 
Mugridge’s approximation (3-80) shows that 


I (x) = 

or ' 


3bp 0 u 2 

32 



M 3 sin 2 0 cos 2 <p h 2 aQ 

/ 2 2 V*/ ^ 

/y Z + h^j (1 + 277a Q ) 



Equation (3-81) can easily be integrated over all frequencies to establish that 
the mean sound intensity in the plane perpendicular to the strut is given by 


I(x, 6 , 0) 


3bcp Q u 2 M 4 

16Cq1tx 2 


E(a)sin^0 


(3-82) 


where 


r 




E(a) 



In 

a(l + ]/ a 2 + 1 ) 

+ a - 1 + ( 2a ' 1 

j (a 2 + 1) ► 

J 

M 2 1 

J 2 - 

y a +1 

L 

|/« 2 + 1 - a 

V 3 , 


and 


a = 


c n 


l 
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Figure 3-15. - Configuration of strut experiment. Nozzle diameter, D, 10 centimeters (4 in. ) ; 
blade chord, c = 9/32 D; blade height, b = V3D; distance to observation point, x, 4.56 meters 
(15 ft). 


Notice that E(a) becomes equal to 2/3 at large values of a. In fact, E(q-) 
remains within 10 percent of this value whenever a is greater than 2. 

In order to verify this analysis, W. A. Olsen of the Lewis Research 
Center measured the sound emission from a long thin symmetrical strut in a 
turbulent jet. The strut was centered in the mixing region 4 diameters down- 
stream from the nozzle, as shown in figure 3-15. The geometric parameters 
which appear in the analysis are indicated on the figure. The acoustic param- 
eters can be estimated from the measurements summarized in section 
2. 5. 1. 2. These results show that we should take U M = 0. 62 U-, where U- 
is the jet velocity. It is also reasonable to take i = (i ^ + i ^)/\ and 




u 2 = 1/2 u^^. Then equations (2-42) and (2-43) show that i « 0. 3 D and 

— 0. 129 (where D is the jet diameter). The theoretical directivity 
pattern, obtained by inserting these parameters into equation (3-82) is com- 
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Impingement 



Figure 3-16. - Comparison of data and theory for strut experiment. Nozzle diameter, D, 
10 centimeters (4 in. ); ratio of distance to observation point to nozzle diameter, x/D, 4 ; 
ijf, 0 °. 


pared with Olsen's experiments 12 in figure 3-16. The agreement is seen to be 
quite good. Nevertheless, the restriction c«i/M which we imposed on the 
analysis is only moderately well satisfied in the experiment. And the require- 
ment that be constant over the strut is not even approximately satisfied. 
Notice that the former restriction is most closely satisfied at the low veloci- 
ties, where the agreement is best. 

3. 5. 1. 2 Aeolian tones. - An interesting application of equation (3-28) is 
the prediction of Aeolian tones. These tones are heard in the singing of the 
wind through telephone wires and leafless trees and in the whistle of the ten- 
sion rods of airplanes and the rigging of ships. They were first studied by 
Strouhal in 1878, who was mainly concerned with their frequency. 

The nature of the flow about a cylinder moving through a fluid with a sub - 
sonic velocity V° is mainly determined by the Reynolds number p Q V D/ p 
based on the cylinder diameter D. At sufficiently small Reynolds numbers, 

12 The first combined analytical- experimental study of sound emission from solid 
bodies in jets was carried out by Sharland (ref. 27). 
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the flow is steady and its main effect is to cause a drag force on the cylinder. 
However, the flow becomes unstable to small disturbances at a Reynolds num- 
ber of about 50, and the wake starts to oscillate beginning at a point some dis- 
tance downstream of the cylinder. As the Reynolds number is increased, the 
oscillations in the wake move toward the cylinder until a Reynolds number of 
about 60 is reached. At this point the oscillations appear as the alternate 
shedding of lumps of fluid from the top and bottom of the cylinder. Most of the 
vorticity in the wake is now concentrated in these lumps, which move down- 
stream in a regular array called the Karman vortex street . This behavior 
persists to a Reynolds number of about 10^. The periodic shedding of vor- 
ticity into the wake exerts a periodic tangential force on the cylinder and, as 
was first recognized by von Karman and Ruback, it is this oscillating force 
which is principally responsible for the Aeolian tones. The angular fre- 
quency o> of the force is equal to the frequency of vortex shedding 


u> = 


2ttV 1 


(3-83) 


where the Strouhal number S^. depends on the Reynolds number but is approx- 
imately equal to 0. 2. The vortex shedding also induces a periodic drag force 
on the cylinder. However, this force was found to be quite small compared 
with the fluctuating lift force, and we neglect it in the following discussion. 

If the cylinder is not rigidly supported, the fluctuating lift force might 
cause the cylinder to oscillate and (as can be seen from eq. (3-28)) this oscil- 
lation will result in an additional source of sound. However, the Aeolian tones 
usually refer to the sound generated by the oscillating force, and we shall limit 
the discussion to the case where the cylinder is rigidly supported. 

Thus, we consider a circular cylinder of length b and diameter D mov- 
ing with a constant velocity V in the x^ -direction through a fluid at rest at 
infinity. Suppose that the long axis of the cylinder is parallel to the 
x 3 -direction. The £ -coordinate system which is carried with the cylinder is 
shown in figure 3-17. In this figure the cylinder is shown in its position at the 

time of emission t . 

e 
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As in the last section we let F 2 (t| ? 3 ) denote the fluctuating lift force per 
unit length acting on the cylinder at the point Then the total lift force 
F 2 (t) is given by 



(3-84) 


It has been found experimentally (ref. 28) that this force is given approxi- 
mately by 


Pn(v°f ' i [“ tt4,(? 3>] 

F 2 (t|c 3 ) = *l2L_LDe (3-85) 

2 

where k is a numerical constant which is found to lie between 1/2 and 2. 

This variation probably results from the extreme sensitivity of the force to the 
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amount of turbulence in the oncoming stream and from the dependence of the 
phase $ on the length of the cylinder and the geometry of the flow system. 
The variation in $ along the cylinder reflects the fact that the vortex shed- 
ding is only in phase over a relatively short length of 3 to 4 diameters. The 
frequency w is given by equation (3-83). Hence, the characteristic time 
of the oscillation is 


w 0. 2 V° 

The inequality (3-25) therefore shows that equation (3-28) can be used to pre- 
dict the sound from this flow only if 


M <<; 5D 
1 - M cos 6 L 

where L is a characteristic dimension of the cylinder 



and 


cos 6 = — 
R 


M 

M 


For the very low Mach numbers at which Aeolian tones occur, this in- 
equality is certainly satisfied with L = D. In many cases of interest, how- 
ever, the cylinder is many diameters in length and the inequality is not satis- 
fied with L = b. Hence, as in the previous section, we apply equation (3-28) 
to calculate the sound emission per unit length of cylinder and sum the results 
to obtain the total sound emission. 

Since the cylinder velocity V° is constant, we can put a? equal to zero 
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and neglect the derivative of ct with respect to r (since it yields higher 

•i U 0 

order terms in R _1 when x is in the radiation field). Then inserting equa- 
tion (3-27) into equation (3-28) shows that 


p’(x| S 3 ) ~ 


R 


2 


4itCqR 2 


R 

R 


3F 2< T ely 



(3-86) 


where 


R = x - k^ 3 - i CqMt 6 


(3-87) 


T 


e 



and p'(x 1 ^ 3 ) is the density fluctuation at x emitted from a unit length of 
cylinder so that 



(3-88) 


Since equation (3-87) shows R 2 = x 2 , substituting equation (3-85) into (3-86) 
and using equations (3-83) and (3-88) implies that 


P’(x|? 3 ) 


iKS t p 0 (v°) x 2 -iujjt-(R/ C q)J -i$(C 3 ) 


2 

4c2r 2 /l - R • M\ 


(3-89) 


R 


But for large x , 
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R - |x - k£g - CQiMT e | - Rq 



where 



x - i CqMt 


e 


is the value of R at the center of the cylinder. Hence, replacing R by 
Rq - (xj^/Rq) in the exponent of equation (3-89) (and by Rq in all other 
places) and substituting the result into equation (3-88) yield 


p'(x) 


ixSjPQ^) sin 6 cos <p -icu JmRq/cqJJ 


4CqRq( 1 - M cos 6) 2 


»b/2 


exp/i 


-b/2 


0 ) 


|? 3 sin 6 sin cp + $(S 3 ) 


dC 3 (3-90) 


where, as shown in figure 3-17, 


R 0 - 
cos 6 = — . i 

R« 


R 0 - x 2 
sin 6 cos cp = — • j = —— 

R 0 R 0 


R 0 ~ x 3 

sin 6 sin <p = — . k = — 
R 0 R 0 
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Since Rg and 6 depend on t, the density fluctuation is not periodic. 
However, as shown in section 1.8.4, the observation point can be removed far 
enough from the source so that 6 and Rg(t) are nearly constant over one 
period of oscillation and hence equal to their values, say Rg(tg) and 

= 0(tg), at some time tg during this period. Thus, the results of section 
1. 8. 4 imply that for time intervals of the order of one period 


P’ 


iKS t p 0 (v°) sin 0 q cos cp 




exp J 


- 


M cos e 


-ICO 


R„(‘ 0 > 


1 - M cos 9 


0 




(3-91) 


Hence, it is possible to define an average intensity over the effective period 


T = — (1 - M cos e 0 ) 
p co 


Then since 



for any simple harmonic density fluctuation, it follows from equation (3-91) 
that 
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I~ 


k 2 S^p 0 (v 0 ) 6 sin 2 0 cos 2 cp 
32CqRq( 1 - M cos 0) 4 



where we have put 


d? 3 dCJ 
(3-92) 


^^ 3^3 

and dropped the zero subscript on 6 since, now that the intensity has been 

calculated, there is no need to distinguish between tp and t. 

We shall consider two limiting cases. First, suppose that the cylinder 

length b is smaller than the length l over which the phases of the vortices 
13 

are correlated so that the vortex shedding is roughly in phase over the length 
of the cylinder. Then 


But, since equation (3-83) shows that w^/cq changes by an amount 

— b « (2ir)(0.2)M — 
c 0 D 

and since the Mach number is fairly low, we also find that 

(ico/c n )£ sin 0 sin <p 
e u « 1 

13 The cylinder would then have to be less than 4 diameters in length, and end 
effects could become important. 
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over the range of integration. Hence, equation (3-92) becomes 

_ « 2 sfb 2 p 0 (v °) 6 Sin 2 f> cos 2 y (J _ M) 

32CqRq( 1 - M cos 6) 4 


Now suppose that the cylinder is very long compared with the correlation 
length l . Changing the variables of integration to and £ in equation 
(3 -92) shows that 


I~ 


K 2 S 2 p Q (v 0 ) sin 2 0 cos 2 (p 
32CqR 2 (1 - M cos 6) 4 


rb/2 

/•(b/2)-? 3 r / 

1 i(o>/cQ)£ sin 6 sin cp 


/- b/2 •> 

Mb/2) -So 


d£ dC 3 

(3-94) 


However, if the correlation length is small compared with the length of the 
cylinder, we can (as in the last section) take the limits of the inner integral 
to be -oo to oo. 

It is reasonable to assume that the correlation coefficient 



i[*(C 3 +*)-*(S 3 )] 


d ? 3 


of the fluctuating force acting on the cylinder is Gaussian and therefore equal 
-(£ 2 /27 2 ) 

to e . Then since 
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^ sin^0 sin^</> 


equation (3-94) becomes 

_ y^2jr K^S^lbpJ^V^) sin^0 cos ^<p 
32CqRq( 1 - M cos 0) 4 


r 

✓ 9 — 

>1 

I 



exp 

— I sin e sin <p 

> 


2 V D / 




J 


(3-95) 


If the Mach number is so small that the exponent can be neglected, this for- 

o 

mula differs from the short -cylinder formula (3-93) only in that b is re- 
placed by |/27 t £b. 

These formulas (without convection effects) were obtained by O. M. 
Phillips (ref. 28) in 1956. By using a model for the wake flow, Phillips de- 
termined that k should be approximately equal to 1. A comparison of equa- 
tion (3-95) (with the convection factor and the exponent neglected) with 
14 

Phillips' measurements is shown in figure 3-18. The close agreement tends 
to verify the formulas derived in this section. 

As the Reynolds number is increased and the wake behind the cylinder be- 
comes turbulent, the vortex shedding mechanism appears to persist in a less 
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Figure 3-18. - Comparison of Aeolian tone measurements 
with experiment. (Data from ref. 28. ) Cylinder velocity, 
1300 <V°< 2000 cm/sec; Reynolds number, 110 <Re < 160; 
nozzle diameter, D, 0. 0123 centimeter (0.0048 in. ). 


organized state with randomly shed, large-scale vorticity causing broadband 
lift fluctuations and hence broadband noise. In fact, even at very high 
Reynolds numbers a surprisingly distinct large-scale eddy structure is found 
to exist in the wakes of cylinders. These eddies appear to contain about one- 
half the turbulent energy in the wake (ref. 28). Experiments at these higher 
Reynolds numbers tend to show that the sound intensity still follows the predic- 
tion of equation (3-95). 

The formulas derived in this section are not restricted to circular cylin- 
ders and should apply to cylinders with other cross sections. For stream- 
lined bodies such as airfoils, random vortex shedding has been assumed to 
occur and be an important source of broadband noise. However, recent ex- 
periments conducted by Patterson, Vogt, and Fink (ref. 29) on typical two- 
dimensional helicopter rotor airfoils in a very quiet tunnel indicate that the 
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vortex shedding noise is a pure tone as long as the pressure-surface bound- 
ary layer remains laminar. They found that its frequency correlated well with 
a Strouhal number of 0. 2 based on the total laminar boundary layer thickness 
at the trailing edge. However, at higher Reynolds numbers, where both 
boundary layers were turbulent, no vortex shedding noise could be detected 
above the tunnel background noise. At these Reynolds numbers, measure- 
ments in the wake indicated that there was no correlated vortex shedding. 

It is frequently stated that the vortex shedding mechanism is the principal 
source of broadband noise in propellers. A related broadband noise source is 
the turbulence in blade boundary layers. A simple theoretical model for noise 
generated by this mechanism was developed by Mugridge (ref. 30), and his re- 
sults show fair agreement with experiment at low frequencies. Moreover, the 
analysis in section 3. 5. 1. 1 demonstrates that incident atmospheric turbulence 
can also cause broadband propeller noise. 

3. 5. 1. 3 Propeller noise: Gutin's theory . - Up to this point all the exam- 
ples have been concerned with noise generated by the fluctuating forces exerted 
on a body. However, as demonstrated in section 3. 3. 4. 1, a body in accelera- 
tive motion can generate sound even when the forces are steady. An important 
example of this is the pure-tone noise generated by airplane propellers. Al- 
though, as we have just seen, there are other sources of sound from propel- 
lers, this mechanism is generally believed to dominate (ref. 31) for propel- 
lers with a small number of blades at moderate speeds. In 1937, Gutin 

(ref. 32) recognized the dipole character of this noise source and was able to 

16 

develop the first successful theory of propeller noise. 

3. 5. 1. 3. 1 Derivation of basic equation: A propeller rotating with angular 
velocity £2 in the plane is shown in figure 3-19. The £ -coordinate 

system is fixed to the blades with its origin at the hub and the - and 
^-coordinates in the y^-yg plane. 

The noise produced by this propeller can be calculated from equation 
(3-23). We shall again suppose that the quadrupole terms can be neglected in 
this equation. It must be pointed out, however, that this is certainly not 


15 Often called "propeller singing. " 

1 fi 

Earlier attempts at formulating theories of propeller noise were made by Lynam 
and Webb in 1919 (ref. 33) and by Bryan (ref. 34) in 1920. 
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always the case. In fact, it is quite likely that the quadrupole terms will dom- 
inate at sufficiently high Mach numbers and blade loadings. Finally, the noise 
generated by the volume displacement effects will also be neglected. With this 
understanding, equation (3-23) becomes 



where we take S(tQ) to be the surface of the blades, and the retarded time 
and the convection factor are defined by equations (3-17) and (3-18), re- 
spectively. The Mach number in equation (3-18) is defined in terms of the 
velocity V of a fixed point in the £ -coordinate system by equation (3-15). 
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Equation (3-13) and figure 3-19 show that for a stationary propeller 

V=ftkxf (3-97) 


We shall (for simplicity) limit the discussion to the case where the veloc- 
ity V is everywhere subsonic. Then equation (3-17) has only a single root t q 
for each value of t and the integrand in equation (3 -96) need not be interpreted 
as a sum of terms (see remarks following eq. (3-17)). 

The analysis is restricted to the case where sources, and hence the sound 
field, is periodic with angular frequency ft. This will occur, for example, 
when the oncoming flow to the propeller is steady (even if it is spatially non- 
uniform). It, therefore, follows from equations (3-96) and (1-A2) of appen- 
dix 1. A that the amplitude p n of the n th harmonic of the density fluctuation 
is given by 



(3-98) 


Since the integrand is evaluated at £ and the retarded time r (£, t), it is 
convenient to make these the variables of integration. But differentiating 
equation (3-17) and using equations (3-9), (3-15), (3-17), and (3-18) show that 



(3-99) 


Then since T e is a single -valued function of t, changing the variable of inte- 
gration from t to r g in equation (3-89) yields 
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where we have dropped the notation [ ] with the understanding that all 

e _ 

quantities in the integrand are evaluated at £ and the retarded time T g . 

Since r is a periodic function of r with period 2 j r/O, [ r lr=T, lsa 

periodic function of T g with this same period. Hence, it follows from equa- 
tion (3-17) that increasing r 0 by 2i r/S2 increases t by 2v/£l. But since 
the velocity is subsonic, equations (3-18) and (3-99) show that t is a mono- 
tonically increasing function of r g . Hence, increasing t by 2n/Cl must also 
increase r by this amount. The limits of integration of the integral with 
respect to t 0 in equation (3-100) can therefore be replaced by [t 6 (C, 0), 
t (£,0) + 2n/sij. But since the integrand is a periodic function of T g , the 
value of the integral cannot be changed by a translation of both limits by a 
fixed amount, and equation (3-100) becomes 


P n 


n 

O 2 3 

87T Cq 






dr e dS(if) 


(3-101) 


where, since y(Z r ) is confined to the propeller disk and x is in the radia- 
tion field, we have replaced r./r by its asymptotic value x./x. 

Integrating equation (3-101) by parts and using equation (3-99) show that, 

since > 0, 


P 


n 


X -i r /Q f .“M £ ,F, Te )dS(?)dr 

8A o x 2 Jo J S(t n , 
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But since 


r = x - - • y + 0(x _1 ) 

X 


whenever x is in the radiation field and y is confined to the propeller disk, 
this equation becomes 


P 


n 




in ST 



-inft(x/x)- y/c n 
e u 


x fj(C, r e )dS(?)dT e (3-102) 

It is convenient to distinguish the front surfaces of the propeller blades, 
say S^tg) with unit normal n^\ from their back surfaces, say S 2 (t 0 ) with 
unit normal n , as shown in figure 3-20. These two sets of surfaces join 
along the trailing edges of the blades and along the lines which pass through 



234 


EFFECT OF SOLID BOUNDARIES 


the fronts of each blade section at the points where the tangents of these sec- 
tions are parallel to the q- axis . The surface integral in equation (3-102) can 
then be written as the sum of two integrals - one over each of these two sets of 
surfaces. These integrals can be evaluated in the usual way by integrating 
over the projection A of the blade surfaces in the q ? 2 Then the 

inner integral in equation (3-102) becomes 

Xj f e -m n( x7*>.y7c 0 -^5 

x Js(t 0 ) 



-(inSVc 0 )(x/x)* y^ 
e 



-(infl/c 0 )(x/x)- 



<*q d ? 2 


(3-103) 


where d 1} is the value of q on the front blade surface and more generally 

the superscript (1) indicates that the quantity is to be evaluated at q, C 2 » 
? (D. in order to transform equation (3-102) into a more explicit form, we 

first introduce the spherical coordinates x, 6, and <p for the observation 

point x and the cylindrical coordinates <p\ and q for the source 
point Z as shown in figure 3-21. Since the vector y denotes the location of 
the source point ? relative to the fixed f-coordinate system, it follows from 

figure 3-21 that 


ys {C’ cos(<p' + fiT ), r Sin (<p' + ClTg), q} 


(3-104) 


x = {x sin 6 cos <p, x sin 6 sin <p, x cos 6 } 
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When dealing with propellers it is customary to divide the force acting on 
the blades into a thrust component f T in the ^-direction and a drag compo- 
nent (equal to minus the torque) f D in the cp' -direction* These are related to 
the components f. of f in the fixed y -coordinate system by 


f = {-f D si n(<p' + S2r e ), f D cos(cp' + Or e ), -f T } 

Introducing this into equation (3-103), inserting the result into equation 
(3-102), and using the polar angles defined in equations (3-104) now show that 



x [cos 6 g T + sin e sin(<p* + - <p)g D J dr^' d£’ d(p' (3-105) 


where 
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r(l) 




a 


,(D| 


r 

r 

1 

Jexp 

-i “0. t^ 1 ) cos e 

1 


c o 

( 




The factors 


( 2 ) 


a 


,(2)i 




1 

Jexp 

-i — d 2 ^ cos e 

l 


c 0 

f 




for a = T, D 


(3-106) 


exp 


-i d 1 ) cos e 


i= 1,2 


account for the variation in retarded time between the blade surfaces and the 
rotational plane of the propeller. However, it is unlikely that any propeller 
blade will be thick enough for the retarded-time variations between its front 
and back surfaces to be important. Upon neglecting this variation, equation 
(3-106) becomes 


g 


a 


exp 




f 

a 


for a = T, D 


where 17 £g(£', cp') is the ^ coordinate of the blade chord and 


p(l) 


f = a 

a 


f (2) 

a 


n, 


(Dl 


n 


(2) | 


for a = T, D 


— C 

l^The definition of f ^ 
vanishes in this region. 


in the region between the blades is irrelevant since f a 
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is just the net thrust or drag force per unit projected area acting on the blades 
at the point (q, £ 2 ). 

Introducing the well-known generating function (ref. 13) 

CO 

e -iZ cos/3 = ^ ( _ i} m Jm(z)e -im/3 

m=-oo 

for the Bessel function J m (Z) of the first kind and its derivative with respect 
to (3 

OO 

-sin (3 e' lZ cos ^ = I ^ (-i) m mJ m (Z)e" im ^ 

m= -oo 


into equation (3-105) now shows that 


OO 

p ~ e*"* V e im t * -<»/*>] f j 

L, l 


-i(m</?'+k cS cos 0 ) / 

a n I - 


cos 0 F* - -2L 
\ n ' m k ”* 


— f d \ r dr 
n 1 * "'7 


«*• (3-107) 


where 


k 


n 



(3-108) 


is the wave number of the n th harmonic of the rotational frequency S2 and 


F 




gip^r 


f 

a 


(?\ r)dr 


for a = T, D 


(3-109) 


is simply the p th Fourier coefficient of the force 7 By shifting the index 
of summation to p = n - m, equation (3-107) can be put in the slightly more 
familiar form 
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OO 



e i(n-p)[(<p-(jr/2)] 



VpV sin W 


J 



(3-110) 


This equation is quite general and applies even if the flow approaching the pro- 
peller is spatially nonuniform and every blade of the propeller is different 
from every other. 

3. 5. 1. 3. 2 Equation for propellers with identical blades: The case of 
principal interest is when the propeller consists of B identical equally spaced 
blades. Let f° (£', <p,r) denote the force per unit projected area acting on a 
particular blade 18 individuated by setting an index s equal to 1. Then since 
the force distribution acting on the s = 1 blade at the time t is the same as 
that which acted at the time t - (2n/fiB) (s - 1) on the blade which is dis- 
placed from it by the angle (2 tt/B) (s - 1), the force distribution on the latter 
blade must be 


18 We can assume that f®, is equal to zero when (£', <p’) does not lie in the pro- 
jected area of the blade. 



Hence 
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f 

a 


B 


I 

S=1 


f°. h, <P' - — (S - 1), T + ^L(s - 1)] 
° V B OB / 


for q = T, D (3-111) 


Inserting this into equation (3-109) shows that 
B 

Fg = ^ e -i2ff(s-l)p/B F ° >p <p» - ^ ( s - l)j fora=T,D (3-112) 
s= 1 

where 


. 2^/0 

F ° (?>*')*— / e ipnT f°(r,^,T)dT for a = T,D (3-113) 

a,p 2/r y 0 a 

th 

is the p Fourier coefficient of the force per unit projected area acting on 
the s = 1 blade. Then substituting equation (3-113) into equation (3-112), 
shifting the variable of integration from cp' to cp' - 2n(s - 1)/B, using the 
identity 


B 

^^ e -in2ff(s-l)/B 

s=l 



for n = mB 
for n / mB 


m = 0, ±1, ±2, . . . 


and noting that 




<P' ~ — (s 
B 



yields 
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(3-114) 


where Aq is the cross-sectional area of the s=l blade. In many cases £3 
can be approximated fairly closely by 

? 3 = CV cot x 

where the stagger angle x is shown in figure 3-20. 

3. 5. 1. 3. 3 Steady blade forces: Gutin's theory: Now consider the case 
where the approaching flow is completely uniform in space and hence where 
the blade forces are steady in the rotating reference frame. Then equation 
(3-109) becomes 


f p - f “<?) £ 



jipfiT dT _ f0 (£»)6 


P,0 


for a = T, D 


Thus only the p = 0 term contributes to the sum in equation (3-114), and we 

’ 19 

obtain a generalization of Gutin's formula (ref. 32) 


19 Unlike Gutin's formula, eq. (3-115) accounts for the variation in retarded time 
over the blades. 


241 


AEROACOUSTICS 


ik n B ifnB X+nB [^- (7r / 2) :' 
n _ e 



1 + — L cos 6 cot x 




A, 


0 



s 


(3-115) 


for the "rotational" noise from propellers. 

In order to gain some insight into the properties of the sound field pre- 
dicted by this formula, we notice that over much of the range 0 < Z < m, 
where the argument of the Bessel function J m (Z) is less than its order, this 
function can be approximated by the first term in its series expansion 


where M t is the tip Mach number. For the subsonic tip speeds to which the 
analysis has been restricted, equation (3-108) shows that the arguments of the 
Bessel functions in equation (3-115) are less than their orders and hence that 
the approximation (3-116) can be used. In addition, the variation over Aq of 
the exponent 



(3-116) 


But for less than the tip radius of the propeller, 
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will be less than 2nB/AR where AR is the aspect ratio of the blades. We 
shall suppose that the aspect ratio is large enough and that the number of 
blades is small enough so that the exponent is nearly zero. Then with these 
approximations, equation (3-115) becomes 


nB 


ik „B 
nB 

47TCQx(nB)'. 


' k nB R t 



i{k nB *+ l ' B ['M’ r /2)]} 

e 


where 



is the ratio of the nB th drag moment to the nB th thrust moment, or 
roughly the drag -thrust ratio. 

Equation (3-117) shows that the phase of the nB th harmonic p^e 
of the density fluctuation is 


-inBftt 


nB(cp - ftt) + k nB x + Constant 


Hence, its phase surface rotates with the rotational speed n of the propeller 
while it propagates in the radial direction with the speed of sound. The sound 
waves are therefore said to be phase locked to the propeller. 
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The nB^ 1 harmonic of the average intensity is 


B k nB^ k nB R t sin 6 ' ) ^^os 0 - -2- 
77 2 p 0 c 0 x 2 2 2nB+4 [(nB)! ] 2 


>2nB/ 


nB 


/ 

J A n 


\nB 

M f T d! l d! 2 


(3-118) 


We have already indicated that this formula does not account for the "thick- 
ness noise" generated by the volume displacement effects of the blades. The 
extension of Gutin's theory to include this effect was given by Deming (refs. 

35 and 36) and completed by Gutin (ref. 37) in 1942. However, this noise 
source is generally found to be unimportant until the tip speed approaches the 
speed of sound (ref. 31). 

Equation (3-118) shows that the intensity is always zero along the propel- 
ler axis (0 = 0 and 0 = n). And since a n /M^ is usually somewhat less than 
unity, it has a strong peak just behind the rotational plane of the propeller. 


i 

A 

W Axis of rotation 


Flow direction | 
I 
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This peak rapidly becomes narrower as the number of blades increases. The 
intensity is also zero at the angle cos -1 (a n /M t ) to the axis in the forward 
direction. This directivity pattern is sketched in figure 3-22. 

For a given tip speed the fundamental frequency Cgkg = ftB increases 
with increasing blade number because of a phase cancellation of the lower 
harmonics of the rotational speed ft. Increasing the blade number also causes 
the sound intensity to drop rapidly to zero. This is a consequence of the fact 
that the higher order Bessel functions are very nearly equal to zero whenever 
their argument is less than their order, which, as we have seen, is always 
the case for subsonic tip speeds. Thus, we expect that this type of noise will 
not be important for jet engine fans, which usually have larger numbers of 
blades. 

At lower tip speeds the fundamental harmonic tends to be dominant. As 
the tip speed is increased, however, the higher harmonics become progres- 
sively more important. 

Hubbard and Lassiter (ref. 38) compared equation (3-115) with sound 
pressure measurements in the rotational plane of a two-bladed propeller (see 
fig. 3-23). These and other comparisons indicate that the theory developed in 
this section (extended if necessary to include thickness noise) is able to pre- 
dict with reasonable accuracy the lower order harmonics (perhaps the first 
10 or so) for tip Mach numbers ranging from 1/2 to 1. However, it is found 
that the sound radiated by an actual propeller persists at considerably higher 
frequencies than those predicted by the theory. This high-frequency sound is 
now believed to be caused by nonuniform flow entering the propeller. The 
discrepancy between theory and experiment at Mach numbers below 1/2 is 
also believed to result from this distortion. 

3. 5. 1. 3. 4 Flow distortion noise: There are many cases where propel- 
lers and fans must operate in much more nonuniform flows than those in which 
an airplane propeller operates. Thus, for example, a ship's propeller oper- 
ates in the ship's inhomogeneous wake, a jet engine fan frequently operates in 
the wakes of inlet guide vanes, and helicopter blades frequently must pass 
through their own wakes and operate in ground effect. Moreover, the noise 
due to flow inhomogeneities can dominate over the rotational noise even for 
very small nonuniformities. 
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Harmonic of blade passing 
frequency, m 


(a) Sound pressure as function of order of 
harmonic. Number of blades, B, 2. 



(b) Sound pressure as function of tip Mach number for three 
harmonics of a two-blade propeller. 


Figure 3-23. - Propeller noise measurement of Hubbard and 
Lassiter (ref. 38). Circumferential angle, 0, 90°; distance 
to observation point, x, 10 meters (30 ft). 


When the oncoming flow is nonuniform, it can no longer be assumed that 
the forces acting on the blades are steady in a reference frame rotating with 
the propeller. In this case, we must use the complete equation (3-114). In 
order to evaluate the integrals in this equation, it is generally necessary to 
know the distribution of forces on the blades. However, we can obtain a quali- 
tative picture of the sound field by assuming that all the blade forces act 
through a single point with radius R Q . Thus, upon orienting the ^ -axis to 
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pass through the s = 1 blade, the force distribution f^ acting on this blade 
becomes 




where f® is the total (thrust or drag) force acting on the blade. Inserting 
this into equation (3-113) and using the result in equation (3-114) show that 


ik nB B ik nB X 
p„r> e 


nB 


477 CqX 


oo 

^ e i(nB-p)[„-(„/2)] J nB _ p(kriB R 0 Sin 6 ) 


P='° 


x (cos 6 T - nB ~ p D 
P k R P 

K nB U 0 


(3-119) 


where 



for a= T,D 


is simply the Fourier coefficient of the total (thrust or drag) force acting on 

the blade. This formula was obtained by Lowson (ref. 39) by considering the 

sound emission from a circular array of point sources rotating with the same 

20 

angular velocity about the center of the circle. 

The p = 0 term corresponds to the mechanism discussed in the previous 
section. The Fourier coefficients Tq and D Q appearing in this term are the 
time-averaged forces. Hence, we can think of these as the steady part of the 

20 The point force approximation can be justified rigorously in the limit where the 
wavelength is long compared with both the chord and span. Since it is more likely that 
the wavelength will be long compared with the chord, a better approximation might be 
to consider the force concentrated along a radial line. 


247 


AEROACOUSTICS 


blade forces with the Fourier coefficients and D p for p / 0 correspond- 
ing to the fluctuating or unsteady forces. Each of these contributes a term, 
or ’’mode", to the nB 1 harmonic of the sound field, whose phase is 

k nB x + (nB - p)<p - nBfit + Constant 
This phase surface rotates with the angular velocity 

nB — n 

nB - p 

Thus, when p and nB are of the same sign, the mode rotates with an angular 
velocity greater than the propeller rotational speed f2. Therefore, subson- 
ically rotating propellers can actually give rise to supersonically rotating 
modes. However, when p and n are of opposite signs, the angular velocity 
of the corresponding mode is less than This type of interaction can be 
most easily visualized by considering a simple optical analogue called the 
Moire effect. 21 If the periodic disturbance field is represented by an array of 
(say 48) radial spokes drawn on a stationary background (one spoke for each 
cycle) and if the propeller is represented similarly (by say 46 spokes) on a 
sheet of clear plastic, the interference of dark and light regions will produce 
an interference pattern whenever the two patterns are overlaid. If now the 
plastic sheet is turned slowly about the common center of the two arrays, the 
interference pattern will be observed to spin 46/(48-46), or 23, times as fast 
as the plastic sheet but in the opposite direction. 

When p and n are of opposite sign, nB - p will be greater than the 
order nB of the Bessel function which occurs in the steady force term of 
equation (3-119). Hence, the Bessel functions of order nB - p will be 
smaller than the Bessel function in this term. And if, as is usually the case, 
the unsteady forces are small compared with the steady forces, the modes in 
which p and n are of opposite sign will generally be negligible. 

On the other hand, when p and n have the same sign, the order of the 


■■'■This example is presented in ref. 40. 
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Bessel function can be smaller than nB. In fact, the absolute magnitude of the 
term with p = nB is 


where a is the drag -thrust ratio. Now the relative magnitudes of these two 
terms are determined principally by the relative magnitudes of the Bessel 
functions and the ratio of the unsteady force to the steady force T^/Tq. 

This ratio should be roughly equal to the ratio of the magnitude of the 
nB th harmonic of the disturbance field to the mean flow velocity. Hence, the 
larger B is, the greater the importance of the disturbance term. However, 
even when B takes on its smallest possible value of 2, the disturbance term 
can be quite large. Thus, when n = 1, the argument of the Bessel functions is 
2Mq sin 6, where Mq = S2Rq/c q is the Mach number at the radius Rq. At 
9 = 0, J Q = 1 and J 2 = °5 and at e = ff / 2 (taking M Q = 0. 7), J Q » 0. 57 and 
J 2 « 0. 207. Hence, even if the magnitude of the first harmonic of the dis- 
turbance is 10 percent of the mean velocity, the unsteady force term can be 
one-half as large at 6 = 0° as the steady force term at 6 = 90°. 

3. 5. 1. 3. 5 Determination of blade forces: In order to use the results of 
the last section to calculate the sound field, it is necessary to determine the 
fluctuating forces acting on the blades. In this section we show how (when 
certain approximations are made) the results of section 3. 4. 2 can be applied 
to calculate these forces. Since it is assumed in that section that linearized- 
thin-airfoil theory applies, we must require that the propeller blades have 
small camber and are at a small angle of attack to the oncoming flow relative 
to the blade. Of course, the fluctuating velocity must also be small. We 



B l J 0 (k nB R 0 sine > cose T n B l 


whereas the absolute value of the steady force (p = 0) term is 
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should also require that the blades be separated by large enough distances so 
that the mutual interference effects between their potential fields can be ne- 
glected. Then each blade will act like an isolated thin airfoil. Even though 

the Mach number in many applications is fairly high, we shall assume that the 

22 

flow is incompressible. And finally, it will be assumed that the flow can be 
considered to be two dimensional and parallel. With these approximations the 
blade forces can be calculated from the two-dimensional model illustrated in 
figure 3-24. 

The oncoming steady flow is parallel in the -direction and varies only 


--The effects of compressibility are discussed in chapter 5. 
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in the Y 2 -direction. 23 It consists of a uniform part plus a small spa- 

tially variable part. Since (as we shall see) the problem is linear, we again 
need only consider (as explained in section 3. 4. 2) a single harmonic compo- 
nent of the spatially nonuniform flow. Let w p denote its amplitude and 
Aq cos v its wavelength. Hence, the oncoming velocity is 


27riY 9 /(A n cos v) 


U + w„ 


(3-120) 


In order to relate this problem to the one discussed in section 3. 4. 2, it is 
necessary to express (3-120) in terms of the y 1 -y 2 coordinate system fixed 
to the airfoil (fig. 3-24) with the y^axis in the direction of the oncoming uni- 
form flow velocity U r relative to the blade. 24 

The y x -y 2 coordinate system is rotated from the Y 1 -Y 2 system by the 
angle p between U r and the oncoming velocity U^, and in a time r 
translated by a distance (U cos u)t due to the component of the blade motion 
in the Y 2 -direction. Hence, 

Y 2 = y-L sin ii + y 2 cos p. - U q t cos v (3-121) 

But it can be seen from the velocity triangle in figure 3-24 that 


U 


0 


U 


r 


sin j u cos v 


Hence, the oncoming flow velocity (3-120) becomes 


U 

oo 


+ 


exp 


u 0 
2;ri — 

X 0 


frl + Y 2 cot M 



23xhe mean flow is allowed to make an angle v with the perpendicular to the rota 
tional plane of the propeller in order to include the case where the oncoming flow is 
turned by guide vanes. 

^That is, relative to an observer fixed on the blade. 
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Let R q denote the radius corresponding to the plane of figure 3-24. 

Then since the circumference 27rR Q must be equal to an integral number of 
wavelengths, Aq = 2;tRq/p, Uq = £2Rq, and the oncoming velocity now becomes 


This velocity is in the Yj -direction: its components in the y^ and y 2 
directions are 


But this clearly constitutes an incident disturbance of the type described by 

equations (3-59) and (3-60). The results of section 3. 4. 2. 2 therefore show 

that the fluctuating lift force per unit span is given in terms of Sears' function 

by equation (3-64). Hence, introducing the present notation into this result 

shows that the amplitude F /b of the fluctuating lift force per unit span 
/„ h * -inO.-r . . " 





(F /b)e _i P^ T , is given by 


F 


- E = - ffC Po U r w p sin M s (°p) 


(3-122) 
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This equation shows that the lift force acting on the blade is periodic in time 

th. 

with a frequency equal to the blade rotational speed and that its p harmonic 
is completely determined by the p^ 1 spatial harmonic of the incoming dis- 
turbance field. The Fourier components of the thrust T and torque D 

Ir r 

forces which appear in equation (3-119) are now given by 

T P = F P sin x 
D p = F p cos x 

where \ is the stagger angle (fig. 3-24). 

3. 5. 1. 3. 6 Helicopter rotors: Helicopter noise has caused problems in 
both the civilian and military applications of these vehicles. In civilian appli- 
cations the excessive noise from helicopters limits the very application for 
which they seem best suited: namely intercity transportation. In military 
applications the noise provides an unnecessary early warning of the vehicle's 
approach. 


No microphone 
response 



Figure 3-25. - External noise spectrum for helicopter HU-1A. Tiedown thrust. 600 pounds; tip velocity, 720 feet per 
second; microphone distance from source, 200 feet. (From ref. 45.) 
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A typical helicopter noise spectrum is shown in figure 3-25. The very 
complex nature of this spectrum is a result of a large number of individual 
noise sources, both mechanical and aerodynamic. The principal aerodynamic 
noise sources are indicated in the figure. 

Since a helicopter rotor is a special case of a propeller, its sound field 
should be described reasonably well by equation (3-115). However, it may 
now be necessary to extend the equation to include a ” coning force, ” which 
acts in the radial direction. This force can be of the same order as the drag 
force, which is typically one -tenth of the thrust. In fact, it was found experi- 
mentally (ref. 41) that the lowest order harmonic is predicted fairly well by 
Gu tin’s theory. However, the sound intensity falls off much more slowly with 
increasing harmonic number than predicted by the theory. The obvious ex- 
planation of this is that there exist large fluctuating forces acting on heli- 
copter blades which do not act on propellers. This initially caused some diffi- 
culty since this high harmonic content was observed under certain conditions 
of hover where it was felt that the helicopter rotor should behave as a propel- 
ler. But it was eventually shown by Simons (ref. 42) that significant load var- 
iations exist even in hover. It is, therefore, necessary to use the full equa- 
tion (3-114) or perhaps the point force approximation (3-119). The principal 
difficulty in applying either of these equations is in the determination of the 
unsteady loading harmonics T p and D p , which can vary widely with operating 
conditions. Thus, the blade loading can vary from the impulsive -type force 
associated with ’’blade slap’’ to the nearly periodic force caused by the cyclic 
incidence variations of the blades in level flight (which must be used to com- 
pensate for the differences in relative blade speed during forward and back- 
ward motion). Blade slap is the name given to the sharp banging or slapping 
noise heard under some operating conditions (such as low -power descent). It 
occurs at the blade passing frequency and, because of its impulsive nature, is 
very rich in higher harmonics. It is the result of a particularly severe inter- 
action of the blades with the shed tip vortices. 

By using the blade loading harmonics measured by Scheiman (ref. 43), 
Schlegel, King, and Mull (ref. 44) calculated the sounds produced by a rotor 
during hover and compared them with experiment. Their results are shown 
in figure 3-26 which is taken from reference 45. Also shown in this figure is 
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Harmonic of blade passing frequency 


Figure 3-26. - Comparison of rotor noise theory with experiment. 
(From ref. 45. ) 


a calculation based on Gutin's theory and a calculation carried out by Lowson 
and Ollerhead (ref. 45) using a larger number of unsteady loading harmonics. 

3. 5. 1. 3. 7 Fan noise: Since the rotor of an axial -flow fan or compressor 
is simply a propeller in a duct, it can be argued that the theory developed in 
section 3. 5. 1. 3. 1 ought to be able to predict the essential features of the noise 
from such fans, at least at sufficiently high frequencies. As a consequence of 
this, this model has been adopted by Morfey (ref. 46), Barry and More 
(ref. 47), Lowson (ref. 39) and many others to analyze various aspects of 
fan noise. The main conceptual difference appears to be due to the cutoff 
phenomenon, which we discuss in chapter 4. Thus, as we shall see, the 
modes generated by a fan in a very long (i. e. , infinite) duct will simply not 
propagate until the frequency is above a certain "cutoff" frequency for that 
mode. However, the corresponding modes generated by a propeller in free 
space merely have small amplitudes in the radiation field due to almost com- 
plete cancellations of the sound emitted from various positions in the propeller 
disk. These cancellations are not quite complete because of slight variations 
in retarded time. This results in a gradual cutoff with frequency instead of 
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the sharp cutoff which occurs in ducts. The effect of the duct on the sound 
field is assessed in section 4. 3. 5. It can be seen from the results of that sec- 
tion that the free -space theory developed in this chapter becomes more accur- 
ate with increasing frequency. 


3.5.2 Flows With Sound Field Determined by Green's Function Equations 
Tailored to the Geometry 

In this section, rather than use the free -space Green’s function (as was 

done in the last section), we now describe the sound emission from unsteady 

flows in terms of Green's functions specifically tailored to the geometry of the 

solid boundaries. It is therefore necessary to return to equation (3-6). Since 

25 

only stationary boundaries are treated in this section, the last term in this 
equation can be omitted to obtain 



(3-123) 


3. 5. 2. 1 Sound generated near an infinite plane surface . - Even though 
most aeroacoustic calculations which involve solid boundaries attribute the 
sound to the dipole surface term, we have seen that the quadrupole term may 
actually dominate in certain cases. This becomes particularly apparent when 
the unsteady flow is bounded by a perfectly rigid infinite plane (shown sche- 
matically in fig. 3-27). In this case, it is reasonable to use the Green’s 
function given by equation (1-65) since its normal derivative vanishes on the 
boundary. Thus, inserting equation (1-65) into equation (3-123) and noting that 
r’ = r when - 0 show that 


or 

The treatment of moving boundaries by this approach is taken up in chapter 4. 
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Figure 3-27. - Infinite-plane boundary. 


P' = 



9 2 G°(r) 



+ 



a 2 G°(r’) 

3y i 3yj 


T i - dy dr 


a dy 1 dy 3 dT (3-124) 


where we have used the notation (1-38), and the repeated index a can assume 
only the odd values 1 and 3 - corresponding to the coordinates lying in the sur- 
face. The second term in this equation can be transformed into an integral 
over the region y 2 < 0 interior to the solid surface by changing the variable 
of integration from y 2 to -y 2> This term then becomes 



tT. dy dr 
sy^yj 1] 


where 
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(-l) i+j T ij (y 1 , 


-y 2 ’ y 3’ T) 


is the "mirror image" reflection of T.. in the y 0 = 0 plane. 

ij ^ 

It is convenient to introduce an extended quadrupole distribution T„ 
which is defined on all space in such a way that it is equal to T.. for y 9 > 0 
and to its mirror image Tlj for < 0. Then the first two integrals in 
equation (3-124) can be combined into a single integral over all space (where 
the omission of the limits indicates that the integration is to be over all space) 
to obtain 



Since depends on x and y only through r, the derivatives with respect 
to y. can be changed to derivatives with respect to x i and the integration 
over the delta function can be carried out to obtain 



This equation was first derived by Powell (ref. 48). 

Since the normal vector n is now in the y 2 -direction, it follows from 
equations (2-2) and (3-4) that 


f 


a 


e 2a= ^ 


3v 0 3v 0v„ 
2 a _ ex 

Sy a + 0y 2 ^^2 
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Thus, the strength of the surface dipole is equal to the fluctuating viscous 
stress. Hence, when the flow is inviscid, the equation becomes 


P' = 




This shows that for an inviscid flow, the net effect of an infinite -plane rigid 
boundary can be accounted for by introducing an image distribution of volume 
quadrupole sources obtained by reflecting in the plane surface the volume 
quadrupole distribution T.j. Thus, for a given flow the solid boundary does 

little more than reflect the sound. Of course, it must be kept in mind that the 
presence of solid boundaries always has a strong effect on the unsteady flow 
which generates the sound. 

In any real flow where viscosity is present, the fluctuating viscous shear 
stress will introduce a tangential surface dipole. However, even though the 
dipole source is a more efficient sound producer at low Mach numbers, the 
fluctuating part of the wall shear stress, being essentially a viscous quantity, 
ought to be quite small compared with the fluctuating Reynolds stress term at 
the high Reynolds number where aerodynamic sound emission usually becomes 
significant (especially when the Mach number is sufficiently high). 

An interesting experiment which tends to verify this conclusion was con- 
ducted by Olsen, Miles, and Dorsch (ref. 49). It consisted of measuring the 
sound field which is produced when a turbulent jet impinges on a very large 
plate. It was found that there was a very large increase in the acoustic power 
over that radiated by the jet itself - indicating that most of the sound was 
probably caused by the presence of the plate. However, the emitted sound in- 
tensity always varied as the eighth power of the velocity (which is characteris- 
tic of a volume quadrupole) and not as the sixth power 27 (which is characteris- 
tic of a dipole) - indicating that the surface dipole term was small. The noise 


Compare this with eq. (2-11), obtained for an unsteady flow with no solid bound- 
aries present. 


27 See section 3. 3. 4. 2. 2. 


259 


AEROACOUSTICS 


emitted from the boundary layers on large surfaces is usually found to be 
fairly small unless the velocities are extremely large (which is consistent 
with the relatively low efficiency of the quadrupole source). However, large 
surfaces inserted into jets often exhibit a ratio of turbulent pressure fluctua- 
tions to dynamic pressure which is an order of magnitude larger than what it 
would be in a turbulent boundary layer. 

3. 5. 2. 2 Sound generated near finite surfaces . - Up to now we have con- 
sidered the sound generated by unsteady flows near surfaces whose dimensions 
are either large or small compared to a typical wavelength. However, prac- 
tical surfaces at practical air speeds frequently generate significant sound at 
wavelengths which are neither small nor large compared to their dimensions. 

3. 5. 2. 2. 1 General equations: Fortunately (as pointed out by Doak 
(ref. 50)), the ideas developed in the last section can be extended to fixed 
boundaries of arbitrary size and shape simply by using (in eq. (3-123)) the 
Green's function whose normal derivative vanished at the boundary. Then 
since 


— = n. — - =0 on the surface S 

3n 3 9y^ 


Substituting equation (3-4) into (3-123) shows that 




e^n. dS(y) 


And if, as before, it is assumed that the sound generated by the fluctuating 
viscous stress is negligible at the Reynolds numbers of interest, this equa- 
tion becomes 


p' = 



(3-125) 
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It is frequently simpler to deal with the Fourier transform of this equa- 
tion than with the equation itself . Thus, let A denote the Fourier transform 

of o’ and T*\ denote the Fourier transform of T... Then since equation 
H i] B 

(1-69) shows that G depends on t and r only through the combination t - r, 
the last entry in table 1-1 (appendix 1. A) shows that the Fourier transform of 
equation (3-125) is 


where, as shown by equation (1-67), is an outgoing -wave solution (section 
1. 3. 1. 3) to the Helmholtz equation 


Equation (3-125) can best be interpreted by considering a specific application. 

3. 5. 2. 2. 2 Edge noise: the half -plane problem: Perhaps the simplest 
geometry (after the infinite plane) to which equation (3-126) can be applied is 
the semi -infinite plane shown in figure 3-28. The analysis of this problem 
was carried out by Ffowcs Williams and Hall (ref. 51). 

The outgoing -wave Green’s function whose normal derivative vanishes on 
the half -plane y^ > 0, y 2 = 0 is somewhat complex. But (McDonald, 
ref. 52) in the radiation field it assumes the relatively simple form 



(3-126) 


(V 2 + k 2 )Gjy |x) = -5(x - y) 


where k = — 
c 0 


i P lkr e 

G ~ — - — F(d) + - 

W r. 


ikr' 


F(d') 


(3-127) 


47T r 


r’ 


where, as usual, 


r = x - y 
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is the distance between the source point and the observation point and 
r' = | x - y ’ | with y ’ = {y^-yg.yg} 

denotes the distance between the image point (source point reflected in 
yj-yg plane) and the observation point. F(d) denotes what is essentially the 
complex Fresnel integral 


, -iff/4 


F(d) = - + - — — / e iU du 

J 0 


i + * 

2 f* JO 


iu 2 


and 


(3-128) 


d = (2krQ sin fl)^ 2 cos - (cp - (Pq) 

d' = (2kr Q sin 0) 1//2 cos - (<p + cp Q ) 

2 


(3-129) 
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where 



<P 0 = tan 



are the cylindrical coordinates of the source point shown in figure 3-29. It is 
important to point out that this Green's function has a "potential -field singu- 
larity" at the edge. This means that the acoustic field behaves like a potential 
flow in the vicinity of the edge. 

Notice the close resemblance between equation (3-127) and the infinite - 
plane Green’s function (see eqs. (1-65) and (1-69)). The principal difference 
is that each term is now weighted by a Fresnel integral which varies (roughly) 
between 0 and 1. Hence, any enhancement of the sound field over that which 
results from an infinite flat plate must occur through derivatives of the 
Fresnel integral (or more specifically derivatives of d and d’). 

Very little sound will reach an observer if the source is far from the edge 
and on the opposite side of the plate. When the source and observer are on the 
same side and the source is far from the edge, the plate will act like an in- 
finite plane. We therefore anticipate that any substantial amplification of the 



v l 


Figure 3-29. - Cylindrical coordinates for source. 
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sound field which results from the presence of the plate will occur when the 
source is near the edge. Thus, we consider only the case where 


2kr 0 « 1 

that is, where the distance between the source point and the leading edge is 
very small compared to a wavelength. Then since 

2 

e” iu du = d + 0(d 3 ) 


for small d, equation (3-127) becomes 



ikr 


G, = 


(0 


4jrr 


1 e 
— + - 

2 


-iff/4 

|/7 


(2krQ sin 0) ' cos 


1/2 


ikr' 

e 

4ffr' 


1 + 5^i(2kr 0 si M) 1/2 co S (— 

2 _/T U \ 2 




+ 0 (kr Q ) 


5/2 1 


And, since 

kr’ ~ kr + 2kr Q sin cp Q sin (p sin e 

in the far field, we can neglect the difference between kr and kr* to obtain 


n 1 

G = e 

4nr 


-iff/4 


1 + — (2ki' n sin 0) 1/2 cos -(p. cos - <p 

fT, 2 ° 2 


+ O(kr 0 ) 


Inserting this into equation (3-126) shows that for the sound generated near the 
edge 
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(3-130) 


edge where the integral is now evaluated over a region for which 

2krQ « 1, and the repeated Greek indices are used to indicate that the sum is 

only over 1 and 2 (since the term in square brackets is independent of y^). 

Now suppose that the Reynolds stress approximation (2-7) can be used 
for T... Then introducing the radial and circumferential velocities v r and 

v^ by ] (fig- 3-29) 


V;l = \ cos cp Q - v^ sin cp Q 
v 2 = v r sin *0 + v cp cos Vq 


and carrying out the differentiations in terms of the cylindrical coordinates 
Tq and <£>q show that 



(3-131) 
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where the superscript t denotes the Fourier transform. This formula is the 
basic result obtained in the Ffowcs Williams - Hall paper. It is instructive to 
compare it with the corresponding result for the case where there is no solid 
boundary present, namely, 

i = 'S/[^ tsin2< "'" 0> 

+ (v 2 ) cos (<p - cp 0 ) + 2(v r v ( ^) t cos(</> - (p Q ) sin(<p - cp Q ) 


+ (Similar terms involving the remaining Reynolds stresses) 


ikr 


dy 


r 


The most important difference is due to the occurrence of the large factor 
- 3 /2 

(2kr0) in equation (3-131). This can result in a significant increase in the 
far -field pressure over that which would occur if no edge were present. It 
therefore shows that a solid surface can act to scatter the basically nonpropa- 
gating near -field flow fluctuations into a propagating sound field. Thus, the 
inefficiency of a compact quadrupole source is the result of the phase cancella- 
tions which occur between its component monopoles. But inserting a surface 
into its near field can reduce this cancellation and thereby increase the effi- 
ciency of the source. 

Only the Reynolds stresses p Q v 2 , p Q v 2 , and p Q v r v r/? produce sound 
fields which are augmented over the unbounded field by the factor (2kr 0 )“ 3 ^ 2 . 
The Reynolds stresses PQ v r v g and PqV^v^, are omitted from equation 

(3-131), are increased over the unbounded flow values by a factor of only 
(2kr 0 ) , while the sound field produced by the Reynolds stress pv 2 shows 

no increase. 

Consider the case where the sound is generated by a turbulent flow. In 
order to estimate the sound field, we assume (as Lighthill did in his original 
papers on aerodynamic noise) that the flow is divided into a number of regions 
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which are much smaller than an acoustic wavelength. The turbulence within 
each of these regions is regarded as completely correlated, and the turbulence 
in any two different regions as completely un correlated. Then the total inten- 
sity of the sound field can be found simply by calculating the sound intensity 
from each of these volumes and adding the results. Thus, applying equation 
(3-131) to a single correlation volume V Q and supposing that v^ and v r do 
not vary over this region show that 

4 _ ^0 slnl /2 „ cos 1 , 

47J-Cq r 2 



Upon approximating the integrals in this equation by 


r 



2 


where (<Pq) and (i*q) denote the polar coordinates of the center of "the 
eddy, " we find 
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f. 


2w p Q i(kr-ir/ 4) 1/2 i 

— sin 1 ^ 6 cos - cp AV n 

r( t <r 0 >)V2 


(3-132) 


where 


As ( V l- V f) cos ^ <^0> + 2 < v rV t sin ^ <<?0> 

is roughly equal to (v 2 ) . Hence, the average far -field intensity from each 
correlation volume is 



~ Vo v4 

n 3 2 / \ 3 

2lT c 0 (r 0 ) 


V 2 

v 0 2 1 
— sin 9 cos - (p 


(3-133) 


oo 

where denotes a peak or characteristic frequency. 

Since the total turbulence volume is equal to V Q times the number of 
correlation volumes, the sound intensity per unit volume of turbulence is 


— cu 


p p 0 


Wvf 


,32, \3 2 

2tt c Q ( r Q ) r 


2 1 

sin 9 cos - <p 
2 


2 1 

The factor cos — causes the sound intensity to go to zero in the plane of 
2 

the edge. The characteristic directivity pattern of this sound field in the 
plane perpendicular to the edge ( 6 = n/2) is shown in figure 3-30. In this 


oo 

^°In order to obtain eq. (3-133), it was assumed that the frequency could be re- 
placed by its peak value in eq. (3-132). The results of section 1. 7. 3. 2. 1 together with 
eq. (2-6) were then applied to calculate the intensity, and the results of appendix 1. A 
(section 1. A. 3) were used to relate the product of the Fourier transforms of the 
squared velocities to their time averages. 


268 


EFFECT OF SOLID BOUNDARIES 


90° 



Figure 3-30. - Directivity pattern of edge noise in plane perpendicular to 
edge. (Zero decibels is peak level at 9 - ir/2 and i/i * 0°. ) 


figure the intensity has been normalized, with its maximum value 


I 


max 


Vo v4v o 

2, 3 c 2 0 <r 0 ) 3 r 2 


(3-134) 


This result can be used to obtain similarity estimates of the sound field. 

Thus, let l denote a typical turbulence correlation length. It is reasonable 
to suppose, at least for the eddies downstream of the edge, that l scales with 
(r Q > (i.e., l o c <r Q >). Let U denote the mean-flow velocity and suppose that 
the turbulence velocity u* is related to U by u' « aU. Then since the cor- 
relation volume is roughly i 3 and cu « U /l, equation (3-134) implies 

r 


I 


max 


P 0 U 5 o 4 

2ff 3 c^r 2 


(3-135) 
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Thus, in this case, the sound intensity varies as U^. (Recall that the inten- 
8 fi 

sity varies as U for free turbulence and as U for turbulence near a small 


solid object. ) 

It is instructive to compare the sound power output predicted by this equa- 
tion with that which would be produced if there were no edge present. Now it 
was shown in section 3. 5. 2. 1 that sound output produced in the vicinity of an 
infinite plate ought to be roughly the same as that produced by free turbulence 
(provided, of course, that the turbulence itself is the same in both cases). 
Thus, the results of section 2. 5. 1 will be used to estimate the power output 
from the turbulence far from the edge. To this end, we notice that equations 
(2-44) and (2-42) show 


where a « u'/U is roughly the proportionality constant between the mean 
velocity U and the fluctuating velocity u\ Hence, upon neglecting direc- 
tional effects, equation (2-40) shows that the sound intensity from free tur- 
bulence is roughly 


We shall use this expression together with equation (3-135) to estimate the 
size of plate for which the edge effects will be negligible. Thus, it follows 
from these two equations that the edge regions will have equivalent sound - 
generating ability to the remainder of the plate when 
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where L gd(re is the length of the region where the edge amplifies the sound 
and Lpj ate is the length of the total plate. But the size of the edge region is 
determined by the inequality 


r 0« ~ = 
u 2k 


_A_ 
4 it 


2 3 

Hence, if the plate is more than (4 /jt )M wavelengths long (where M is the 
mean -flow Mach number), the edge noise should be negligible. Of course, 
these estimates are highly approximate and could easily be off by an order of 
magnitude or so. It should also be noted that they are based on the assumption 
that the turbulence in the vicinity of the edge is the same as it is at the center 
of the plate. However, pressure measurements in the vicinity of a trailing 
edge show that the edge has a strong effect on the flow. 

Recall that the Green’s function on which this analysis is based has a 
potential -flow singularity at the edge. Hence, the acoustic velocity is not 
finite there. If one wishes to require that the velocity remain finite at the 
edge, there are two points of view which can be adopted. The first of these is 
to extend Ligh thill’s equation to include the viscous effects in the propagation 
terms. The part of this problem associated with the actual propagation would 
then be similar to certain analyses performed by Abb las (refs. 53 and 54), who 
solved the linearized Navier-Stokes equations with viscous effects included. 

He showed that in the absence of a mean flow, small viscosity removed the 
singularity in the velocity at the edge without appreciably affecting the far- 
field pressure. But, whenever there is a nonnegligible mean flow, it may not 
be legitimate to linearize the Navier-Stokes equations since the unsteady flow 
causing the sound field or even the sound field itself can cause a shedding of 
vortices from the edge. 

Another approach which can be taken is to solve the uniformly moving - 
medium wave equation subject to a Kutta-Joukowski condition at the edge. 
However, this cannot be done without giving up some property of the sound 
field, such as its continuity or its finiteness. Jones (ref. 55) imposed the 
Kutta condition by discarding the requirement of continuity. He accomplished 
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this by introducing a vortex sheet extending from the edge. Of course, such a 
vortex sheet would only be reasonable for a trailing edge embedded in a mean 
flow. Jones concludes from his analysis that, when the sound field is convec- 
ted by the mean flow, ’’the imposition or otherwise of the Kutta-Joukowski 
conditions does not have much influence on the scattered field away from the 
plane of the diffracting plane; when the source is near the edge the field has 
the same directionality and the same order of magnitude. On the other hand, 
near the wake, the Kutta-Joukowski condition produces a much stronger field 
than elsewhere even when the source is not near the edge. " 

Since a vortex sheet cannot occur at a leading edge, it appears that the 
imposition of a potential -flow singularity is most appropriate in this case, 
whereas the imposition of the Kutta condition at a trailing edge leads to nearly 
the same conclusions as the imposition of a potential -flow singularity. 

3. 5. 2. 2. 3 Lip noise: the semi -infinite cylinder problem: An analysis 
similar to the one described in the previous section was used by Leppington 
(ref. 56) to estimate the sound emitted from turbulence in the vicinity of the 
exit plane of an open tube (such as shown in fig. 3-31). The analysis proceeds 
in the same manner as that of Ffowcs Williams and Hall except that the 
Green's function appropriate to an open-ended tube is used. This function is 
obtained by applying the reciprocity principle to the solution of an appropriate 
scattering problem, which can be solved by the Wiener -Hopf technique 
(ref. 57). Leppington' s analysis involves the additional assumption that the 
wavelength of the sound is long compared with the pipe radius. The conclusion 
is then that the sound power emitted by the turbulence now varies as the veloc- 



Figure 3-31. - Semi -infinite cylinder. 
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ity to the sixth power as found by Curie rather than to the fifth power as found 
by Ffowcs Williams and Hall. 

On the basis of these analyses, it might be anticipated that there is an 
additional source of noise in a jet due to the nozzle lip. The results indicate 
that this sound should vary with the velocity to the fifth or sixth power and, 
because of the cos 2 (y?/2) directional dependence found in the last section, 
should be concentrated in the upstream direction. Finally, since this noise 
varies with a lower power of the jet velocity than ordinary jet noise, it ought 
to be more important at low velocities. In fact, it has been argued (ref. 58) 
that the discrepancies between jet noise measurements upstream of the nozzle 
and the noise predicted by Lighthill’s theory can be attributed to lip noise and 
that the double -peaked spectra observed at the upstream angles are further 
verification of this idea. But, the double-peaked spectruiri can also be 
attributed to the internal noise transmitted through the pipe walls. In fact, 
recent careful experiments by Olsen and Friedman (ref. 59) indicate that there 
is no significant noise from the nozzle lip down to jet velocities of 400 ft/sec 
(122. 5 m/sec). In these experiments, the internal noise was kept low and the 
pipe wall was well insulated. No double -peaked spectrum seems to have been 
observed. In addition, the radiated power at these upstream angles varied 
with the velocity to the eighth power and not the fifth or sixth. However, it is 
certainly possible that this lip noise will eventually be detected in experiments 
conducted at lower velocities. 


2®Near the pipe, where the jet noise is lowest. 
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APPENDIX 3. A 

REDUCTION OF VOLUME DISPLACEMENT TERM TO DIPOLE 
AND QUADRUPOLE TERMS 

We wish to show that the last integral in equation (3-8) can be reduced to 
a dipole term and a quadrupole term whenever 



(3-A1) 


To this end, notice that, for any function f(r,r) of r and r which vanishes 
outside the interval -T < t < T, equations (3-A1) and (3-7) imply 


— Vj 

8y j 


df ( r ) j) + y 9f(r, t) 
dr 


ax. 


1_ y. 9 f ( r > t) 


0T 


3X i 


= J_ a.f (r, t) - — VjVffr, r) (3 -A2) 

ax. J ax.ax J 


where, in view of the chain rule and equation (3-9), 



is the acceleration of a fixed point in the ^-coordinate system. But applying 
Leibniz’s rule (eq. (1-48)) to the region v c interior to S and using equation 
(3-10) show (upon noting that the direction of the outward-drawn normal 
changes sign) 
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Hence, the divergence theorem implies that 




And as a result it follows from equations (3-A2) and (3-10) that 



n.V S — dS dT = - 
1 1 St 


S 


a Xj 



a.f(r, r)dy dr 


dy dr 


AEROACOUSTICS 


APPENDIX 3 . B 

SOLUTION TO TWO-DIMENSIONAL UNSTEADY-AIRFOIL PROBLEM 

Before proceeding with the solution to this problem, it is convenient to 
assume that the wave number (which enters the analysis through the bound- 
ary condition (3-61)) has a small positive imaginary part. It can be shown that 
this is equivalent to assuming that there are small amounts of linear damping 
in the fluid. Once the solution has been obtained, the imaginary part of 
will again be put equal to zero. 

Instead of solving equation (3-50) for the velocity potential, it is more 
convenient in this case to work directly with the velocity (3-62) which satisfies 
equations (3-46) and (3-48). In the present case these equations reduce to 

3u. 3u 0 

— =• h — = 0 (3-B1) 

ayi 3y 2 

0U n 0U„ 

— - - — - = 0 (3 -B2) 

0y 2 3y x 

which must be solved for u-^ and U 2 subject to the boundary conditions (3-42) 
and (3-61). Since the time enters the problem only through the multiplica - 

- ik 1 U oo T 

tive factor e 1 which appears in the boundary condition (3-61), the 
solution must be of the form 


u l = 


-a 0 V 


2 v 1 (y 1 ,y 2 )e 


-k.u T 

1 °o 


-ik 1 U r 

u 2 " -a 2 V 2 (y ljy2 )e 


J 


(3-B3) 


where and Vg are two complex functions which, in view of equations 
(3-B1) and (3-B2), satisfy the relations 
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0V n dV 0 

1 + — “ = 0 

3yi sy 2 






av 1 av. 


= o 


ay 2 0y x 


(3-B4) 


everywhere except possibly along the line y 2 = ^1 ^ ~( c /2)- these are 

just the Cauchy -Riemann equations (ref. 60) for the functions Vj and -V 2 . 
Hence, 

W=V 1 -iV 2 (3-B 5) 

is an analytic function of the complex variable Z = y^ + iy 2 (except along the 
line y 2 = 0, y 1 > -(c/2)). Similarly, taking the complex conjugate of equa- 
tions (3-B4) shows that 


W=V^-iV 2 (3-B 6) 

is also an analytic function of Z. ^ 

The boundary condition (3-42) shows that W and W vanish as Z - 
And since the Cauchy integral 



is an analytic function of Z everywhere except along the line y 2 - 0, 
y ^ > -(c/2), which vanishes as Z - « (refs. 61 and 62), we seek a solution to 

the problem in the form 
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(3 -B7) 


(3-B8) 


Then and V 2 will satisfy equations (3-B4) and vanish at «>. 

It remains to choose the functions and n so that the boundary condi- 
tions along the plate are satisfied. But inserting equation (3-B3) into the 
boundary condition (3-61) shows that 

ik l y l r c 

V 2 = e for y 2 = 0; ~-<y 1 <- (3-B9) 

2 2 

and, since this condition must hold on both sides of the plate, that 

v 2 _v 2 = 0 for y 2 = °; -- < y 1 <- (3-bio) 

2 2 

v 2 + v 2=2e 1 1 for y 2 = 0; -£< Yl <£ (3-B11) 

2 2 

where, for any function f(Z), ^(yj) denotes the limits 

lim f(y, ± ie) for e > 0 
€ —0 1 

as f approaches the real axis from above/below. 

Since the normal velocity u 2 must be continuous across the trailing 
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vortex sheet (which lies along the line =0, > (c/2)), it follows that con- 

dition (3 -BIO) also holds for y ^ > (c/2). Hence, 

V 2 - V 2 = 0 for > "- (3-B12) 

2 


But applying the Plemelj formulas (refs. 61 and 62) to equations (3-B7) and 
(3 -B8) shows that for > -(c/2) 

W + -W'=f2(y 1 ) (3-B13) 

W + -W‘=n(y 1 ) (3-B14) 



(3-B15) 


(3-B16) 


where P'f' denotes the Cauchy principal value of the integral. It now follows 
from equations (3-B5), (3-B6), (3-B13), and (3-B14) and by adding the complex 
conjugate of equation (3-B16) to equation (3-B15) that 


V 2 


+ V' 



(3-B17) 
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since equations (3-B5), (3 -BIO), (3-B12), and (3-B13) imply 


30 


2 


(3- 


Then inserting equation (3-B17) into equation (3-B11) shows that 


*^1 1 „ / n ( y i ) 

j 1 1 = — ?r I L_ d Yl 

2jt I y'i - Yi 1 
•/-(c/2) 1 1 


for --<y, <£ (3- 

2 1 2 


Since the pressure must be continuous across the wake (i. e. , p + - p' 
the y^ -component of the momentum equation (3-45) shows that 

— (u+ - u') + U — (u+ - u“) = 0 for y, > - 
3r 1 1 0 Yl 1 1 1 2 

Inserting equations (3-B3) and (3-B18) into this relation shows that 




-ik U oo n + U oo ^= 0 for y 

d Yl 1 2 


But this equation can be integrated from c/2 to to obtain 

ik i[yi-(c/2)] 


0(y x ) = 


for y^ > c 


(3- 


where 


- 


30 


sheet at 
280 


Eq. (3-B18) shows that we can interpret fi( yi ) as the strength of the vortex 


•B18) 

•B19) 

= 0 ), 
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Kelvin's circulation theorem (ref. 63) 


_d_ 

dT 



dl= 0 


states that the time rate of change of circulation around any closed curve (with 
element of length d T) is zero. Applying this to the contour in figure 3-32 
shows that 


L 


d 1 (u + - u”)dy 1 = 0 

dT y -(c/2) 


Hence, it follows from equations (3-B3) and (3-B18) that 

f dy x = 0 
•/-(c/2) 

Inserting equation (3-B20) into this relation and carrying out the integration 
yields 


n 0 =ik i 


/•c/2 

•/-(c/2) 


n(y 1 )dy 1 


(3-B21) 


while inserting equation (3-B20) into equation (3-B19) yields 


V2 


0 

-C/2 




C/2 


Vi 


Figure 3-32. - Contour for application of Kelvin's theorem. 
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for --<y 1 <- (3-B22) 

2 1 2 

This is a singular integral equation of a well-known type which can be 
solved for in closed form. In order to satisfy the Kutta condition, we must 
require that this solution remain bounded at y^ = c/2. The solution to equa- 
tion (3-B22) which satisfies this condition is (see ref. 62, p. 428 for a full 
discussion) 
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In the last integral the order of integration can be interchanged and the inte- 
gral with respect to y’^ written as 



But since (see appendix of ref. 65) 


r 



n for I £ I < - 
2 



for |?| >£ 
2 


(3-B24) 


this becomes 
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dy’j 

(y\ - y 1 )(y , 1 ’ - yi) 


for y" >- and |yj < £ 
2 2 


Equation (3-B23) can therefore be written as 



for - — < y, < — (3-B25) 

2 1 2 

The constant Oq can now be determined by substituting this equation into 
equation (3-B21). Thus, integrating both sides of equation (3-B25) shows after 
changing the orders of integration and using equation (3-B24) 
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But by using the formulas given in reference 64, these integrals can be eval- 
uated in terms of Bessel functions to obtain 


f c/2 r -| c 

I «(y 1 )dy 1 = -27r^J 0 (a 1 ) + — 

•'-(c/2) 


ft. 


<7re 


IO ' [ H i 1)(<I i ) ' - A <3 " B26) 


where J and H (1 ^ for n = 0, 1 denote the Bessel and Hankel functions of the 
n n 

first kind and 



is the reduced frequency . 

Substituting equation (3-B26) into equation (3-B21) now shows that 
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n 


0 ■ 


ik. 



^(y^dyj = - 


4e + *W] 

H ( 1 1) (<r 1 ) - iH jjVj) 


(3-B27) 


With determined by this equation, equation (3-B25) can be used to calcu- 
late £2(yj) along the airfoil. We shall now show that this quantity determines 
the pressure force acting on the airfoil. To this end, notice that the 
yj -component of the momentum equation (3-45) and equations (3-B3) and 
(3-B18) show that the pressure jump (p + - p ) across the plate is related to 
by 


3y 


' (P + -p‘) = a 2 p 0 U^e 




Integrating this equation between y 1 and c/2, recalling that p + - p‘ 
vanishes'^ at c/2, and using equation (3-B21) show that 


-ik,U t 

■j* _ T T 1 OO 

P -P =a 1 P 0 U oo e 


- ik 


f 1 

/, , «(yi)dyi 

1 y-(c/2) 1 1 


(3-B28) 


Hence, the net force per unit area acting on the plate can be calculated by 
carrying out the integrations in equations (3-B25) and (3-B28). But the manip- 
ulations involved are extremely laborious. However, for compact sources it 
is only necessary to know the total fluctuating force per unit length acting on 
the airfoil. This force acts in the y 2 -direction and is given by 


o-i 

Since the Kutta condition implies that the pressure is continuous at the trailing 
edge and the jump in pressure across the vortex wake is zero. 
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F 


2 " 



(p + - P‘)dyj 


-ik U r 

' r c/2 

r c/2 r yj 



“ a 2^0 U °° e 

/ ftCy^dy! - ikj 

/ / 

^(yydy^ dy j 


/-(c/2) 

'-(c/2) •'-(c/2) 


- 

-i^U t 

' /• c/2 

/• C/2 / c\ 



TT 1 00 

-P 0 a 2 U co e 

/ n(y 1 )dy 1 + ik x 

/ ( y l " 

fi(y 1 )dy 1 



/-(c/2) 

Mc/2)V 2 > 




(3-B29) 

In order to evaluate the last integral in this equation, multiply equation 
(3-B25) by y 1 - (c/2) and integrate over y^ Then upon interchanging the 
order of integrations in this result, the inner integrals assume a form 



which can be evaluated from the results given in reference 65 to obtain 
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But these integrals can again be evaluated in terms of Bessel functions 
(ref. 64) to obtain 




iJ 0 (a i) ' 




+ 


2 ^ 

C 7TS7q 

8i 




(OTj) + 







Hence, using this together with equation (3-B27) in equation (3-B29) shows that 


-ik.U^r 

F 2 = ^pgU^ce S(a 1 ) 


where 


= 

H ( 1 1) (a 1 ) - 


(3-B30) 


(3-B31) 


is known as Sears' function . 

The numerator of equation (3-B31) is the Wronskian of Jq and Hq^ and 
is therefore equal to -2l/na^ (ref. 13). Hence, 


S(cr 1 )=. 


1CT-, 


| - 1 J « { o\l 


(3-B32) 


This function can also be expressed in terms of the modified Bessel functions 
Kj and Kq of the third kind (for > 0) by using the relations (ref. 13) 
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k o ( -“’i> = 7 h o 1) < < ’i> 


to obtain 


S(a x ) = 


+ K 1 (-ia 1 )j 


(3-B33) 


If equation (3-B25) had been directly substituted into equation (3-B28) and 
the indicated integrations performed, we would have obtained the relatively 
simple result 


P 


+ 


-p-=2a 2 p 0 U oo e 1 S(a x ) 



(3-B34) 


The laborious integrations needed to obtain this equation are carried out in 
reference 21. 
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APPENDIX 3.C 
LIFT SPECTRA 32 

Let us suppose that the frozen upwash velocity u 2 (y - iU^t) is cut off 
outside some large volume element AV, as explained in appendix 1. A (sec- 
tion 1. A. 3). Then the Fourier -transform 


1 [ f f - - -ik* (Y - iUJ:) 

a 2 (k) = — : / / / u 2 (y “ iU co t)e dy 

(2nf J J J 


exists and the lift force F 2 (y 3 , t) produced by u 2 can be found by superposing 
the elementary lift forces given by equation (3-75) to obtain 


F 2 (y 3 


,t)= j J J a 2 (k)g(k 1 ,k 3 )e 1<1 ' 3y3 klU ” l> diT 


jjjnf 


)u 2 (y' + ky 3 - iU^tJdy’ 


where we have put 


K(y') JJJ g(k 1 ,k 3 )e- ik - y ’ diT 


Hence, the cross correlation of the fluctuating lift is given by 


32 The material in this appendix follows an analysis used by Filotas (ref. 66) to 
study the response of airfoils to turbulent flows. 
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F 2^ y 3’ t ) F 2^ y 3 + r] 3> t + T ) 

K* *(f)K(y")^ 22 (y M - y* + kr/ 3 - iU^rJdy’ dy” (3-C1) 

where we have used the fact that the turbulence is assumed to be homogeneous 
so that 



^22 H u 2 (y ’ + ky 3 - iu «, t ) u 2 ( y ” + k ( y 3 + ^ - iUJ 1 + T >) 

depends only on the indicated argument. Then using equation (3-76) to intro- 
duce the turbulence spectral density $22 shows that 


F 2 (y 3 ,t)F 2 (y 3 + r? 3 , t + r) 




We assume that this equation exists in the limit as AV grows to fill all 
space. Then taking its inverse transform with respect to k 3 and o> = kjU^ 
shows that the function H 22 defined through equation (3-74) is related to 

*22 by 


H 22 (y 3’ k 3’ a,) = 


g 



292 


EFFECT OF SOLID BOUNDARIES 


REFERENCES 

1. Prandtl, Ludwig; and Tietjens, Oskar G. : Fundamentals of Hydro- and 

Aeromechanics. Translated by L. Rosenhead, 1st ed. , McGraw-Hill, 
Inc. , 1934. 

2. Shames, Irving: Engineering Mechanics, Dynamics. Prentice Hall, Inc. , 

1958. 

3. Ffowcs Williams, J. E.; and Hawkings, D. L. : Sound Generation by Tur- 

bulence and Surfaces in Arbitrary Motion. Phil. Trans. Roy. Soc. 
(London), Ser. A, vol. 264, 1969, pp. 321-342. 

4. Curie, N. : The Influence of Solid Boundaries on Aerodynamic Sound. 

Proc. Roy. Soc. (London), Ser. A, vol. 231, no. 1187, Sept. 20, 1955, 
pp. 505-514. 

5. Uberoi, Mahinder S. : Correlations Involving Pressure Fluctuations in 

Homogeneous Turbulence. NACA TN 3116, 1954. 

6. Lowson, M. V. : The Sound Field for Singularities in Motion. Proc. 

Roy. Soc. (London), Ser. A, vol. 286, 1965, pp. 559-572. 

7. Clark, P. J. F. ; and Ribner, H. S. : Direct Correlation of Fluctuating 

Lift and Radiated Sound for an Airfoil in Turbulent Flow. J. Acoust. 

Soc. Am., vol. 46, pt. 2, no. 3, Sept. 1969, pp. 802-805. 

8. Wagner, H. : Uber die Entstehung des Dynamischen Auftriebes von 

Tragfliigeln. ZAMM. vol. 5, no. 1, 1925 pp. 17-35. 

9. Theodor sen, Theodore: General Theory of Aerodynamic Instability and 

the Mechanism of Flutter. NACA TR 496, 1935. 

10. Kiissner, H. G. : Summarized Report on the Unstable Lift of Wings. 

Luftfahrtforschung, vol. 13, 1936, pp. 410-424. 

11. vonKarman, Th. ; and Sears, W. R. : Airfoil Theory for Non-Uniform 

Motion. J. Aeron. Sci. , vol. 5, no. 10, Aug. 1938, pp. 379-390. 

12. Sears, William R. : Some Aspects of Non -Stationary Airfoil Theory and 

its Practical Applications. J. Aeron. Sci. , vol. 8, no. 3, Jan. 1941, 
pp. 104-188. 


293 


AEROACOUSTICS 


13. Abramowitz, Milton; and Stegun, Irene A. : Handbook of Mathematical 

Functions With Formulas, Graphs and Mathematical Tables. National 
Bureau of Standards Applied Mathematics Series 55, 1964. 

14. Liepmann, H. W. : On the Application of Statistical Concepts to the 

Buffeting Problem. J. Aeron. Sci. , vol. 19, no. 12, Dec. 1952, 
pp. 793-800. 

15. Giesing, Joseph P. ; Rodden, William P.; and Stahl, Bernhard: Sears 

Function and Lifting Surface Theory for Harmonic Gusts. J. Aircraft, 
vol. 7, May -June 1970, pp. 252-255. 

16. Acum, W. E. A.: The Comparison of Theory with Experiment for Oscil- 

lating Wings. ARC -CP -681, British Aeronautical Research Council, 
1962. 

17. Bratt, J. B. : Flow Patterns in the Wake of an Oscillating Aerofoil. 

ARC R&M 2773, British Aeronautical Research Council, 1953. 

18. Ohashi, Hideo; and Ishikawa, Norkatsu: Visualization Study of Flow Near 

the Trailing Edge of an Oscillating Airfoil. JSME Bulletin, vol. 15. 
no. 85, 1972, pp. 840-847. 

19. Arnoldi, Robert A. : Aerodynamic Broadband Noise Mechanisms Appli- 

cable to Axial Compressors. NASA CR-1743, 1971. 

20. Horlock, J. H. : Fluctuating Lift Forces on Airfoils Moving Through 

Transverse and Chordwise Gusts. J. Basic Eng. , Ser. D, vol. 90. 
no. 90, no. 4, Dec. 1968, pp. 494-500. 

21. Neumann, H. ; and Yeh, H. : Lift and Pressure Fluctuations of a Cam- 

bered Airfoil Under Periodic Gusts and Applications in Turbomachinery. 
Paper 72 -GT -30, ASME, Mar. 1972. 

22. Hayden, Richard E. : Noise From Interaction of Flow With Rigid Sur- 

faces; A Review of Current Status of Prediction Techniques. NASA 
CR-2126, 1972. 

23. Graham, J. M. R. ; Lifting Surface Theory for the Problem of an Arbi- 

trarily Yawed Sinusoidal Gust Incident on a Thin Aerofoil in Incompres- 
sible Flow. Aeron. Quart., vol. 21, 1970, pp. 182-198. 


294 


EFFECT OF SOLID BOUNDARIES 


24. Filotas, L. T. : Theory of Airfoil Response in a Gusty Atmosphere. 

Part I - Aerodynamic Transfer Function. UTIAS-139, Toronto Univer- 
sity, 1S69. 

25. Mugridge, B. D. : Gust Loading on a Thin Airfoil. Aeron. Quart. , 

vol. 22, pt. 3, Aug. 1971, pp. 301-310. 

26. Batchelor, George Keith: The Theory of Homogeneous Turbulence. 

Cambridge University Press, 1953. 

27. Sharland, I. J. : Sources of Noise in Axial Flow Fans. J. Sound Vibr. , 

vol. 1, no. 3, Mar. 1964, pp. 302-322. 

28. Phillips, O. M. : The Intensity of Aeolian Tones. J. Fluid Mech. , 

vol. 1, pt. 6, Dec. 1956, pp. 607-624. 

29. Paterson, R. W. ; Vogt, P. G. ; and Fink, M. R. : Vortex Noise of Iso- 

lated Airfoils. Paper 72-656, AIAA, June 1972. 

30. Mugridge, B. D.: Acoustic Radiation From Airfoils With Turbulent 

Boundary Layers. J. Sound Vibr. , vol. 16, no. 4, Apr. 1971, 
pp. 593-614 

31. Metzger, Frederick B. ; Magliozzi, Bernard; Towle, George; and Gray, 

Leroy: A Study of Propeller Noise Research. Aerodynamic Noise, 

H. S. Ribner, ed. , University of Toronto Press, 1969, pp. 371-386. 

32. Gutin, L. : On the Sound Field of a Rotating propeller. NACA TM 1195, 

1948. 

33. Lynam, E. J. H. : and Webb, H. A.: The Emission of Sound by Air- 

screws. ACA R&M 624, British Advisory Committee for Aeronautics, 

1919. 

34. Bryan, G. H. : The Acoustics of Moving Sources with Application to Air- 

screws. ARC R&M 684, British Aeronautical Research Committee, 

1920. 

35. Deming, A. F.: Noise from Propellers with Symmetrical Sections at Zero 

Blade Angle. NACA TN 605, 1937. 


295 


AEROACOUSTICS 


36. Deming, A. F. : Noise from Propellers with Symmetrical Sections at 

Zero Blade Angle, II. NACA TN 679, 1938. 

37. Gutin, L. : On the " Rotational Sound" of an Airscrew. Zhurnal Tekhni- 

cheskoi Figiki 12, pp. 76-83. (In Russian. ) Translated as British 
National Lending Library for Science and Technology RTS 7543, 1942. 

38. Hubbard, Harvey H. ; and Lassiter, Leslie W. : Sound From a Two- 

Blade Propeller at Supersonic Tip Speeds. NACA TR 1079, 1952. 

39. Lowson, M. V. : Theoretical Analysis of Compressor Noise. J. Acoust. 

Soc. , Am., vol. 47, no. 1 (part 2), 1970, pp. 371-385. 

40. Kramer J. J.; Hartman, M. J.; Leonard, B. R. ; Klapproth, J. F. ; 

and Sofrin, T. G. : Fan Noise and Performance. Aircraft Engine Noise 
Reduction. NASA SP -3 11, 1972, pp. 7-61. 

41. Stuckey, T. J. ; and Goddard, J. O. : Investigation and Prediction of 

Helicopter Rotor Noise. Fart 1. Wessex Whirl Tower Results. 

J. Sound Vibr. , vol. 5, no. 1, Jan. 1967, pp. 50-80. 

42. Sharland, I. J. ; and Leverton, J. W. : Propeller and Helicopter and 

Hovercraft Noise. Noise and Acoustic Fatigue in Aeronautics. E. J. 
Richards and D. J. Mead, eds. , John Wiley & Sons, Inc. , 1968 (Ref- 
erences Simons, I. A. : Oscillatory Aerodynamic Loads on Helicopter 
Rotor Blades in Hover. University of Southhampton Internal Rept. 

ISVR, Feb. 1966. 

43. Scheiman, James: A Tabulation of Helicopter Rotor -Blade Differential 

Pressures, Stresses and Motions, as Measured in Flight. NASA TM 
X-952, 1964. 

44. Schlegel, Ronald G. ; King, Robert J. ; and Mull, Harold R. : Helicopter 

Rotor Noise Generation and Propagation. United Aircraft Corp. 
(USAAVLABS-TR-66-4; AD-645884), 1966. 

45. Lowson, M. V.; and Ollerhead, J. B. : A Theoretical Study of Helicopter 

Rotor Noise. Aerodynamic Noise, H. S. Ribner, ed. , University of 
Toronto Press, 1969, pp. 351-369. (See also J. Sound Vibr. , vol. 9, 
no. 2, Mar. 1969, pp. 197-222.) 


296 


EFFECT OF SOLID BOUNDARIES 


46. Morfey, C. L.: Sound Generated in Subsonic Turbomachinery. J. Basic 

Eng., Ser. D, vol. 92, Sept. 1970, pp. 450-458. 

47. Barry, B. ; and Moore, C„ J.: Subsonic Fan Noise. J. Sound Vibr. , 

vol. 17, no. 2, July 22, 1971, pp. 207-220. 

48. Powell, Alan: Aerodynamic Noise and the Plane Boundary. J. Acoust. 

Soc. Am., vol. 32, no. 8, Aug. 1960, pp. 982-990. 

49. Olsen, William A. ; Miles, Jeffrey H. ; and Dorsch, Robert G. : Noise 

Generated by Impingement of a Jet Upon a Large Flat Plate. NASA TN 
D-7075, 1972. 

50. Doak, P. E. : Acoustic Radiation From a Turbulent Fluid Containing 

Foreign Bodies. Proc. Roy. Soc. (London), Ser. A, vol. 254, 1960, 
pp. 129-145. 

51. Ffowcs Williams, J. E.; and Hall, L. H. : Aerodynamic Sound Genera- 

tion by Turbulent Flow in the Vicinity of a Scattering Half Plane. J. 
Fluid Mech. , vol. 40, part 4, Mar. 9, 1970, pp. 657-670. 

52. McDonald, H. M.: A Class of Diffraction Problems. Proc. London Math. 

Soc., vol. 2, no. 14, 1915, pp. 410-427. 

53. Alblas, J. B. : On the Diffraction of Sound Waves in a Viscous Medium. 

Appl. Sci. Res., Sec. A, vol. 6, 1957, pp. 237-262. 

54. Alblas. J. B. : On the Diffraction of Sound Waves in a Heat-Conducting 

Viscous Medium. Kon. Ned. Akad. Wetensch. , Proc. , Ser. B. , 
vol. 64, no. 3, 1961, pp. 350-367. 

55. Jones, D. S. : Aerodynamic Sound Due to a Source Near a Half -Plane. 

J. Inst. Math. Applies, vol. 9, Feb. 1972, pp. 114-122. 

56. Leppington, F. G. : Scattering of Quadrupole Sources Near the End of 

a Rigid Semi-Infinite Circular Pipe. Aeronautical Research Council 
papers on Novel Aerodynamic Noise Source Mechanisms at Low Jet 
Speeds, ARC-CP-1195, British Aeronautical Research Council, 1972. 

57. Noble, Benjamin: Methods Based on the Wiener -Hopf Technique. 

Pergamon press, 1958. 


297 


AEROACOUSTICS 


58. Papers on Novel Aerodynamic Noise Source Mechanisms at Low Jet 

Speeds. ARC-CP-1195, British Aeronautical Research Council, 1972. 

59. Olsen, W. ; and Friedman, R. ; Jet Noise From Coaxial Nozzles over a 

Wide Range of Geometric and Flow Parameters. Paper 74-43, AIAA 
Jan. 1974. 

60 . Churchill, RuelV. : Complex Variables and Applications. 2nd ed. , 

McGraw-Hill, Inc. , 1960. 

61. Muskhelishvili, N. I.: Singular Integral Equations. P. Noordhoff, Ltd., 

Holland, 1953. 

62. Gakov, F. D. : Boundary Value Problems. Pergamon Press, 1966. 

63. Serrin, James: Mathematical Principles of Classical Fluid Mechanics. 

Handbuck der Physik, Vol. 8/1, S. Fliigge, ed. , 1959, pp. 125-262. 

64. Gradshteyn, I. S. : Tables of Integrals, Series and Products. 4th ed. , 

Academic Press, 1965. 

65. Van Dyke, Milton D. : Second-Order Subsonic Airfoil Theory Including 

Edge Effects. NACA TR 1274, 1956. 

66. Filotas, L. T. : Theory of Airfoil Response in a Gusty Atmosphere. 

Part 2: Response to Discrete Gusts or Continuous Turbulence. 
UTIAS-141, Toronto University, 1969. 


298 


CHAPTER 4 

Effect of Uniform Flow 


4.1 INTRODUCTION 

The formulation of the aerodynamic sound problem developed in the last 
two chapters is useful when the sound propagates through a medium which is, 
for the most part, at rest relative to the observer. However, in certain 
cases it is more appropriate to assume that the medium is in uniform motion 
Thus, in analyzing the sound produced by fans and compressors, it is com- 
mon practice to assume that the fan is embedded in an infinite straight duct 
containing a uniform flow (as shown in fig. 4-1). 

S D-n 
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4.2 DERIVATION OF BASIC EQUATION 

It is indicated in section 1.3.2 that problems involving sound propagation 
in a uniformly moving medium can frequently be reduced to equivalent 
stationary-medium problems by introducing a coordinate system y’ which 
moves with the flow. If the mean flow has a velocity U in the y - 
direction I 


= n - 5 h Ut (4-i) 

Then since the sound propagation in this frame is governed by a stationary- 
medium wave equation, it ought to be possible to describe the sound emission 
from a localized source region embedded in a uniform flow by applying 
Lighthill's equation in these coordinates. Indeed, since Lighthill's equation 
is an exact consequence of the continuity and momentum equations and since 
the latter equations are invariant under the Galilean transfrom (4-1) it 
follows from equations (2-4) and (2-5) that 

aV - c 2 -jV_ = 

s - 2 0 ay; sy; ay; ay; <4 ' 2) 

where 

T ii = pv i' v j + 6 ij [<p - e 0 > - - p 0 >] - e ij (4-3) 

is Lighthill’s stress tensor expressed in terms of the velocity 


measured in the moving frame, is also an exact equation. However it is 
usually more convenient to work in terms of a stationary coordinate ’system 
Hence, introducing the fixed-frame coordinates y. into equation (4-2) (but 
retaining the moving- frame velocities) shows that 
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where 



c 2_aV_ 

0 dy. ^ 


u ij 

sy* 3y t 



Dr 3 t 3y^ 


(4-5) 


(4-6) 


The density fluctuations will therefore satisfy a convected wave equation out- 
side the source region. A similar procedure shows that the momentum equa- 
tion (2-3) can be written as 


D 


3Tr. 

1 ] 


— P v i + c o — = - 
Dr U 3y t 3y. 


(4-7) 


Notice that equation (4-5) is in the form of the uniformly moving- medium 

wave equation (1-50). Hence, the integral formula (1-55) can be applied to 

this equation in the same way it was applied* to Lighthill's equation in 

2 

section 3.2. In fact, using essentially the same manipulations shows that 
in place of equation (3-3) we obtain 



(4-8) 


where G now denotes a fundamental solution of the uniformly moving-medium 


Tin its limiting form for a medium at rest. 
2\Vith eq. (4-7) used in place of eq. (2-3). 
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wave equation (i.e., it satisfies eq. (1-51)) and h! is given by 


<D r 


„i h ; = — PvJG + vj — pv!G] - n,p 0 v; 


3y i 


DqG 

Dt 


(4-9) 


rather than by equation (3-5). 

Instead of using Liebniz’s rule (eq. (1-48)) directly to transform the last 
integral in equation (4-8) (as is done in section 3.2), it is convenient to first 
add the divergence theorem to (1-48) to obtain 




v;<p dS(y ) 


where is defined by equation (1-54). Then applying this formula to 
9pv!G/9y. in the same way as Liebniz’s rule was applied to 9pv.G/9y. in 
section 3.2 shows that the term in parentheses in equation (4-9) makes no 
contribution to the last integral in equation (4-8), and as a consequence 


p’(x,t) = 


lT [ a, 4 .„i r r 

'0 J-T Jv(t) fYi c lJ-T Js(t) ?Yi 


. dS(y ) dT 


?/7 

C 0 J- T «/S(t) 


d q g - 
P 0 V; — dS(y)dr (4-10) 

Dt 


where 


V n = V n‘ n l U (4-H) 

This equation differs from equation (3-6) in several respects. First, it 
involves a fundamental solution for the moving-medium wave equation (deter- 
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mined by eq. (1-51)) instead of a fundamental solution for the stationary- 
medium wave equation. Second, Lighthill's stress tensor is expressed in 
terms of the relative velocity vl = Vj - instead of the total velocity v .. 

And finally, the volume displacement term is expressed in terms of 
= V n - n^U and Dq/Dt rather than V n and 3/3r. 

4.3 APPLICATION TO FAN NOISE 
4.3.1 Derivation of Basic Equation 

The most important application of equation (4-10) is to the prediction of 
sound from fans and compressors. We shall use it to calculate the sound 
emitted from a single fan located in an infinite circular duct (shown in 
fig. 4-1) in which there is a uniform flow with velocity U. In this case it is 
natural to use the Green's function derived in section 1. 4. 2. 2. 2. Then since 
the normal derivative of this Green's function vanishes on the surface S D of 
the duct and since the pressure component of the surface force f. (given by 
eq. (3-4)) is in the normal direction, the contribution of the surface S D to 
the first surface integral in equation (4-10) is 


This term represents the generation of sound by the fluctuating viscous 
stresses acting on the duct boundary. At the high Reynolds numbers of inter- 
est in fan noise problems the contribution of this term to the sound field 
is almost certainly negligible (see section 3.5.2. 1). Moreover, since 
n. = V -0 on S^, this surface cannot contribute to the third integral in 
equation (4-10). Then the surface integrals in this equation need only be car- 
ried out over the surface Sp(r) of the fan blades to obtain^ 


3 v(t) denotes the region inside the duct, excluding the space occupied by the fan 
blades. 



^ eii n. dS(y ) dr 

Sir J 


303 


AEROACOUSTICS 


P’(x, t) = 


n ———— T^j dy d T + — f f ^Gf dS(y)dr 

9y i 9y i c 2 / / 9y i 

. -) 3 c O«/-T */s f (t) 1 


if | 

C 0*/-T *^S f (t) 


d O G _ 

PqV’ — — dS(y ) dr (4-12) 
u n Dr 


The first term in this equation can be interpreted as a volume quadrupole 
sound source. The second term can be interpreted as a dipole source 
due to the fluctuating forces exerted on the flow by the fan, and the last term 
represents the sound generated by the volume displacement effects of the 
blades. 

We shall follow the procedure used for propeller noise in section 
3. 5. 1. 3. Thus, we again neglect the contributions of the volume quad- 
rupole term and the volume displacement effects 4 to obtain 


P'(x,t) = 


i a 


(t) 


— U dS(y ) dr 
3 y i 


(4-13) 


As in the case of a propeller, it is usual to express the force f exerted by 
the blades on the flow in terms of the axial thrust component f^ and a drag 
component f^ in the circumferential direction. Then 

■£ = {f T , -f D sin (p Q , f D cos cp Q J 
and 


f j 



f 

_D _0_ 

C f 3<Pr 



(4-14) 


^It can be shown that the sound produced by the volume displacement effects will 
not propagate in an infinite duct at subsonic tip speeds (see sect. 4. 3. 2. 2 below). 
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where 


r = 


V^ 2 + yf 


-1 ^3 
<P 0 = tan l -± 

y2 

and yj are cylindrical coordinates of the source point. It is also convenient 
to introduce the cylindrical coordinates 

- J1 2 

c = >x 2 +x 3 


x 2 

and Xj of the observation point. Upon inserting equation (4-14) and the 
Green’s function (1-78) with the circular-duct eigenfunctions (1-79) into equa- 
tion (4-13), we obtain after carrying out the differentiations 



-i (r* m x 1+ wt) 


n 

*'-T * / S F (r) 


J (k f’)e 
m m, ' 


\V 


*D “ r n, niT 


.1C0T 


x dr dS(y ) du> 


(4-15) 
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where 


0 = 


Vl - M 2 



(4-16) 


k, 


n, m 




(4-17) 


and the plus (upper) sign holds when the observer is upstream of the fan 
(xj < yj), while the minus sign holds when the observer is downstream of the 
fan (xj > y x ). 

It is again convenient to express the source in terms of a coordinate sys- 
tem £ fixed to the blades. The cylindrical coordinates in this frame are 
yp and 


where ft is the angular velocity of the fan. Then the limits of integration of 
the surface integral over the fan blades become independent of t, and we can 
interchange the order of this integration with the time integration to obtain 


cp' = (p Q - Qt 


(4-18) 
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OO OO 



x e i ( Ct ’ -mn)T dT dS(f) dw 

The procedure developed for propellers in section 3. 5. 1. 3. 1 can be used to 
transform the integration over the front surfaces of the fan blades (fig. 3- 
20), denoted by superscript (1), and the back surface, denoted by a super- 
script (2), to an integration over the projected area A of the blades on the 
rotational plane of the fan. Then this becomes 


OO OO 



x d£' d(p' do> (4-19) 
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where 




f (l) 

a 




(1) f(2) 


n, m 


n 


a 


l Y, 


n, m 


n 


( 2 ) 


n 


( 1 ) 


n 


( 2 ) 


for a = T, D 


We again assume that the variation in retarded time between the front and 
back surfaces of the fan blades can be neglected. Then 

g± « f e l7n ’ myi 
& a a 


where (£', <. p') is the axial (y^) coordinate of the blade chord (measured in 
the rotating reference frame) and 




f (l) 

a 


f(2) 

a 


n 


( 1 ) 


n 


( 2 ) 


for a = T, D 


(4-20) 


is the net thrust or drag force per unit projected area acting on the blades at 
the point cp\ With this approximation, equation (4-19) becomes 


OO OO 



x 5* d?' d(p' dcu (4-21) 
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4.3.2 Application to Pure Tones 

A typical subsonic fan noise spectrum measured at the Lewis Research 
Center is shown in figure 4-2. Figure 4-2(a) shows the frequency range 
above 1 kilohertz (1000 cycles/sec), and figure 4-2(b) shows the range from 
0. 1 to 1 kilohertz (100 to 1000 cycles/sec) measured with a narrower band- 
width filter. As in the case of propeller noise, the spectrum consists of a 
broad component on which pure tones (corresponding to fan whine) are 
imposed at various multiples of the shaft rotational speed ft. Now equation 
(4-21) is quite general and can be used equally well to predict the pure tone 
or broadband noise. 



(b) Bandwidth, 3. 2 hertz; freouency, 100 hertz to 1 kilohertz. 

Figure 4-2. - Typical sound pressure level spectrum. Azimuth angle, 40°. 
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The broadband noise must result from essentially random forces acting 

on the blades, whereas the pure-tone noise results from periodic blade forces. 

In this section, equation (4-21) is applied to the prediction of sound generated 

by blade forces which are periodic at the shaft rotational frequency ft. Such 

forces can result from a steady but nonuniform flow coming into the fan. 

Nonuniformities of this type are caused by inlet flow distortions and by the 

0 

wakes from inlet guide vanes (or stators) or other upstream obstructions. 

For aircraft engine fans, inlet flow distortions can arise from crossflows, 
streamwise vorticity sucked into the duct from nearby obstacles, and inlet 
turbulence. 

4. 3.2. 1 Derivation of equations . - The blade forces can now be ex- 
pressed as a Fourier series 


f a (T) = 2 Fpe" ip0T for a = T, D (4-22) 

p=-°° 

where the Fourier coefficients are determined by (appendix l.A. 1) 

F a =— f ^ 7 e ip ° T dr (4-23) 

p 2 n J 0 01 

Upon inserting equation (4-22) into equation (4-21) using the fact that 

lim f T e i ( w ‘ sn ) T dT = 27 t6(o) - sft) 

r P— ►OO T 


5we saw in chapter 3 that even small nonuniformities can generate substantial 
noi se. 

^The first estimates of blade-passing sound due to stator- rotor interaction were 
made by Hetherington (ref. 1) in 1963, who combined the unsteady-lift theories of 
Sears and Kemp with a free- space radiation model in which each blade was regarded as 
a line force. The effect of the duct on the radiated sound field was first discussed by 
Tyler and Sofrin (ref. 2). 
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and putting 


s = m + p (4-24) 

we find after summing over s and p instead of m and p that the sound 
field can be expressed as a Fourier series 


P' = ^2 p s^ e ~ 1Sm (4-25) 

s=-°° 

with the s th harmonic p g given by 


OO OO 


P s (x ) . -L 
2c 0 



m tS x i> 


r k 
m,n n, m, s 


p=-oo n =l 


X (mD* _ _ - y* _T* n ) (4-26) 

V n,m,p 'n,m,s n,m,p/ v ’ 


where 


k 


n, m, s 





m, 


s 



1^ 

M£2s n, m, s 
/3 2 c q /3 2 


(4-27) 


(4-28) 


and the thrust and drag coupling coefficients 
fined by 


T 

n,m,p 


and D 


n,m,p 


are de- 
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n,m,p 



Fp£' dr d <p' 


(4-29) 


n,m,p 



F^dr d <p' 


j 


Each term in the summation (4-26) is called a mode . Equation (4-25) shows 
that the density fluctuation is the sum of an infinite number of tones at mul- 
tiples of the shaft rotational frequency fi. However, when the tones result 
from a nonuniform flow entering a fan with B identical blades, the blade 
force distribution must satisfy equation (3-111). Hence, its Fourier coeffi- 
cients (4-23) are related to the Fourier coefficients (3-113) of individual blade 
forces by equation (3-112). But inserting this into equation (4-26) and trans- 
forming the result in the manner described in section 3. 5. 1. 3. 2 shows that 
only harmonics of the blade passing frequency S2B contribute to the sum 


(4-25) and 


OO 


OO 



r k 
m, n n, m, sB 



p=-oo n =l 



(4-30) 


where 


m = sB - p 


(4-31) 


the single blade force coupling coefficients, D 
given by 
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T ± 

n,m,p 


D 


± 

n,m,p 


,J (r n, m ,sB y l mcp ^0 


/ J m (K m,n ? ' )e "T,p 


(4-32) 


1 


J m^m,n ! = 


.\ Q ^ r n, m > sB y l m(f> ^ F 0 p d £« d( p' 


and Aq is the projected area on the rotational plane of a single fan blade. In 

many cases, can be approximated quite closely by 

y^ « %'<p ’ cot x 

where x is the stagger angle of the blade (defined in chapter 3). 

Equation (4-30) is based on the assumption that all blades are identical, 
and as a result it only predicts tones at harmonics of the blade passing fre- 
quency. However, nonuniformities in either blade geometry or spacing can 
cause tones to be generated at multiples of the disk or shaft rotational fre- 
quency. It can be seen from the fan spectrum in figure 4-2 that these tones, 
which presumably result from small nonuniformities in the fan geometry, are 
indeed much weaker than those at the blade passing frequency. 

4.3.2. 2 Effect of duct on propagation . - Equations (4-27) and (4-28) show 
that A. y ; >mjSB > 0 and A»yi. m> g B < 0 whenever 

.2,2 > s 2 n 2 B 2 (4 . 3 3) 

H m,n 9 

c 0 

Hence, any modes in equation (4-30) which satisfy condition (4-33) must de- 
cay exponentially fast at large values of |xj | . Such modes are said to be 
cut off since they do not propagate along the duct and therefore do not contrib- 
ute to the sound field at large distances. Moreover, since (ref. 3) K m n 
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whenever m or n becomes infinite, it follows that only a finite number of 
modes can contribute to the sound radiated in any given tone . 

The index p in equation (4-30) individuates the harmonic of the unsteady 
force which generates that mode. The p = 0 modes are generated by the 
steady, or time-averaged, force. They correspond to the Gutin mechanism 
for propellers and, since the unsteady blade forces are caused by nonuniform 
inflow (section 3. 5. 1. 3. 5), they will be the only modes which occur when the 
inflow is spatially uniform. But equation (4-31) shows that p is zero when- 
ever 


m = sB 

and equation (1-80) shows that the root x g g n for any mode with p = 0 is 
determined by 


J sB,n^sB,n R ^ “ 0 

But since (ref. 3) the smallest root k g g ^ of this equation is always larger 

than sB/R, the cutoff condition (4-33) shows that this mode will not propa- 
gate if 


2 

p > 

R 2 


ft 2 s 2 B 2 


c 


2 

0 


or equivalently if 


M 2 = Mj* + M 2 < 1 

where 


Mj. = 

c 0 

?For large values of sB, /c sB 1 * sB/R. 
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sB 



2 2 2 

is the Mach number based on tip speed of the blade and hence M r ^ + M 
is the Mach number of the flow relative to the blade tip. Thus, the p = 0 
modes will not propagate whenever the flow is subsonic relative to the blade 
tip. ® When the blade number B is large, the decay rates of these modes 
(which are determined by the magnitudes of m sB ) are enormous. These 
rates are shown in figure 4-3 (taken from ref. k) for the case where M = 0 
and n = 1. (The figure also serves to show the precise value of the tip Mach 
number at which cutoff occurs.) Thus, a fan operating at subsonic relative 
tip speeds (as many fans are designed to do) could not generate any sound if 
the inflow were completely uniform. However, any high-speed fan operating 
subsonically in a duct certainly does produce a large amount of sound. It is 
generally believed that this sound results from a nonuniform flow entering 
the fan. Thus, in the more general case where p is not necessarily zero, 
the smallest root k sB _ P) i of equation (1-80) is 


8 The precise value of M r at which cutoff occurs approaches unity as blade number 
is increased. 


315 


AEROACOUSTICS 


Hence, the cutoff condition (4-33) becomes approximately 


SB - p > ^t 


(4-34) 



Suppose that the mean-flow Mach number is negligibly small (i.e. , 

M & 0). Then equation (4-34) shows there are modes (which can be genera 
by nonuniform inflow) that will propagate even at subsonic tip speeds. The 
index p of these modes must, of course, have the same sign as s. 

It can be seen from equations (4-25), (4-30), and (4-31) that the phase 
surfaces of the modes rotate with angular velocity 


Thus, the cutoff condition (4-34) shows that only modes which achieve super- 
sonic rotational speeds will propagate through the duct . 

4- 3- 2. 3 Radiated power . - The quantity which is perhaps of most inter- 
est is the total acoustic power radiated in a given harmonic of the blade 

passing frequency. This can be calculated by integrating the axial component 

*sB °* the sB harmonic of the average intensity over the cross-sectional 
area of the duct. Thus, 9 


sB - p 


Hence, the circumferential velocity at the duct wall is 


sB - p 



(4-35) 


®The factor 2 ari 
in the sB^h harmonic. 


arises because both I 


S B anc ^ *_ s ;b = ^ s j 3 contribute to the power 
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Equation (1-118) and equation (1-A5) of appendix l.A show that 


I sB = (1 + M 2 )P sB u| B + -M_ I P sB | 2 + P„C 0 M| u sB | 


(4-36) 


PnC 


0^0 


where 


P sB " c O p sB (4 " 3 

is the amplitude of the sB th harmonic of the pressure fluctuation and U gB 
is the amplitude of the sB th harmonic of the acoustic (fluctuating) velocity. 
But the axial component of the first equation (1-13) implies that U gB and 
P p. are related by 


9P 


dx 


sB /isBS2 

p 0 c o — — 


1 


'0 



Hence, using equations (4-30) and (4-37) to eliminate P gB shows that 


U 


sB 


1 B \ \ J m^m,n^ ^ 

0 C 0 2 / v / j r m,n k n,m,sB 




p = _ oo n=l 


X X n, m, sB( mD n, m, p " r n, m, sB T n, m, p) ( 4_38 ) 


where 


X 


± 

n, m, sB 


± n* 

^n, m, sB^ 


ftsB 


± Mk. 


n, m, sB 
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Then substituting equations (4-30) and (4-38) into equation (4-36) and inserting 
the result in equation (4-35) show (upon recalling that the duct modes (1-79) 
satisfy the orthogonality condition (1-73)) that 


° sB 


= =F 


9 4/ \ 

Bp’ /ftsB\ 


2 p 0 c 0 \ c 0 



mD ± - y ± T* 

n,m,p n,m,p 


k ^ (QsB ± Mk m _] 
m j ri rij m ^ sB l n.^ m ^ sB J 


l^L,n < ^ 


(4-39) 


where 


m = sB - p 


And since the cutoff modes do not contribute to equation (4-38), the sum in 
equation (4-39) is only carried out over propagating modes. The equation 
shows that the radiated power is just the sum of the powers radiated in each 
mode. Its properties are discussed further in section 4. 3. 5. 

4. 3.2. 4 Calculation of blade forces from flow distortion . - In order to 
use equation (4-30) to predict the sound emitted from a fan, it is necessary to 
determine the unsteady force harmonics F® which enter the coupling coef- 
ficients (4-32). They can be calculated from the distortion velocity entering 
the fan by using the results obtained for propeller theory. Thus, if we sup- 
pose (for purposes of illustration) that the blade forces are concentrated along 
a radial line passing through the blade (which we can take without loss of re- 
sults of generality to be the line (p ' =0), the results of section 3. 5. 1. 3. 5 
can be used directly. To this end we assume that the two-dimensional analy- 
sis developed in section 3. 5. 1. 3. 5 can be applied to predict the force per unit 
length at each radial position £ ' in terms of the Fourier amplitudes 
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V n = 


/ 2n 


w n 

e U w(£', <p Q ) dcp Q 


of the circumferential harmonics of the distortion velocity w(^', <p q) which, 

as in section 3. 5. 1. 3. 5, is assumed to be in the direction of the oncoming 

flow. 10 Then it follows from equation (3-122) that the Fourier coefficients 

F J and F~ of the torque and drag forces are given by 
T, p l), p 

F° p = - ^ 7rcp 0 U r w p (C*)S((T p ) sin x sin p 


p 0 = _ 6 (^0 7 rcp n U w n (C , )S(%) cos x sin p 
U, p u r p p 

where the various quantities appearing in these equations are defined in sec- 
tion 3. 5. 1. 3. 5 (fig. 3-24). These results can now be substituted into equa- 
tion (4-32) to calculate the coupling coefficients. If it is assumed that the 
radial variations in the stagger angle x, angle of attack p, relative velocity 
U r , and chord length c can be neglected, the resulting equations become 


T± = T 

A n,m,p n, m, p 


D 


± 

n,m,p 


= D 


n,m,p 


£ p Q U r sin X sin p S(a p )W^ m> p ^ 

Ct 




£p 0 U r cos x sin p S(a p )wJ >m>p 


(4-40) 


where 


_ 


d ^ d< ?0 


(4-41) 


10 In fact, we suppose that all the assumptions listed in the beginning of that section 


hold. 
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are the distortion harmonics and c, U r , x, M, and a p are to be interpreted 
as suitable average values over the duct radius. The coupling coefficients, 
and hence the sound field, can be calculated from these formulas once the 
distribution of the distortion velocity w(p, cp Q ) over the face of the fan is 
known. 

It is easy to show from the orthogonality properties (1-73) of the duct 

eigenfunctions that the distortion harmonics W-' (with p given by 

n j in j p 

eq. (4-31)) are just the coefficients of the Fourier- Bessel expansion 


w(?', <p 0 ) = (n 


= 


OO OO 

YY'ju 

/ J [_ j r m,n 


£ J h C .)e‘ (m - SBV 0 (4 - 42) 
m m, n s ’ 


m=-°° n=l 


of the distortion velocity in terms of the circular-duct eigenfunctions. This 
equation, together with equations (4-30), (4-40), and (4-41), shows that the 
various radial and circumferential modes in the sound field are each deter- 
mined by the corresponding "modes" in the distortion field. Hence, the more 
nonuniform the distortion, the more higher order modes will appear in the 
sound field. An improved treatment of the radial velocity variations (over the 
simple strip theory result) can be obtained by using Filotas' formula (3-68) 
or Mugridge’s result (3-69) to calculate the blade forces. However, these 
formulas require that the velocity be decomposed in a Fourier series in 
which is incompatible with the natural Fourier- Bessel expansion (4-42). Be- 
cause of this incompatibility, these formulas lead to somewhat awkward re- 
sults . 

4. 3.2. 5 Sound generated by rotor- stator interactions . - In the last sec- 
tion we showed how the sound field can be calculated once the distortion veloc- 
ity distribution entering the fan is known. But it is frequently difficult 
to determine this quantity since it can vary from fan to fan in a rather unpre- 
dictable manner and in any given fan it can vary widely with operating condi- 
tions. However, it is relatively predictable, in the important case of a rotor 
operating behind inlet guide vanes (IGV's) or stators (as shown in fig. 4-4). 

The stator-rotor interaction was studied by Kemp and Sears (refs. 4 and 5). 
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Figure 4-4. - Stator-rotor interaction 


They showed that the stator can affect the rotor^ in two ways, namely, 
through its potential-flow field and through its wakes. The incompressible 
potential- flow field due to a two-dimensional object decays inversely with 
distance, whereas the velocity decrement in the wake decreases approximately 
as the square root of the distance from the stator. Thus, when there is a 
large separation between the rotor and stator, it can be anticipated that only 
the wake-viscous interference effects will be important. At closer spacing, 
we might expect the potential- flow interactions to dominate. Kemp and Sears 
found that, under typical conditions, the wake effects were of the same order 
as the potential- flow effects for a rotor-stator separation of about one-tenth 
of a stator chord length. However, in order to reduce noise and vibration, 
the rotor- stator separation in most modern compressors is usually greater 

than a chord length. Hence, it is likely that the wake of the stator is the main 

12 

cause of the flow disturbance. 

We shall suppose that the viscous effects in the wake can be neglected and 
that the two-dimensional model developed in section 3. 5. 1.3.5 applies 

•'■■'■These remarks also apply to rotor wake - stator interactions. 

12At high subsonic and transonic Mach numbers the potential— flow field can extend 
far from the body, and these conclusions could be in error. 
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(fig. 3-24). Then the coupling coefficients are related to the wake velocity 
profiles by equations (4-40) and (4-41). However, if there are V stator 
blades, the distortion pattern seen by the rotor must be periodic with period 
2ff/V. Hence, distortion harmonics (4-41) will be nonzero only when the azi- 
muthal index p is an integral multiple of V. It therefore follows from equa- 
tion (4-40) that equations (4-30) and (4-31) become 



( mD n 

V n, 


m,pV 


y n,m,sB T n, m,pv) ^ ^ 


and 


m = sB - pV (4-44) 

A very similar analysis can be performed to predict the sound field resulting 
from the passage of the rotor wakes over outlet guide vanes (OGV's). In this 
case, however, there is no need to transform the variables of integration into 
a moving- coordinate system. In addition, the forces on the OGV's are 
periodic in time, with period 2n/£lB. The result 



i(m<p-y 

e 


± 

n, m, sB 


x 


mD 


n, m, sB 



(4-45) 


where m is still given by equation (4-44), is remarkably similar to equa- 
tion (4-43). This shows that the essential features of the two sound- radiation 
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processes are similar. The principal difference between these equations is 
that the last argument of the coupling coefficients is changed from pV to the 
harmonic number sB of the radiated sound frequency. It can therefore be 
seen from equations (4-40) for the coupling coefficients that the sound radi- 
ated at a given frequency by a stator is determined only by the angular har- 
monic of the wake velocity field with the same frequency. On the other hand, 
the sound radiated at a given frequency by a rotor depends upon all angular 
harmonics of the wake velocity field, and any given harmonic of the wake con- 
tributes to all harmonics of the sound field. 

Increasing the rotor- stator separation decreases the wake velocity decre- 
ment at the downstream blade row. Hence, equations (4-40) and (4-41) show 
that the wake interaction noise from both rotors and stators decreases with 
increasing separation from the upstream blade row. This effect is indeed 
observed in practice. 

Since (as shown in section 3. 4.2.2) Sears' function approaches zero at 
high reduced frequencies, equations (4-40) imply that the noise generated by 
a fan stage can be reduced by increasing the reduced frequency cr p . But the 
equation at the bottom of page 252 shows that this can be accomplished for 
a fixed relative velocity by increasing either the blade chord c or the fre- 
quency pO of the gust. Thus, since equations (4-40) and (4-45) show that 
p oc b for rotor wake - stator interactions, it may be possible to reduce 
stator noise by increasing either the number of fan blades or the chord of 
the stator blades. A fan stage with very long stator (OGV) blades is being 
tested at the Lewis Research Center. 

Immediately behind an upstream blade row the wake velocity profiles tend 
to be sharp, and many circumferential harmonics contribute to the wake dis- 
turbance velocity. However, they tend to smooth out further downstream, 
and the first few harmonics probably make the dominant contributions to the 
velocity in this region. Hence, we expect that the sound field radiated by a 
stator will contain many harmonics of the blade passing frequency at small 
rotor- stator separations and that increasing the separation will preferentially 
tend to reduce the higher harmonics of the sound field. Increasing the sepa- 
ration between a rotor and an upstream blade row should tend to decrease the 
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13 

sound in all harmonics. 

A wake which is highly nonuniform in the radial direction should contain 
a larger number of radial harmonics than one which is uniform. Hence, 
equations (4-40) show that as the wake becomes more nonuniform there is a 
tendency to increase the higher order radial modes in the sound field. How- 
ever, these modes are more likely to be cut off by the duct. 

In order to calculate the sound field, it is necessary to determine the 
wake velocity profiles which enter the coupling coefficients (4-40) through 
equation (4-41). Kemp and Sears (ref. 5) used the Silverstein, Katzoff, and 
Bullivant (ref. 7) single -airfoil wake model in an analysis of the type de- 
scribed in section 3. 5. 1. 3. 5 to calculate the fluctuating blade forces in a cas- 
cade. Since then this model has been used by a number of investigators to 
study fan noise. However, it is currently recognized that, due to such effects 
as the thickening caused by strong axial pressure gradients, an isolated- 
airfoil wake model is wholly inadequate to describe the wakes which occur in 
turbomachinery. In fact, it turns out that the wakes in real turbomachines 
are highly skewed (ref. 8). This results in large variations in the phases of 
the lift fluctuations in the radial direction and a large streamwise vorticity 
component which is not included in Silverstein's two-dimensional model. 

An improved wake model, based on data taken mainly from two- 
dimensional cascades, was developed by Lieblein and Roudebush (ref. 9). 

This model was used by Dittmar (ref. 10) to calculate the fluctuating lift 
forces on stator blades. 

For high-solidity (ratio of blade chord to interblade spacing) cascades the 
mutual interference effects between the various blades of the cascade could 
have an important effect on the fluctuating lift forces. This effect was ana- 
lyzed by Henderson and Daneshyar (ref. 11) for an incompressible flow 
through two-dimensional cascades (still using linearized theory). There have 
been a large number of studies (which we have not mentioned) of the fluctuat- 
ing blade forces in cascades. Virtually all of these (except for some recent 
purely numerical studies) use linearized-thin-airfoil theory. This approxi- 
mation implies (since the angle of attack and camber must be small) that the 
blades are lightly loaded. The effects of compressibility, which can also be 

^ These conclusions appear to have been first obtained by Lowson (ref. 6) using a 
free- space model of the fan. 
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important at the high Mach numbers where jet engine fans and compressors 
operate, are discussed in chapter 5. 

Most current bypass engine designs do not utilize inlet guide vanes for 
the fan. Therefore, the wake interaction mechanism of most technological 
interest is the rotor wake - stator (OGV) interaction governed by equa- 
tion (4-45). However, since the same modes appear in both equations (4-43) 
and (4-45), the cutoff condition (4-43) applies to both processes. And since 
p is now an integral multiple of V, this condition becomes 


SB - pV > 

sB J 2 

Vl - M‘ i 

Hence, the sound generated at the fundamental harmonic (s = 1) of the blade 
passing frequency will not propagate if 


1 - 


p^> 

B 


Vl - M 2 


for every integer p. This formula indicates that a subsonic fan stage 
M 2 = + M 2 < 1 will radiate no fundamental blade-passing-frequency tones 

if the vane-blade ratio V/B is greater than 2. Many fan stages have been 
designed to take advantage of this cutoff phenomenon. These fans are usually 
still found to produce spectra containing strong fundamental blade -passing - 
frequency (BPF) tones when tested on the ground. It is generally believed 
that the tones are being generated by either steady inlet flow distortions or 
inlet turbulence interacting with the fans. 

4. 3.2.6 Sound generated by inlet flow distortions . - The effect of steady 
inlet flow distortions on pure-tone fan noise was investigated by Povinelli, 
Dittmar, and Woodward (ref. 12) in a combined theoretical and analytical 
study. They calculated the emitted sound from a free-space rotor model 
(such as that developed in section 3. 5.1.3. 2) by using measured inlet flow 
distortion. It was found that the theory tended to underpredict the absolute 
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level of the measured sound field. 

It is reported in recent studies by Filleul (ref. 13) and by Sofrin and 
McCann (ref. 14) that under certain circumstances where the rotor-stator 
interaction noise is expected to be negligible the pure-tone noise correlates 
with the inlet turbulence. Indeed Sofrin and McCann's (ref. 14) narrow-band 
measurements in the vicinity of the BPF tone resulted in output signals which 
tended to be fluttery instead of steady and piercing as they are for rotor- 
stator interactions. Inflow turbulence will produce sound by the dipole mech- 
anism described in section 3. 5. 1. 1 for struts in turbulent flows. However, 
if the blade passing frequency is large compared with the frequency U /l 
associated with the convection of an eddy of length l past the fan, the blades 
can cut an essentially stationary eddy several times. This tends to concen- 
trate the radiated energy in the blade-passing- frequency harmonics. The 
tones will then appear to have a finite bandwidth as they do in the experimental 
spectrum shown in figure 4-2. (Of course, broadening of tones can also re- 
sult from shaft vibration or speed variation as well as from unsteadiness in 
the inlet flow distortion.) Thus, inlet turbulence can be a source of both 
pure-tone and broadband noise. The generation of sound by inlet turbulence 
was analyzed by Mani (ref. 15). He used a model similar to the one described 
in section 3. 5. 1. 1 but applied it to a moving cascade rather than to a single 
stationary strut. 

Inlet turbulence can also produce sound in an isolated rotor through a 
quadrupole interaction. This mechanism was first proposed by Ffowcs Wil- 
liams and Hawkings (ref. 16). Thus, when a rotor is loaded (i.e. , when it 
produces lift), it induces a spinning "rotor- locked” asymmetric pressure 
field in the duct. We have seen that this pressure pattern cannot propagate 

when the rotor is subsonic. But when it interacts with inlet turbulence, it 

15 

produces a fluctuating Reynolds stress which can act as a quadrupole sound 
source. In fact, this appears to be the first treatment in the literature of 
quadrupole fan noise. 

This process has been studied in somewhat more detail by Chandrashek- 
hara (ref. 17) for low-speed (tip Mach number less than 0.3) fans. A free- 

14 This feature does not occur in the strut problem in section 3.5. 1. 1. 

I- 5 In addition to the one due to the self-interaction of the turbulence (which ought to 
be relatively small). 
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space rotor model of the type described in section 3. 5. 1. 3. 2 was used. He 
found that the dipole noise produced at these speeds dominated the quadrupole 
noise. And, in fact, Mani's dipole theory (ref. 15) agreed fairly well with his 
measurements of the sound field. However, the ratio of the strength of a 
quadrupole source to that of a dipole source varies as a typical Mach number 
squared, and the strength of the quadrupole source increases in direct pro- 
portion to the blade loading. Hence, at the much higher Mach numbers and 
high blade loadings at which current fans operate, it is quite possible that the 
quadrupole source will dominate. In addition, the radiated BPF power does 
not always increase with tip Mach number as the dipole model seems to pre- 
diet. Thus, ° recent experiments by Gelder and Soltis (ref. 18) on very 
clean inlet fans show that, at the higher subsonic Mach numbers, the inlet 
BPF power levels increase with increasing blade loading even when the rela- 
tive tip Mach number decreases. This type of behavior is exibited by the 
quadrupole source. 

The argument that the quadrupole term in the general equation (4-8) will 

dominate over the dipole terms at the higher Mach numbers encountered in 

fans can of course be applied to other noise mechanisms. At these higher 

Mach numbers we cannot invoke the compactness arguments used in sec- 
17 

tion 3. 3. 4. 2. Thus, Morfey (refs. 19 and 20) estimated the importance of 
the quadrupole terms for sound generation due to the nonuniform-steady- flow, 
rotor-blade potential field interaction. His estimates for a typical fan rotor 
indicate that quadrupoles become progressively more important as the Mach 
number increases and can generate more noise than the fluctuating- blade - 
force dipoles at Mach numbers as low as 1/2. This might be an alternative 
explanation for the discrepancy (discussed at the beginning of this section) 
between the measured and predicted flow distortion noise found by Povinelli, 
et al. (ref. 12). 

Up to now we have considered inlet flow distortions which are either 
steady or randomly fluctuating in time (turbulence). However, as pointed out 
by Benzakein (ref. 21), a spatially nonuniform distortion pattern entering the 
fan with a uniform angular velocity would produce sidebands to the BPF tones 

^’This was pointed out by Mani (personal communication). 

17 It is shown in chapter 5 that the quadrupoles represent nonlinear interaction 
terms. 
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which would result in the spectrum at non-engine- ordered frequencies. Such 
tones are detectable in the fan spectrum in figure 4-2. 

4.3.3 Broadband Noise Sources in a Fan 

Aside from inlet turbulence, there are a large number of other possible 
sources of broadband fan noise. For example, the noise produced by vortex 
shedding and turbulence generated in the blade boundary layers (discussed at 
the end of section 3.5. 1.2) may make a significant contribution to the broad- 
band spectrum. 

Another source could arise from nonuniform wake profiles. Thus, meas- 
urements of the ’’mean" velocity profiles of wakes show that these profiles 

are not the same from blade to blade but vary in a random manner about some 
18 

mean value. This random component of the nonuniform flow impinging on 
the downstream blade row should certainly generate broadband sound. 

4.3.4 Multiple Pure Tones 

Most of the noise mechanisms discussed up to now can occur at both sub- 
sonic and supersonic speeds. However, at supersonic relative tip Mach num- 
bers the phase- locked rotating steady pressure field (associated with the 
p = 0 modes in eq. (4-30)) can propagate out of the duct. Since the strength 
of this pressure field is proportional to the steady blade forces, which are 
considerably larger than the unsteady forces, we would expect it to dominate 
at supersonic speeds. But, due to nonlinear effects associated with the for- 
mation of shock waves, this analysis does not apply at supersonic speeds. 
Thus, the shock wave structure attached to the leading edges of the blades of 
a perfectly periodic rotor would appear as shown in figure 4-5(a). To the 
right of the figure is a schematic of the pressure-time history which would be 
observed by a probe microphone. However, the small nonuniformities in 
blade geometry and spacing which occur in any real rotor cause perturbations 
in the shock pattern. And, as shown in figure 4- 5(b), the dynamics of the 
propagating shock train tends to emphasize these imperfections through the 

18 

This could, for example, be caused by the transmissions of inflow turbulence 
through, and possible amplification by, a heavily loaded rotor. 
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(b) Actual wave pattern. 

Figure 4-5. - Multiple-pure-tone noise at supersonic tip speeds. 


mechanisms of shock overtaking and coalescence. 19 The pressure-time his- 
tory observed by a probe microphone will then appear as shown at the right of 
figure 4-5(b). In this case there is no longer any evidence of blade-passing- 
frequency periodicity, but the pattern does repeat itself with every turn of the 
rotor. Thus, the sound is produced at the shaft rotational speed. A typical 
supersonic fan spectra is shown in figure 4-6. It can be seen that this spectra 
(unlike the subsonic fan spectra shown in fig. 4-2) is dominated by tones at 
the shaft rotational speed. These tones are called multiple pure tones (or 
combination tones) and produce a sound described as "raspy” or "buzz saw. 

Morfey and Fisher (ref. 22) and Hawkings (ref. 23) have analyzed the 
shock wave coalescence by using one-dimensional saw-toothed shock models. 
Their analyses describe how an initially nonuniform shock train evolves to 
become increasingly irregular with distance. They show that the shock 
strength eventually becomes independent of the initial conditions and decays 
as the inverse power of distance. They also show that the axial- flow Mach 

19 Recall, for example, that higher amplitude shocks propagate faster than lower 
amplitude ones. 
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Figure 4-6. - Typical narrow-band spectrum from a supersonic fan. 


number has a strong influence on this decay rate. Hence, changes in cross- 
sectional area of the flow duct (which result in changes of axial Mach number) 
can be very significant. However, analyses of this type cannot be directly 
related to the irregularities in fan geometry. This drawback was overcome 
by Kurosaka (ref. 24), who used the method of characteristics and oblique 
shock relations to carry out a two-dimensional analysis. He showed that 
errors in blade stagger (and contour) are much more important for producing 
multiple pure tones than errors in blade spacing. Indeed spacing errors only 
cause changes in upstream shock spacing, while stagger errors cause changes 
in both position and strength. 

At supersonic speeds there is the possibility of an additional broadband 
noise source associated with the passage of turbulence through the shocks. 

4.3.5 Effects of Finite Duct Length 

The analysis developed in the previous sections cannot be used directly 
to predict the sound in the far field, where it is of principal interest. How- 
ever, this limitation can be removed by using the semi-infinite-duct Green's 
function u (fig. 3-29) in equation (4-13) instead of the infinite-duct Green’s 
function. In addition to being able to calculate the sound in the far field, this 

o a 

This Green's function can easily be obtained from the results given in ref. 25. 
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approach has the advantage of including the effects of reflection from the end 
of the duct and refraction by the duct lip. An analysis of this type was car- 
ried out by Lansing (refs. 26 to 28). 

A more approximate analysis which uses the infinite-duct solutions was 
given by Tyler and Sofrin (ref. 2) for the case of zero mean flow. Thus, if 
the reflections from the end of the duct are neglected, the sound field at this 
point can be calculated from the infinite-duct model. Tyler and Sofrin as- 
sumed that the duct opening can be replaced by a flexible diaphragm in an 
infinite rigid baffle (as shown in fig. 4-7) which vibrates with the acoustic 
velocity predicted by the infinite-duct solution (4-30). Thus, inserting the 
half-space Green's function (1-65) into the Green's formula (1-58) shows, 
upon recalling that 9p/3n is zero on the rigid boundary, that the far-field 
pressure fluctuation is given by 



t - — + C 


sin 6 cos {(p - cp j)' 


5 d? dcp. 
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where 


y = {- 1 , C cos <p, £ sin cp} 

with the pola^coorcunates defined in figure 4-8. And for a single harmonic 

p - P sB e of the bla de passing frequency, this becomes (upon using 

eq. (4-37)) 
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Then setting M = 0 in equation (4-30) (so that y* m sR = ± k n m s g) 
and inserting the result in equation (4-46) show that 21 


OO OO 
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B R e lk sB r 
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J m^m, n R ) *( m< ? +k n, m, sB z > 


Y k 
m, n n, m, sB 


p=-oo n =l 


X H n, m^ k sB’ e K mD n, m,p k n, m, sB T n, m, p) ( 4 47 ) 
where the directivity factor H n m (k g g, 0) is defined by 


k m qR k gR sin 0e-( im * /2) 

9 > * - 1 n ’“ - ’ 2 Sg -l r J m< k sB R sl ” « 

K m, n " k sB si " ® 


(4-48) 


and the prime on the Bessel function J m denotes differentiation with respect 
to its argument. 

The sum in equation (4-47) must now be carried out over all modes, 
whether or not they correspond to propagating waves in an infinite duct. Be- 
cause of the experimental factor exp(iZk n m gR ), however, the nonpropagat- 
ing modes will only contribute weakly to the sound field when the duct length 
l is larger than the radius. 

When Lansing's more exact solution is used, equation (4-47) remains the 
same but the directivity factor (4-48) becomes (ref. 27) 

H „, m< k sB> «> - -» *n | e- <im ’ /2) J^(Rk sB sin 0) 


X 


fcsB + k n,m,sB^sB cos e * k n,m,sB )K + m ^ k n,m,sB > 

2 (''m,n- k sB s “ 2( ') K i m) ( k sB cose ) 


21of course, this result cannot be used to calculate the sound field in the region 
behind the duct opening (0 > 90°). 
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where the term K^ m V) is defined to be the limiting value lim + ie); 

2 ? €-*0 
e ^0 of the Cauchy integral. 6 


In K (m) (X) = — 
2 7Ti 
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a - A 


da 


’' ,R V k sB -‘ l2 

and the primes on the Bessel functions J m , K m , and I m denote differentia- 
tion with respect to their arguments. 

In reference 26 Lansing compared the Tyler and Sofrin solution with his 
exact semi-infinite-duct solution. He also compared these results with solu- 
tions obtained by Lowson (ref. 6) from a free-space rotor model. The total 
radiated power calculated by these three methods is shown as a function of 
frequency in figure 4-9. At all frequencies shown, Tyler and Sofrin's solu- 
tion is in close agreement with Lansing's solution. 

Due to the factor k n m gB (which vanishes at resonance) in the denomi- 
nator of equation (4-39), the infinite-duct model predicts infinite acoustic 
power as the cutoff frequencies of the various modes are approached from 
above. 23 The sharp peaks exhibited by Lansing's solution in figure 4-9 also 

occur at these cutoff frequencies. However, these peaks remain finite. The 

24 

Tyler-Sofrin solution shows abrupt increases as these frequencies are 
approached but does not exhibit the sharp peaks found by Lansing. 

A comparison between the infinite-duct solution (eq. (4-39)) and Lansing's 
solution is shown in figure 4-10. In this figure (taken from ref. 28) the nor- 


22 In taking this limit, it is necessary to use the Plemelj formulas discussed in 
appendix 3. B (see refs. 62 and 63 of chapter 3). 

23 It is shown in chapter 5, however, that the effects of compressibility on the 
blade forces act to keep the power finite. 

^The radiated power predicted by eq. (4-39) can differ from that predicted by the 
Tyler-Sofrin method since the later procedure does not require that continuity be satis- 
fied across the duct exit plane. 
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Figure 4-9. - Radiated sound power due to torque and thrust. 
Ratio of torque to thrust. 0. 75; sB - pV = 5; HR = 1. 



Figure 4-10. - Radiated sound power for circumferential 
mode m = 5 - third radial mode, n = 3. (From 
ref. 28.) 
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malized sound power radiated in the n = 5, m = 3 mode is plotted against the 
frequency sBRJ2/cq. It shows that the infinite-duct model provides an ex- 
cellent method for calculating the total radiated power as long as the fre- 
quency is even slightly above cutoff. 

Lansing also compared the directivity patterns predicted by these three 
solutions at the dimensionless frequency sS2BR/c Q = 12. This comparison is 
shown in figure 4-11. In reference 27, directivity patterns calculated from 
Lowson's and Lansing's solutions are compared with data from a research 
compressor. These results are shown in figure 4-12. 



Figure 4-11. - Directivity patterns due to thrust and toraue. Ratio of torque to thrust, 0. 75; sB - pV - 5- 
sOBR/cq * 12. (From ref. 26. ) 
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2 


Circular-duct 

theory 

Figure 4-12. - Radiation patterns fora research compressor. (From ref. 27.) 
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CHAPTER 5 


Theories Based on Solution 
of Linearized Vorticity- 
Acoustic Field Equations 

5.1 INTRODUCTION 

The last three chapters were based entirely on the acoustic analogy ap- 
proach, wherein the sound field is calculated by constructing a model for an 
equivalent acoustic source term. Because of the inherent limitations of such 
an approach (which are discussed in detail in chapter 2), we would like to cal- 
culate the sound emission by solving the differential equations governing the 
flow. Unfortunately, this is nearly impossible for most real flows. But re- 
call that in the dipole analyses the sound field was linearly related to the sur- 
face forces, which were in turn calculated by linearized equations from the 
oncoming flows. It, therefore, ought to be possible to obtain solutions to 
these problems (at least under certain conditions) by proceeding directly from 
the linearized momentum and continuity equations. In this chapter we shall, 
by considering a specific example, show how this approach can be carried out. 
Before proceeding with this, however, we shall establish certain general 
properties of these linearized solutions. 
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5.2 DECOMPOSITION OF LINEARIZED SOLUTIONS INTO ACOUSTICAL 
AND VORTICAL MODES: SPLITTING THEOREM 

When the mean velocity U is constant, the linearized continuity and mo- 
mentum equations (1-13) become (in the absence of volume sources) 


D o u _ 

P 0 — = -Vp 
u Dt 

(5-1) 

1 D oP 

1 u - -V • u 

(5-2) 

2 Dt 


p o c o 



where 


— = — + u 

Dt 0T 


9 

9y l 


(5-3) 


We shall now show that the velocity u can be decomposed into solenoidal 
(zero divergence) and irrotational (zero curl) parts in such a way that the 
pressure fluctuations are determined only by the irrotational part. Thus, we 
shall show that there exist vectors Uj and u 2 such that 

u = u 1 + u 2 (5-4) 

VXUp v- u 2 = 0 (5-5) 


P 0 


1 


D 0 U 1 

Dt 

D 0 P 


= -Vp 


= -V 


u, 


„ „2 Dt 

P 0 C 0 


^This result is called the splitting theorem. 


(5-6) 
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D 


0 U 2 


Dr 


= 0 


(5-7) 


To this end, recall that since every vector field can be decomposed into sole- 
noidal and irrotational parts there exist vectors u'^ and u)> such that 

u = + Ug (5-8) 

VXuj = v u 2 = 0 (5-9) 

Hence, equation (5-1) can be written as 


A = 


P 0 


Dqu'i 

Dt 


+ Vp = -p 0 


V 2 

Dr 


(5-10) 


Then since the second member of this equation has zero curl and the last 
member has zero divergence, the vector A must be both solenoidal and ir- 
rotational. It follows that the vector Uq defined by 


u 0 (Y, t) = — f A[y + i(t - t)U, t]dt 

P o J 


(5-11) 


has the property that 


V X Uq = V • Uq = 0 


and satisfies the relation 


n VO T 

— = A 


(5-12) 


(5-13) 


Hence, inserting equation (5-13) into equation (5-10) shows that the vectors 


3*3 


AEROACOUSTICS 



satisfy the first equation (5-6) and equation (5-7), respectively. It follows 
from equations (5-9) and (5-12) that equation (5-5) holds. And finally, the last 
equation (5-6) is a consequence of equations (5-5) and (5-2). 

Since (as can be seen from eq. (5-6)) the irrotational vector u^ is the 
part of the velocity associated with the pressure fluctuations, it is called the 
acoustical particle velocity. And since the vorticity 

co = VXu=VXu2 

is determined solely by the velocity U 2 , the latter quantity is called the vorti- 
cal velocity. Thus, within the flow the interactions between the acoustic and 
vortical motions must occur through second (or higher) order nonlinear terms. 

We have seen that the sound source in Lighthill's theory can be modeled 
by the fluctuating Reynolds stress p^m., with and u j effectively taken 
as the vortical part of the velocity field. Thus (at least for sufficiently small 
motions) the generation of sound by Lighthill's quadrupoie mechanism is es- 
sentially a second-order nonlinear interaction process. * Equation (5-7) shows 
that the vortical modes, aside from being convected by the mean flow, remain 
unchanged. This is consistent with the results of section 2. 5. 1. 2 (Taylor's 
hypothesis), which show that jet flow turbulence 3 decays slowly in the moving 
frame. 

Although the acoustic and vortical modes each behave, in the linear ap- 
proximation, as if the other were not present, these modes can indeed inter- 
act at the surface of a solid boundary. Thus, since the total velocity u must 
satisfy the boundary condition u • n = 0 on any solid surface, it follows that 
u« and u 2 must be related at this boundary by 


^The sound field can generate vorticity through a second-order interaction. In 
fact, this problem was studied by Rayleigh nearly 100 years ago. The second-order 
interactions were later studied in detail by Chu and Kovasznay (ref. 1). 

'Hvhi ch is essentially pure vortical motion if the Mach number is not too high. 
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u i • n = -Ug • n 

It is this coupling between the acoustic and vortical modes which generates the 
dipole sound at a solid surface. Since this mechanism is a linear process, it 
is reasonable to assume that it will dominate over the nonlinear quadrupole 
volume sources wherever the fluctuating velocities are small enough. 

5.3 SOUND GENERATED BY A BLADE ROW 
5.3.1 Formulation 

We shall now show how the sound generated by this process can be calcu- 
lated by solving the linearized acoustic-vorticity equations (5-4) to (5-7). To 
this end, we shall reconsider the problem of a fan rotating with angular veloc- 
ity fi through a stationary convected disturbance. 

In this section the problem will be formulated, and in the next section it 
will be reduced to solving an integral equation. The various methods which 
have been used to solve this equation are then discussed. We next show how 
the radiation field can be calculated, and in the last section the connection 
with the acoustic analogy approach is made. This allows us to assess the im- 
portance of including compressibility effects in the source model. 

In order to simplify the problem, suppose that the hub-tip ratio of the fan 
is close enough to unity so that curvature effects can be neglected and the 
blades can be ’’unrolled. " Thus, we consider an infinite row of blades (as 
shown in fig. 5-1) moving transverse to itself between two infinite parallel 
plates with the linear velocity 


U 0 = ftR 0 (5-15) 

where Rq corresponds to some mean radius of the fan. The spacing b be- 
tween the plates is equal to the blade span. We suppose that the vortical ve- 
locity field u^ is specified upstream of the blade row. It is assumed that the 
blades are thin and at a small angle to the oncoming relative velocity U r 
The amplitude of the vortical flow is also assumed to be small compared to 
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U r . Then the flow will be governed by the linearized equations (5-1) and 
(5-2). 

It is shown in section 3. 4. 2. 1 that the unsteady part of a linearized in- 
compressible flow past an airfoil is independent of the camber and angle of at- 
tack. It can be shown that this decoupling between the steady and unsteady 
flow also occurs in the compressible flow problem being considered in this 
section. Hence, we can replace the blades of the cascade by flat plates at 
zero angle to the relative flow. 

Let the Y-coordinate system be alined with the oncoming flow as shown in 
figure 5-2. Thus, upstream of the blade row the nonuniform velocity consists 
of a vortical part u M and an acoustic part. We shall suppose that the acous- 
tic part represents an outgoing wave far from the blades but is otherwise left 
unspecified. Since the vortical flow is steady, it can depend only 4 on Y 2 and 
Yg. However, if the problem is to correspond to an unrolled annulus, u^ 

^Eq. (5-7) shows that the vortical motion depends on Yj and t only in the combi- 
nation Y^-Ut. 
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must be periodic in the direction of motion of the blade row with the circum- 
ferential distance 2jtRq being equal to an integral multiple of its wavelengths. 
Then since the dimension in the Yg -direction is finite, u^ can be represented 
by the double Fourier series 
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= X L Pl q 


+ JB p> q )cos( 


/jrqY, 


+ KC p,q sin < 


p,q 


/7rqY q \ (27ripY2)/(LQ cos v) 

(5-16) 


where 


L q = 2ttR 0 (5-17) 

is the circumference; A , B , and C are complex constants; I, J, 

^ P> 4 Pj 4 P> 4 

and K are unit vectors in the Y^-, Y2-, and Yg -directions, respectively; 

and v is the angle between the oncoming flow direction and the perpendicular 
to the blade row. Notice that the Yg -component (normal component) of each 
term in this series vanishes at the walls, Y 9 = (0,b). 

Since equation (5-16) represents a purely vortical velocity, u^ must sat- 
isfy the solenoidal condition Vy ■ u^ = 0 (where Vy denotes the divergence 
in the Y-coordinate system). But this will occur only if the coefficients 
B and C satisfy the condition 

p, q p, q 


■ -gip_ B 
Lq cos v p ’ ^ 



= 0 


Since the problem is linear, it is only necessary, as explained in section 
3. 4. 2. 1, to calculate the flow field generated by a single harmonic 


u 



+ JB p,q )cos 



K — B 

Lgq cos v p ’ " 



(27ripY 9 )/(L n cos v ) 
xe ^ u (5-18) 

This disturbance pattern is a generalization of the one considered in sec- 
tion 3. 5. 1. 3. 5. As in that section, it is again convenient to express the dis- 
turbance velocity in terms of a coordinate system v fixed to the blades. We 
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/ 3 ' 



s 

S*— ^ 


Figure 5-3. - Cascade in y-coordinate system. 


choose a typical blade, individuated by means of a subscript 0, and suppose 
that the origin of the coordinate system is centered on the root^of this blade 
(as shown in fig. 5-3). Then the coordinate transformation Y — y is the 
same as that in section 3. 5. 1. 3. 5, and hence Y 2 is related to the y- 
coordinates by equation (3-121). Inserting this equation into equation (5-18) 
and using equations (5-15) and (5-17) to simplify the result show that 


(fA p.q + ,B P,q )C0S l 




L 0 q 


COS V 


x e lpnBy l ty 2 COt (5-19) 


(where the unit vectors I, J, and K are still oriented in the Y-coordinate 
directions). The orientation of the blade row in the y-coordinate system is 
shown in figure 5-3. In these coordinates the blades are stationary and paral- 
lel to the mean relative velocity U . They are subjected to an unsteady gust, 
given by equation (5-19). Since the amplitude of this gust is assumed to be 
small compared with U , the flow field in this coordinate system satisfies the 
linearized equations (5-1) and (5-2) (with U replaced by U r in Dq/Dt). 
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As in section 3. 4. 2. 1, it is again convenient to explicitly separate out the 
disturbance velocity by putting 


u = u co +w (5-20) 

where w is sometimes called the scattered velocity. Then since u^ is so- 
lenoidal and satisfies equation (5-7), the scattered velocity w must itself 
satisfy equations (5-1) and (5-2). Thus, * 5 


P 0 



Dr 


= -Vp 


(5-21) 


D 0 P 


„ Dr 
P 0 C 0 


= -V • w 


(5-22) 


Since the flow is assumed to be inviscid, we impose the boundary condition 
that the normal velocity 


u * f = (u* + w) • j 

(where ] is the unit vector in the y 2 -direction) vanish at the surface of the 
blades. Then inserting equation (5-19) shows that w must satisfy the bound- 
ary condition (figs. 5-2 and 5-3) 


w 2 = - a 



ipfl[(y 1 +ms cot p)/U -t] 
e r 


r *\ 

^2 ~ ms 


for 


-< 


yi 


ms^ < - 


> m = 0, ±1, ±2, 


1° < y 3 < b 


(5-23) 

Although it might now appear that w is the acoustic velocity defined in section 

5. 2, it will be seen subsequently that it contains a vortical part associated with the 
blade wakes. 
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where 


aa - A p,q sin M + B P.q C0S " 


and, as illustrated in figure 5-3, s is the gap distance measured normal to the 
chord, s t is the stagger distance measured parallel to the chord, and c is 
the chord length. 

We must also require that the normal velocity vanish on the walls at 
Yg = 0,b. But since (by construction) u M already satisfies this requirement, 
w must satisfy the boundary condition 


Wg = 0 at yg = 0, b 


(5-24) 


Thus, the problem has been reduced to finding an outgoing-wave solution 
to equations (5-21) and (5-22) which satisfies the boundary conditions® (5-23) 
and (5-24). However, as explained in section 3. 4. 2. 1, we must require that 
the solutions satisfy the Kutta-Joukowski condition at the trailing edge of the 
blades. And as a consequence, allowance must be made for a trailing vortex 
wake. The continuity of pressure across these wakes suggests its adoption as 
the dependent variable. Then, since equations (5-21) and (5-22) are special 
cases of the first two equations (1-13), we can follow the procedure used in 
chapter 1 to eliminate the velocity and obtain the wave equation 


d qP 2 

U - V^p = 0 


c o D ^ 2 


(5-25) 


It follows from the yg-component of equation (5-21) that the boundary condi- 
tion (5-24) can be replaced by the condition 


-^2- = 0 at y« = 0,b (5-26) 

^3 

®The effects of the vorticity generated by leakage at the blade tips is being neglec- 
ted. The inclusion of this effect would introduce unsteady crossflows (in the Y in- 
direction) with a considerable increase in complication. There is some experimental 
evidence to indicate that the elimination of tip leakage has little effect on the sound pro- 
duced by fans. 


351 


AEROACOUSTICS 


And since the pressure is entirely associated with acoustic motion, we require 
that 


The w 2 -component of the velocity, which enters through the boundary condi- 
tion (5-23), is related to the pressure by the y 2 -component of equation (5-21) 

5.3.2 Reduction to Integral Equations 

It can be seen by inspection that the solutions to equation (5-25) and the 
y 2 -component of equation (5-21) which satisfy the boundary conditions (5-23) 
and (5-26) must be of the form 


p — Outgoing-wave solution as y^ — -°° 



(5-27) 



(5-28) 


where we have put 



(5-29) 


and P and V are determined by the equations 



2 


P = 0 (5-30) 


M — 
*2 



(5-31) 
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with the relative Mach number M r defined by 



(5-32) 


The boundary condition (5 
condition (5-23) becomes 

iw(y,+ms cot ju)/U 
V = e 1 


-26) is automatically satisfied, 
r ~\ 

y 2 = ms 


for / 






and the boundary 


m = 0, ±1, ±2, . . . 

(5-33) 


At this point, it is convenient to assume that u> has a small positive im- 
aginary part which will be set to zero at the end of the analysis. The effect is 
to replace the usual outgoing-wave requirement at infinity by the requirement 
of boundedness. It corresponds to having a small amount of damping in the 
system. 

It is shown in appendix 5. A that the outgoing -wav e solution of equations 
(5-30) and (5-31) which satisfies the boundary condition (5-33) is given in 
terms of the dimensionless Prandtl-Glauert coordinates 




by 


i/3 r 

V(S,r?) = — 

4 


/ 


M r f 0 (a)ye 


-i(cH-M r K)£ 


K + M r o 


-77y+U/2)A + ijy+{l/2)&_ 

e e 


sinh - A , 


sinh - A 


do- 


s/3 

for 0 < v < — (5-34) 

c 
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where the function fQ(o') is the solution of the coupled integral equations 


-i(K/M r )/& 

1 = e 


lim V(£,tj) 
77— 0 



n 

which causes the jump [P] , in the pressure ‘ function P across the blades, 
to vanish at the trailing edge (£ = 1/2) of the m = 0 airfoil. The functions 
A ( a) and y( a) are defined by 


A ± (cv) = i 




s 8 r r 

c 


(5-37) 


r(a) = 





(5-38) 


where the branch of the square root is chosen so that its real part is always 
positive. The parameters 8, K, K , and r which appear in these equa- 

^ 4 

tions are defined by 


n 

'Notice that these equations simultaneously determine the two unknowns 

[P(!)l. 


^(Q!) and 


354 


THEORIES BASED ON SOLUTION OF LINEARIZED EQUATIONS 


/3 r * V 1 ’ M ? 


(5-39) 


and 


where 


K = 


. g)c _ pf?c 


pU 0 c 


c O^ ^rVo 


(5-40) 


K 


(5-41) 


„ I / o t 

r = a + M K — = — — +— cot Ml 
c M f \ c c 


(5-42) 


a = — /3 2 ( s + scot.,A = JiL ( S t + s C ot M ) 


M_ 


U 


(5-43) 


is called the interblade phase angle . Finally, outside of the range of r? for 
which equation (5-34) is defined, the solution can be determined from the 
periodicity condition 


V ( i + H T’ 



imcr 

e 


vu, v) 


(5-44) 


McCune (ref. 2) carried out a steady-flow analysis for a fan in an annular 
duct. He also treated transonic and supersonic flows. 


5.3.3 Solution of Integral Equations 

In order to complete the solution, it is necessary to solve the coupled in- 
tegral equations (5-35) and (5-36) for f Q and [p] subject to the Kutta condi - 
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tion 


[P] = 0 at £ = - (5-45) 

2 

This has been done for the two-dimensional case (corresponding to K = 0) by 

8 ” 

Lane and Friedman (ref. 3) and more recently by D. S. Whitehead (ref. 4). 

The method used by these authors consists of expanding the pressure jump [p] 

across the blades in the trigonometric series (commonly used in both steady- 

and unsteady-thin-airfoil theory). 


M - - 2 A o c °‘(j) 


00 


+ Z A m sin m9 

m=l 


where 


cos 9 = -2£ 


This expansion ensures that the Kutta condition (5-45) is automatically satis- 
fied. When it is substituted into equation (5-36), the various integrations can 
be carried out and an expansion of fQ(cy) in terms of Bessel functions is ob- 
tained. And when this series is in turn substituted into equation (5-35), an 
equation for the expansion coefficients A n (which can be solved by collocation 
methods) is obtained. 

The problem can also be solved by combining equations (5-35) and (5-36) 
into a single integral equation for the weighed pressure jump 


gU) = M 


-i 

e 



(5-46) 


Thus, substituting equation (5-36) into equation (5-35) shows (assuming the 
order of integration can be interchanged) that 


®In fact, the method used in appendix 5. A to obtain the solution is a generalization 
of the method developed by Lane and Friedman for the two-dimensional problem. 
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r 1/2 

i = / xu- 

J -l/2 

where the kernel function jsf(i; - £') is given by 

f -i[«+(K/M r )](|-|’) 

XU 

477 


(5-47) 


y sinh 


sj3 r y 



JL + CV 

M 

s/3 r y | 

cosh - cos 

c " 

r ♦ 4 

.00 

r 


V C / 


dcV 


(5-48) 


Since the integrand in equation (5-48) goes to ±1 for large values of cv, 
the integral does not exist in the usual sense and must be treated as the Four- 
ier transform of a distribution. ® 

The effect of the various airfoils in the cascade on the airfoil at 77 = 0 is 
accounted for by the term 


s/3 y 

sinh 

c 

s/3 r y / cvs A 

cosh — cos [r + — — ] 

c \ c J 

Hence, if this term were put equal to unity in equation (5-48), equation (5-47) 
would become the integral equation for the force on an isolated airfoil. In 
order to express equation (5-48) in terms of convergent integrals, it is con- 
venient to subtract out the single airfoil contribution to obtain 


9a very clear and concise discussion of the ideas involved can be found in Lighthill 
(ref. 5). 


357 


AEROACOUSTICS 



The first integral can be computed from equation (5-B1) in appendix 5. B. 
Since the integrand of the second integral goes to zero exponentially fast as 
a— ±°°, this integral is absolutely convergent and hence represents a bounded 
function of 4 - 4'. However, the results of appendix 5. B show that the first 
integral is singular at 4 - 4’ = 0. In fact, it follows from equation (5-B2) that 
X can be expressed in the form 


•*(4 ~ 4 ') 


— (— — + — ln|£ - 4' ft ~ Z') 
2 it M r / 


(5-49) 


where X denotes a nonsingular function. Thus, as is usual in thin-airfoil 
theory, the kernel of the integral equation (5-47) has a nonintegrable singular- 
ity of the type (4 - 4’)" 1 . This equation is, therefore, said to be singular and 
it can be shown that the integral must be interpreted as the Cauchy principal 
value. Because of this singularity, there is just enough arbitrariness in the 
solutions of equation (5-47) to satisfy the Kutta condition (5-45). However, we 
must then allow g(4) to have a square-root singularity at the leading edge 
4 = - 1 / 2 . 

By expressing the kernel function in the form (5-49), Fleeter (ref. 6) ob- 
tained a numerical solution to equation (5-47) for a two-dimensional disturb- 
ance. 
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It should be noted that, since the branch points associated with y cancel 
in the integrand of equation (5-48), this function has only simple poles in the 
complex o'-plane. But because the integrand does not vanish at infinity, we 
cannot use Jordan's lemma directly to evaluate the integral. However, if in- 
stead of taking the limit r\ — 0 in equation (5-35) before this result is used to 
derive equation (5-47) we keep ij finite, we find that the kernel function can be 
written as 


- I') = 




lim 


87T 77-0 dri 2 


-i[a+(K/Mj](M’) 


rJL 

IM_ 


+ a y 


-vr (1/2)i + vr (1/2)A - 

e Ir e e ' r e 


sinh — A 


sinh - A 
2 


d« 


Since the integrand is an even function^ of y, it still possesses no branch 
points even when tj is finite. But now it behaves either like 


J_ e -i a(|-r) 


a 


or like 

1 -iQ'(^-|'-7?sVs^ r ) 

— e x 7 

2 

a 

as I a I — °° and Jordan's lemma can be applied to evaluate the integral in 

1 1 

terms of its residues. The contour must be closed in the upper half-plane 


10 As can be seen by replacing y by -y. 

11 The location of the poles is discussed in the next section. 
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when 


i<r 


(5-50) 


and in the lower half-plane when 


12 


s /3 r 


(5-51) 


Two different expressions are obtained depending on whether condition (5-50) 
or condition (5-51) holds. And since there are infinitely many poles in both the 
upper and lower half- planes, these expressions are infinite series. The re- 
sulting series expansion of the kernel function turns out to be identical to the 
one obtained by Kaji and Okazaki (refs. 7 and 8), who used an entirely different 
approach based on an ingenious application of the Poisson summation formula. 
The Kaji -Okazaki series is rapidly convergent whenever £ - is bounded away 
from zero and provides a convenient method for calculating the kernel function. 

5.3.4 Acoustic Radiation 

From the point of view of acoustics, our main interest is in the pressure 
field at large distances from the blade row. We shall show that the solution in 
this region is determined by the singularities which occur in equation (5-34) 
when the small imaginary part of K is allowed to approach zero. These 
singularities are the simple poles of the integrand which approach the real 
axis when 9m K — 0. There is one such pole at the point 



while its remaining poles occur at the points where 


A ± = i2mr for n = 0, ±1, ±2, .. . 


* 2 No results are obtained for < 4 < 4' / s P r - 
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It follows from equations (5-37) and (5-38) that the latter points are given by 


. cs t . s/3 r 

= _ r ± i — - 

n n + 9 + 

(d') 2 d T 




for n = 0, ±1, ±2, . . 


(5-52) 


where we have put 




,2 2 

+ 0 s 


(5-53) 


and 


r = r - 2mr 
n 


(5-54) 


The plus sign in equation (5-52) refers to the poles lying in the upper half- 
plane and the minus sign refers to those in the lower half-plane. 

These poles will approach the real axis when 9mYL - 0 if 


r?) +k ' <k2 


(5-55) 


In this case, equation (5-52) can be written as 

,t s/3. 


(cr 


=KSinX " 


(d^) 2 d 1- 

where in this equation denotes the positive square root 


V* 


K s V K 2 - K 2 


and are always real. Then it follows from equation (5-38) that 


(5-56) 


(5-57) 


361 


AEROACOUSTICS 


r (°'n) = ‘ Hf = ~ iK cos X n 


(5-58) 


We can simplify the notation somewhat by introducing the angle 


S n = cos 


■l^n 

/cd^ 


(5-59) 


and the stagger angle 



s ^r 

in the Prandtl-Glauert plane. Then equation (5-56) 
sin ^ = -cos 6 n sin x^ ± cos x^ sin 6 n = 
Hence, we can put 


becomes 
sin(-x* ± 6 n ) 


X n= '^ t±6 n 


(5-60) 


Upon separating out the singularities which occur in its integrand when 
JWk — 0, equation (5-34) becomes 


m, n) 



where D(£, 77, a) possesses no real poles as Dm K - 0; A and B* are the 
residues at the poles at -K/M r and a±, respectively; and m^ and m2 are 
the minimum and maximum values for n for which the inequality (5-55) 
holds. Evaluating the residues and using equations (5-56) to (5-60) to simplify 
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the results show that 


2 , ± 


B„(4, V) = 


i/3 M ck cos X e 
y r r n 


,-*[(“ sl " ^ M r lt )i-H^], o (, si n > ;) 


2d^K + M r K sin Xj^sin 6 n 


(5-61) 


and 


A(|, 7?) = h(rj)e 



M 


(5-62) 


Now it follows from the theory of Fourier transforms that D(|, rj, a) does 
not contribute to the integral in the limit as || | — °°. The remaining terms 
can be evaluated by closing the contour in the appropriate half-plane and using 
Jordan's lemma to set the integrals equal to 27ri times the sum of the resi- 
dues. Hence if 4 « 0 (corresponding to a position far upstream), 


V ~ 2;ri Yj V) (5_63) 

n=m 1 

and if £ » 0 (corresponding to a position far downstream), 

m 2 

V ~ 27ri A(£, t i) + 2jri ^ B"(|, rj) (5-64) 

n=m^ 

The term A(£, 77 ) represents the effects of the wakes and therefore contributes 
only to the vortical part of the solution. In fact, it can be seen from equations 
(5-62) and (5-A6) that this term makes no contribution to 'k and therefore (in 
view of eq. (5-A2)) no contribution to the pressure P. Equation (5-61) shows 
that the remaining terms in equations (5-63) and (5-64) satisfy the periodicity 
condition (5-44). Hence, these solutions apply for all values of 7? and not just 
those in the range 0 < tj < s0 r /c where equation (5-34) holds. Finally, using 
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these results in equations (5-A6), (5-A2), and (5-27) shows that the asymptotic 
pressure field is given by 


nir 


P ~ X p n as $ - -oo 


n=m 1 


m f 


p ~ E Pn 


0 = 111 , 




as £ — +«> 


(5-65) 


where 


n 


P 0 aU r 


ire cos X* 

f 0 (* sin A*) 

d ' sin 6„ 


x e 


■i[wT+(/c sinX^+M r K^-K^cosX^J ^irqy 3 ^ 


Thus > at lar S e distances from the blade row the pressure field can be ex- 
pressed as the sum of a finite number of the terms defined in equation (5-66). 

And only the -p* for which the cutoff condition (5-55) is satisfied will contrib- 
ute to this sum. 

In fact, let 


-1st 
X s tan 1 5_ 


(5-67) 


denote the stagger angle. Then introducing the stationary 

x ! = Yi cos x - y 2 sin x 
x 2 = y l sin x+ y 2 cos x - Ut 

x 3 = y 3 


(5-68) 
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Figure 5-4. - Duct-oriented coordinates. 


coordinate system (see fig. 5-4) into equation (5-66) and using the results of 
appendix 5. C show that 


P* _ i -i[nBnr + (nB-p)(x 2 /R 0 )+x 1 r* >p>nB ] 


X cos 


^jrqxA 


\p,nB d 


f nB cos X - 


R, 


q,p,nB sinx j 27 rf o( /csinX . 


(5-69) 


where 


y 


± 

q,p,nB 


Mk 0 x k q, p, nB 




p 


k q,p,nB 
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and 


k Q 2 nBfi + M( EjL nB) tan ^ 
c 0 R 0 

/3 = Jl - M 2 


M = cos v 

c 0 

is the Mach number of the onc oming flow in the axial (perpendicular to the 

blade row) direction and d = ^/(s^) + s 2 is the interblade distance. Thus, p 
is simply a wave which propagates down the duct in the x^ -direction with a 
propagation constant y* nB while it moves in the transverse direction (x 2 ~ 
direction) with the phase velocity 


R 


0 


nB£2 
nB - p 


It is easy to see from the results of appendix 5. C that the condition (5-55) 
does indeed correspond to the cutoff condition 

*L B :.pV + /H \ 2 

< R o / Vb/_ 

for this wave. Thus, for any given spatial harmonic of the disturbance field 
(characterized by the indices p and q), the sound field consists of all those 
blade-passing-frequency harmonics whose frequency is above the cutoff fre- 
quency for the p,q* b mode. These results are qualitatively the same as 
those given in section 4. 3. 2. 2 for a circular duct. The principal difference is 
that in the present case there is a mean crossflow c Q M tan v in the trans- 
verse direction in addition to the axial velocity c q M. In fact, since equa- 


k *>/3 2 
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IS 

tion (5-36) shows that 


2 7rf . 


>(“ 


sin 



i(/< sin *n +M r K )^ 


[P]d| 


(5-70) 


and since 3 -[p]pqUj. sin x is the amplitude of the thrust force per unit area 
acting on the blade and a[l?3pgU r cos x is the amplitude of the drag force per 
unit area, we see that this equation is indeed similar to equation (4-30). 


5.3.5 Behavior of Blade Forces 


The resemblance between equations (5-69) and (5-70) and equation (4-30) 
is not coincidental since the former equations are precisely the results which 
would be obtained if the acoustic analogy approach used in chapter 4 were ap- 
plied to the infinite cascade configuration analyzed in this chapter. The new 
feature which is introduced by the present approach is the integral equation 
for calculating the normal force per unit area [p] acting on the blades. In the 
last chapter we resorted to using a single-airfoil two-dimensional incompres- 
sible flow model to calculate the blade forces. When these forces are ob- 
tained by solving equation (5-47), the effects of compressibility and of the mu- 
tual interference between the various airfoils in the cascade are accounted for. 
The compressibility effect is particularly important near cutoff, where it 
causes the blade forces to vanish (ref. 4). As a result of this the radiated 
power does not become infinite at cutoff as predicted by the incompressible 
flow analysis in chapter 4. 

The exponent in the integrand of equation (5-70) corresponds to the varia- 
tion in retarded time along the blade. If we neglect this variation (as is done 
in chapter 4), the integral reduces to the response function (see section 
3.4. 2.2) 


13 For real compressors the flow at large distances from the blade row will be on 
ented mostly in the x,- direction. A possible way of compensating for this is to set 

v=0 in k n while leaving it unchanged in the integral (5-70). This can be justified by 

arguing that the terms in the integral, being associated with the local unsteady lift are 
relatively uninfluenced by the turning of the flow in the axial direction. The net e ffect 
of this turning is to eliminate the crossflow in the propagation terms of eq. (5 69). 
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The variation of this quantity with the various parameters which appear in the 
kernel function (5-48) should give some indication of their effect on the radi- 
ated sound. It can be seen from equations (5-C3), (5-C4), (5-40), and (5-41) 
that these parameters can be taken as the transverse wave number nq/b, the 
relative Mach number M r , the interblade phase angle o = 27rp/b, the stagger 
angle the solidity c/d, and the reduced frequency 

j3 2 K 

/r cue 

2M r 2U r 

The response function was calculated by Fleeter (ref. 6) for various values of 
these parameters in the range of interest for compressors. Typical results 
taken from his paper are shown in figure 5-5. Also included is the corre- 
sponding incompressible flow solution. The figure shows that compressibility 
effects can change the response function by more than a factor of 2. We an- 
ticipate that its effect on the acoustic pressure fluctuations will also be of this 
magnitude. 

Notice that, as the Mach number M r increases, the magnitude of the 
fluctuating lift first increases toward a maximum and then decreases rapidly 
to zero. It passes through zero at the Mach number where the blade passing 
frequency is exactly equal to the cutoff frequency for the lowest mode. But it 
is pointed out in section 4. 3. 5 that the expression for the radiated power has a 
zero in its denominator at this frequency. The vanishing of the blade forces 
creates a corresponding zero in its numerator, which serves to keep the acous- 
tic power finite. (Of course, this would not occur if an incompressible flow 
analysis were used to predict the blade forces. ) This effect is an example of 
how a sound field can exert a powerful back reaction on its source (the fluctu- 
ating blade forces). 
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(a) Solidity effect on response function with mean cas- 
cade inlet Mach number M r as a parameter. Inter- 
blade phase angle, o. 180°. 

Figure 5. -5. - Effect of compressibility on response function. 
0.25; transverse Mach number, 7rq/b, 0. 


(b) Interblade-phase-angle effect on response function 
with mean cascade inlet Mach number as parameter. 
Solidity, c/d, 1. 

Stagger angle, X, 0°; reduced frequency, uc/2U r , 
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APPENDIX 5. A 

SOLUTION TO CASCADE PROBLEM 

In this appendix we shall obtain an outgoing-wave solution to equations 
(5-30) and (5-31) which satisfies the boundary condition (5-33). 

In order to transform this problem into an equivalent (and somewhat more 
familiar) stationary-medium problem, we introduce the dimensionless 
Prandtl-Glauert coordinates 



(5-A1) 


and the new dependent variable 


'I' = Pe 


iM r K| 


(5-A2) 


where 


K 


_ q>c _ p£2c _ pU 0 c 
c 0^r c 0^r ^r R 0 c 0 


(5-A3) 


and 


■r 7 


m: 


(5-A4) 


Then equations (5-30), (5-31), and the boundary condition (5-33) become 


a *2 a 2 

0£j 01) 


+ (k 2 - K 2 ^ = 0 


(5-A5) 
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>r K / M r)« 8 .-('W v _ „ - iM r K « 




V = -/3 r e 


d* 

drj 


(5-A6) 


V = e 


(iK/M r )/3j|[j+(msV c)cot m] 


r ms a ^ 

V = P r 

c 


for -< 


__ 1 < | _ 1 

2 c 2 


m = 0, ±1, 


j 


(5-A7) 


where 



(5-A8) 


Notice that equation (5-A5) possesses a separation-of-variables solution of the 
form 

e -ia£-yri (5 _ A9) 


where the branch of the square root 


y = 



- K 2 + K 2 


is chosen so that its real part is always positive (in the complex a- plane). In 
order to apply this solution to the present problem, it is convenient to intro- 
duce a coordinate system 


ms 0 

v m = v 




ms 


j 


(5-A10) 
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th 

which for each integer m = 0, ±1, ±2, . . . has its origin on the m blade. 
Then superposing the solutions (5-A9) with respect to the separation param- 
eter a shows that equation (5-A5) possesses the outgoing-wave solution 


v) = 


sgn(?7 m ) 


✓»CO 

c/oo 


fm^) 6 




- lr d. 


(5-All) 


where f^cv) is an, as yet, undetermined function and 


r \ for x > 0 

sgn x = < 


1 for x < 0 


This solution possesses a jump discontinuity 



f (a)e 
m v ' 


-ia| 


m 


da 


(5-A12) 


th 

across the line 77 = (ms/c)/S r passing through the m blade. Since the 
boundary conditions can only be satisfied if the pressure function P is dis- 
continuous across the blades, we seek a solution in the form 


'k = ^ (5-A13) 

m=-°° 

of a superposition of the solutions (5-All). Then the jump [>] in across 
the m^ blade is given by Qj* 3 a l° ne - Hence, it follows from equation 
(5-A2) that the jump [P] in the pressure function along the line 77 = (ms/c)/3 r 
is 
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[P] = 


e 'iM r K^ 



-ia£ 

f m<«> e 


da 


(5-A14) 


The continuity of pressure along the line 77 = (ms/c )/3 in the region in front 
and behind the blades will be accounted for in the subsequent analysis. 

Since the upwash velocity vanishes at £ = -°°, equation (5-A6) can be 
integrated to obtain 


V = 




-(iK/M 

e 


— U’,v)d£' 

drj 


(5-A15) 


Then substituting equation (5-All) into equation (5A-13), inserting the result 

into equation (5-A15), interchanging the order of integration, and integrating 

14 

with respect to £ show that 


V = 



e -iM r K£ 



M r y 

K + M r a 



. , v 

f m («) e 


da 


(5-A16) 


And, since the boundary condition (5-A7) can be written as 

\ (iK/M m „ 

J =e e 


for m = 0, ±1, ±2, . . . ; - — < £ 

2 


v(« m + S5l, SSfi 

y c c 


m 



(5-A17) 


where 


14 

Where we use the fact that the imaginary part of co, and hence of K, is slightly 
positive to show that the integrated term vanishes at minus infinity. 
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<y - JL p 2 (?l±l cot .tt\ g ( S t t s cot H) (5-A18) 

M r r \ c j u r 

is called the interblade phase angle , we can ensure that satisfying this condi- 
tion on the m = 0 blade will also cause it to be satisfied on the remaining 
blades if the functions f m can be related to f Q in such a way that 


v ( 4ti f ' 



= e’ mcr V({, n) 


(5-A19) 


We shall now show that this occurs when 

f m (») = e tor f 0 («) (5-A20) 


where 



(5-A21) 


To this end, insert equation (5-A20) into equation (5-A16) to obtain 


i/3 r 

V(£, rj) = — - 
2 


Wr 


M r yf 0 (a) -i(cv+M r K)^ 


/ 

/ oo 

M r yf 0 (a) 
K + M r a 


oo 

X 

m=-°° 


im[r+( as ty c)] - | ?7 m | y 


da 


£ e ima-i(Q.+M r K)^ m -|r ]m |y d ^ (g _ A22) 


m=-°° 


But the fact that 
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inCT-i(o+M r K)[|-(n-m)(s Vc)]- |77-(n-m)(s/c)/3 r | y 



imcr , 
= e VU, 77) 


imcr 


proves the assertion. 

The remaining condition which must be imposed on the solution is that the 
pressure jump [p] given by equation (5-A14) goes to zero both in front of and 
behind each blade. But inserting equation (5-A20) into equation (5-A14) shows 
that if this condition holds along the line 77 = 0 through the m = 0 blade, it 
will also prevail for all other blades. Hence, the problem will be solved if 
the function fg(a!) in equation (5-A22) can be chosen in such a way that the 
boundary condition (5-A17) holds along the m = 0 blade and the condition 

= 0 holds along the remainder of the line 77 = 0. However, before showing 
that this is indeed the case, it is convenient to simplify equation (5-A22). 

Thus, it follows from the geometric expansion 


00 



for |z | < 1 


that for 0 < 77 < s/3 r / c 
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OO 

z 

m=-°° 


5 im(r+arsVc)-|?7 m |y _ 


■vr 


-i [r+( as Vc)] - s/3 y/c 

1 - e 


1 

2 


-??r+(l/2)A 
e 

sinh - A 
2 + 


yjy i[r+(asVc)]-s/3 r y/c 
+ - — - 

i [r+( as V c)] -s/3 y/c 

1 - e 


7?y+(l/2)A 


sinh — A 
2 


where 


A± .i(r + a!\±!^ 


(5-A23) 


Hence, inserting this result into equation (5-A22) shows that the upwash 
velocity is determined by 


-7jy+(l/2)A rjy+i 1/ 2)A _ 

£ da 

sinh - A sinh - A 

2 + 2 

S/3 

for 0 < v < — - (5-A24) 

c 

For the remaining values of 77 , V(£, 77 ) can be determined from the periodicity 
condition (5-A19). 

Inserting equation (5-A24) into the boundary condition (5-A17) with m = 0 
shows, upon using the addition formulas for the hyperbolic functions to sim- 
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plify the results, that 


-i(K/M r )/3^ 

1 = e 


lim V(|,r?) 

TJ— 0 



On the other hand, equation (5-A14) (with m = 0) shows that 


[P] = 



-i(o+M K)£ 

f 0 («) e 


do 


But since [p] = 0 for || | > (1/2), we can invert this Fourier transform to 
obtain 


Uv) • - 

U 2n 



r i(o+MK)4 
[P]e 


<4 


(5-A26) 


Thus, the boundary conditions along the m = 0 blade will be satisfied pro- 
vided the function Iq(o) i n equation (5-A24) is a solution of the coupled inte- 
gral equations (5-A25) and (5-A26). In order to ensure that the Kutta condition 
is satisfied at the trailing edge, we must require that [p] = 0 at £ = 1/2. 
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APPENDIX 5. B 

EVALUATION OF SINGLE-AIRFOIL INTEGRAL 

It is shown in tables of Fourier transforms (ref. 9) that 



where denotes the Hankel function of the first kind. Hence, 15 



-i[a+(K/M r )](M') 

e 


K 


+ O' 


y da 


i/3„ 


lim 


4 u y— 0 



5y 1 V 


But using the identity (ref. 10) 



and integrating twice by parts show that this can be written as 


15 


k is defined by eq. (5-57). 
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-i[cv+(K/M r )](|-r) 
e y do* 



ot 



Since the integral remains bounded as I - - °> usin S the small-argument 

asymptotic representations for the Hankel functions (ref. 11) shows that 


^r 

4n 



-i(a+K/M r )(|-|’) 
e 



O' 


y da 


= fl/_J_ + l^-ln|4 - 4’|] +0(1) as ? - r - 0 ( 5 " B2 ) 

2n \Z - r M r / 
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APPENDIX 5.C 

EVALUATION OF TERMS IN DUCT COORDINATES 

Since (figs. 5-2 and 5-3) 


sin p. cos v cos(x - ju) 


(5-C1) 


and since the number of blades is related to the interblade distance d by 
(fig. 5-4) 


27tRq 

d 


(5-C2) 


it follows from using equations (5-29) and (5-67) in the definition (5-43) of the 
interblade phase angle that 


a = 2tt£ 

R 0 B 

And inserting this into equation (5-42) implies 

T = ^32 + M K - sin x 
B r c 

Then equation (5-54) becomes 


(5-C3) 


(5-C4) 


T n = — (p - nB) + M f K - sin x 


R, 


0 


and equation (5-59) implies 


k cos 6 n = — — (p - nB) + M r K sin x 

d tLR 0 


] 


(5-C5) 


(5-C6) 


380 


THEORIES BASED ON SOLUTION OF LINEARIZED EQUATIONS 


n 



\ 2 o 

r 1 

)* 2 - 

— (p - nB) + M r K sin x 

_ R o -1 


It follows from equation (5-53) that 

k 2 


^ j = 1 - M 2 cos 2 x 


and it can be seen from figure 5-2 that 


c Q M r cos x = U oo cos v 


c 0 M r sin x + sin v = U Q 


Hence, it follows from equations (5-40), (5-41), and (5-57) that 

~Jr K sin 6 n = ^ k q,P,nB 


where we have put 


q,P,nB 


Ik 2 - 


nB -A 2 + (JB \ 2 


R, 


0 


b ) 


k = nB£2 + M(p - n B) tan „ 


Rf 




M 


and 


(5-C7) 


(5-C8) 


(5-C9) 

(5-C10) 


(5-C11) 


(5-C12) 


(5-C 13) 


(5-C14) 
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M = M 

r 


U.0 

COS X = COS V 

c n 


(5-C15) 


is the axial-flow Mach number. 

Upon using equation (5-60) and the addition formulas for the sines and co- 
sines, the exponent 

E s ojt + (k sin X* + - n(cos X^Jt] 

which appears in equation (5-66) can be written as 

E = -k(£ sin + ?7 cos x^)cos 6 n ± k(£ cos x^ - V sin x^)sin 6 n + KM r £ + cur 

But the blade spacing d and the stagger angle x are related to the Prandtl- 
Glauert plane blade spacing d^ and stagger angle x^ by 

d sin x = d^ sin x^ 

\ (5-C 16) 

/3 r d cos x = d ' cos x' J 

Hence, we can use equation (5-68) to eliminate the dimensionless variables 
I, V to get 

E = — |m K sin x - — 

C L d t 


M 2 cos 2 x 


)c°s ol 
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And, it follows from equation (5-40) and equations (5-C6) to (5-C11) that 
wr + «(sin X* + M r K)| - k(cos X*)r, = nEftr + ^- (nB - p) + p> ^ 


where 


7 q, p, nB " "7 (Mk 0 * V q, nB } 


(5-C 17) 


Equations (5-60) and (5-C 16) and the addition formulas for trigonometric 
functions imply that 


cos x± 


n 


d t sin 6 n ^ f 2 


(/3 cos x cos ± s ^ n X s ^ n 6 n ) 


( dt ) sin6 n 


But upon using equations (5-C6), (5-C7), and (5-C 11) this becomes 


c cos X 


n 


dt sin 6 n drk q> p> nB 


1 — ^ 


iin xji 


-2_ ( p - nB) + M r K sin x cos x ± ck q , p , n B sin 

, R 0 


in x} 


And finally, substituting in equations (5-40), (5-C1), (5 C9), (5 CIO), 
(5-C14), (5-C15), and (5-C17) shows that 


c cos X 


n 


d^ sin 6 n q, P, nB 


y, 


q, p, nB 


sin x 


nB ~ iA c0S ^ 


R r 


(5-C 18) 
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CHAPTER 6 


Effects of Nonuniform Mean Flow 
on Generation of Sound 

6.1 INTRODUCTION 

The last two chapters were concerned with the generation of sound in the 
presence of a uniform mean flow. However, real flows usually have substan- 
tial velocity gradients in the vicinity of the source region. These gradients 
can influence the acoustic impedance acting on the sound sources and as a 
result can have a significant effect on the sound emission process. In the 
acoustic analogy approach the sound sources are treated as if they are em- 
bedded in either a stationary or uniformly moving medium. Hence, the ef- 
fects of nonuniform flow must be "modeled" by adjusting the source term in 
some manner. Since there is no systematic procedure for accomplishing this, 
it might be helpful to develop a moving-medium wave equation to describe the 
sound emission process. 

One possible way of obtaining such an equation is by extending the linear- 
ized acoustic analysis developed in section 1.2. Thus, it is shown in sec- 
tion 5. 2 that while the generation of sound through surface interactions is 
accounted for by the linear terms, the generation of sound by the volume 
quadrupoles depends upon the second- order nonlinear coupling of the acoustic 
and vortical modes. Hence, if the first-order perturbation equations devel- 
oped in section 1.2 were extended to next higher order, all the interactions 
involved in the sound generation processes should be included. This approach 
was developed by Chu and Kovasznay (ref. 1). 
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However, instead of pursuing this course, we shall attempt to extend the 
ideas of Lighthill by putting the full nonlinear equations into the form of a 
moving-medium wave equation. Equations of this type were derived by Phil- 
lips (ref. 2) and Lilley, 1 and much of the material in this chapter is based on 
their equations. In developing such equations, in which more of the real fluid 
effects are included in the wave operator part of the equation and less in the 
source term, we are actually moving away from the acoustic analogy approach 
and toward the direct calculational approach developed in chapter 4. 

6.2 DERIVATION OF PHILLIPS' EQUATION 

The continuity and momentum equations given in section 2. 2 can also be 
written as 

p Dr 3yj 

Dt p 9yj p 9yj 

where 

D-,-L + v,-L 
Dt 3t 1 3y, 

denotes the substantive derivative. We shall, for simplicity, limit the dis- 
cussion to the case of an ideal gas. Then 


(6-1) 

( 6 - 2 ) 

(6-3) 


p = pR0 (6-4) 

de - c y dO (6-5) 


^Fourth Monthly Progress Report on contract F-33615-71-C-1663. Appendix: 
Generation of Sound in a Mixing Region. Lockheed Aircraft Company, Marietta, Ga. , 
1971. 
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and 


where as before R denotes the gas constant; e denotes the internal energy; 
0 the absolute temperature; and c p and c y the specific heats at constant 
pressure and volume, respectively. Hence, the second law of thermodynam- 
ics 0 dS = de + pd(l/p) can be written as 


dp i dp _ dS 

p yp c p 

where 


( 6 - 6 ) 


y = 


c 


V 


(6-7) 


is the specific- heat ratio. 

In order to obtain an equation which has the form of a moving- medium 
wave equation, we generalize the approach used in section 1.2 to derive the 
wave equation (1-15) from the linearized continuity and momentum equations. 
Thus, substituting equation (6-6) into equation (6-1) shows that 

DIT + _^i = J_ DS 
Dt 9y. c Dr 

r 

where 

n ■ I In -2- 

y Po 

and Pq is some convenient (constant) reference pressure. Then upon using 
footnote 6 on page 17 in chapter 1, the momentum equation (6-2) can be writ- 
ten as 


( 6 - 8 ) 


(6-9) 
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^ = _ c 2 iH + i!fii <6-10: 

Dt 3y^ P 3y. 

The close resemblance between equations (6-8) and (6-10) and the first two 
equations (1-13) suggests that we can obtain a moving- medium wave equation 
if (as is done in section 1.2) we differentiate these equations and subtract the 
results. To this end we take the divergence of equation (6-10) and use the 
identity 


3 D _ D 9 , 9v j 9 
3y A Dt Dt 3y^ 3yj 3yj 

to obtain 

D_ fli + X c 2 i" = - + j- i 

Dt 3y 4 dy { 3y t 3y 4 3y- 3y j[ p 3y^ 

But applying the operator D/Dt to equation (6-8) shows that 

P 2 n : D ?v i _ D 1 PS 

Dt 2 + ^i Dt c p Dt 

And upon subtracting equation (6-12) from this result, we obtain Phillips* 
equation 

D 2 !! _ J_ c 2 — =-^i — - — - + — — — (6-13) 

Dt 2 3y t 3y t 3yi ^ dy i p dy^ Dt c p Dt 

The left side of this equation is seen to correspond closely to that of the 
linearized moving- medium wave equation (1-15). The principal difference is 
that the left side of equation (1-15) contains an additional term which repre- 
sents the direct refraction of the sound by the mean flow. The left side of 
equation (6-13) differs from that of Lighthill's equation (2-5) mainly in that the 
time derivative 3/3t in Lighthill's equation is replaced by the substantive 


( 6 - 11 ) 


( 6 - 12 ) 
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derivative D/Dr in Phillips' equation. Thus, Phillips' equation ought, at 
least partially, to account for the effects of convection and refraction of the 
sound. As in Lighthill's theory the terms on the right side are to be inter- 
preted as source terms. 

In fact, Phillips concluded that since "the terms on the left hand side of 
[his] equation are those of a wave equation in a moving medium with variable 
speed of sound, " the first term on the right side represents the generation of 
pressure fluctuations by velocity fluctuations in the fluid, while the remaining 
terms describe the effects of entropy fluctuations and fluid viscosity. How- 
ever, as pointed out by Lilley^ and Doak (ref. 3) this interpretation is not 
strictly correct since the left side does not contain all the terms which appear 
in a moving-medium wave equation even for a unidirectional transversely 
sheared mean flow. As a consequence, the first term on the right side must 
contain the remaining terms. For this reason, the latter term is not a pure 
source term. Thus, in the special case of an inviscid, non- heat- conducting, 
transversely sheared mean flow with a mean velocity U and a small fluctuat- 
ing velocity u, the left side of equation (6-13) becomes (upon neglecting 
squares of small quantities) 


Comparing this with equation (1-15) shows that (in this limit) the "source 
term" in Phillips' equation actually contains a term associated with the prop- 
agation of sound waves. 

6.3 DERIVATION OF LI LLEY'S EQUATION 

In order to obtain an equation in which all the "propagation effects" oc- 
curring in a transversely sheared mean flow are accounted for by the wave 



while the right side becomes 
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operator part of the equation, Lilley 1 derived a tnird- order equation analogous 
to equation (1-20). Thus, applying the operator D/Dt to both sides of equa- 
tion (6-13) shows that 

_D /D^n __L C 2 an\_ 2 p 9v i D 9 1 ae ij , D 2 1 PS 

DT \pr 2 0y i 8y i/ 0y i DTay j Dt 9y i P 3y j Dt 2c P Dt 

And upon using equation (6-12), we obtain Lilley's equation 

= * (e-u) 

Dt \Dt 2 Sy i 0y i/ 0y i 0y j 9y i 9y i ay j 3y k 


where 


, , 3v j 3 l 3e ik 

^ = 2 — - 


D d 


1 0e ij , D 2 


1 DS 


dy i 9yj P 3y k sy^ p ^ Dt 2 c p Dt 


represents the effects of entropy fluctuations and fluid viscosity. 

Notice that when this equation is linearized about a unidirectional trans- 
versely sheared mean flow, its left side reduces to that of the moving- 
medium wave equation (1-20). Hence, at least in the case of parallel or 
nearly parallel mean flows (such as those which occur in jets and axial-flow 
fans), no inconsistency is obtained when we interpret the right side as a 
source term. 


6.4 INTERPRETATION OF EQUATIONS 

Lilley's, Phillips', and Lighthill's equations, being exact consequences 
of the momentum and continuity equations, are all equivalent to one another. 
The advantage of the former equations over Lighthill's equation lies in the 
interpretation of the source term. Thus, Lighthill's theory of aerodynamic 
noise (ref. 4) is an acoustic analogue theory in which it is necessary to some- 
how determine the source distribution T^j so that it accounts not only for the 
generation of sound, but also for such real fluid effects as acoustic propaga- 
tion and refraction. However, in the equations of Phillips and Lilley the re- 
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fraction effects have, at least to some extent, been moved from the source 
term to the wave operator part of the equation. They can therefore be calcu- 
lated as part of the solution and do not have to be modeled as part of the 
source term. For this reason Phillips' and Lilley's theories have been called 
"true source" theories by Doak (ref. 3). It is frequently asserted that all 
real fluid effects will automatically be included when the source term in 
Lighthill's equation is measured experimentally. However, it is argued by 
Doak (ref. 3) that the part of this term corresponding to the convection and 
refraction effects is quite small compared to the part corresponding to the 
actual generation of the sound and therefore any realistic measurement would 
fail to detect the former. However, Doak concludes that even though these 
terms are small they cannot be neglected. The reason he gives is that the 
acoustic equations contain groups of terms of different classes such that 
within each class there is almost complete cancellation of terms. A term can 
therefore be neglected if it is small compared with other terms in its class 
but not necessarily if it is small compared with terms of a different class. 
This situation could result from the cumulative effect of refraction over large 
distances. Of course, we cannot be sure that even Lilley's equation is of the 
correct form to properly model the sound generation process. In fact, the 
first term on the right side certainly contains the acoustic part of the velocity 
(since v^ is the total velocity) and therefore represents effects other than 
pure sound generation. 

The price which must be paid for including the convection and refraction 
effects in the wave operator part of the equation is a great increase in the 
complexity of the solutions. In practice, this turns out to be a serious draw- 
back, and to date only limited solutions of Lilley's and Phillips' equations 
have been found. 

6.5 SIMPLIFICATION OF PHILLIPS' AND LILLEY'S EQUATIONS 

Another disadvantage associated with equations (6-13) and (6-14) is that 
the left sides of these equations involve the total velocity v and not (as in the 
case of the linearized equations in section 1.2) just the mean velocity. Thus, 
these equations are in general nonlinear even if the source terms and the 
mean flow are assumed to be known. However, in many cases of interest 
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(e. g. , sound generation in jets and aircraft engine fans and compressors), it 
is reasonable to replace the velocity and the square of the speed of sound by 
their mean values V i = v- and c 2 , respectively. In Phillips' equation the 
former approximation amounts to replacing the operator D/Dt by the oper- 
ator 


J2_ = JL + v. JL (6- 15) 

Dr 9 t 1 9y t 

Thus, the sound which is generated by the unsteady flow in the vicinity of a 
fan or compressor frequently propagates through a relatively long duct con- 
taining a relatively steady shear flow. Hence, it can be argued that the prop- 
agation terms appearing on the left sides of equations (6-13) and (6-14) will be 
determined mainly by this large region of steady flow and not by the usually 
much smaller region of unsteady flow in the vicinity of the fan. 

On the other hand, the time-averaged pressure in a turbulent jet varies 
relatively little with position and (upon making a suitable choice for the refer- 
ence pressure p Q ) II can be thought of as a fluctuating quantity. But the tur- 
bulence velocities in a jet are fairly small (usually less than 20 percent) com- 
pared to the mean velocity. And since acoustic quantities are almost certainly 
small, it is reasonable to neglect any terms on the left sides of equations 
(6-13) and (6-14) involving products of fluctuating quantities compared to the 
terms involving products of fluctuating quantities with mean quantities. This 
again results in replacing v^ by and c 2 by c 2 . Physically, this 
amounts to neglecting such effects as the scattering of sound by turbulence. 

The turbulent scattering in a jet is generally regarded as small (ref. 5) be- 
cause of the mismatch between the turbulence scales and the acoustic wave- 
lengths - the acoustic wavelength being for the most part much larger (refs. 6 
and 7). In fact, it has been found (ref. 8) that the introduction of a series of 
vortex generators into the nozzle of a subsonic jet failed to influence the direc- 
tivity pattern even though a noticeable increase in the volume of strong turbu- 
lence is presumed to have resulted. But since the dominant effect of scatter- 
ing should be to change the directivity patterns, we tend to conclude that 

2 Except, of course, at high frequencies. 
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3 


scattering is not important over most of the spectrum. 

Now consider the terms on the left sides of equations (6-13) and (6-14). 
In the absence of chemical reactions or other heat sources the energy equa- 
tion can be written as 


where k is the thermal conductivity and denotes the rate of energy dissi- 
pation per unit volume through viscous effects. Thus, the second two terms 
on the right sides of equation (6-13) and the last term on the right side of 
equation (6-14) represent the effects of heat conduction and viscosity. Hence 
(assuming that the Mach number is not too large) the arguments used in con- 
nection with Lighthill's equation in section 2.2.3 show that these terms should 
be negligible at the Reynolds numbers which are usually of interest in aerody- 
namic sound problems. 

Upon making these approximations in equations (6-13) and (6-14) (i.e. , 
replacing v. by Vj and c 2 by c 2 on the left sides and neglecting viscous 
and heat conduction effects on the right sides) we obtain 


where D/Dt is defined by equation (6-15). 


^This may not be true for multitube nozzles containing large numbers of tubes or 
for the noise generated inside the nozzle. 



Dr 3y. 3y. 



(6-16) 


Dt 2 ay, 3y t 3y,3y, 
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6.6 EQUATION BASED ON SEPARATION OF ACOUSTICAL 
AND VORTICAL MOTIONS 

It is shown in section 5. 2 that it is always possible, in the linearized ap- 
proximation, to decompose the velocity of an inviscid, non- heat- conducting, 
flow into the sum of acoustical and vortical parts. Although it is still possible 
to decompose the velocity of a nonlinear flow into solenoidal and irrotational 
parts, it is no longer possible to associate the pressure fluctuations solely 
with the irrotational term. As a consequence, there is no part of the velocity 
which can be unambiguously identified with the acoustic motion. However, the 
importance of being able to identify part of the fluid motion as sound becomes 
clear when one realizes the basic question of how sound is generated in an un- 
steady flow cannot be answered until it is determined what the sound is. In 
using the acoustic analogy approach we do not attempt to answer this question 
directly but rather to give an "analogue" of the sound generation process. 

We shall, for simplicity, restrict our attention to a unidirectional trans- 
versely sheared mean flow. Thus, 

= 6 li U(y 2 ) + v^ (6-18) 

where vj represents the fluctuating part (i.e. , the part with zero mean flow) 
of the velocity v^. Then 


_D_ 

Dt 


Dt 3t 


d 

dYi 


(6-19) 


We suppose that the velocity can in some approximate sense still be de- 
composed into acoustical and vortical parts. Thus, we put 


v ' = w + u (6-20) 

where u is to be identified with the acoustic particle velocity and w is to be 
identified with the vortical motion. It is reasonable to require that the sole- 
noidal condition 
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V . w = 0 


( 6 - 21 ) 


still apply. Thus, in the case of a subsonic turbulent jet we would associate 
w with the fluctuating turbulence velocity. And since the turbulence velocity 
is at most 2 percent of the mean flow velocity, we would certainly want to im- 
pose the incompressibility condition (6-21). 

If equation (6-20) is substituted into equation (6-18) and the result is sub- 
stituted into the right side of equation (6- 16), a number of terms involving 
various products of acoustic, mean, and fluctuating vortical velocities will be 
obtained. We suppose that the terms involving the squares of acoustic veloc- 
ities are small and can therefore be neglected. The terms involving products 
of turbulent velocities with acoustic velocities represent the scattering of the 
sound by the vortical motion. Since we have already neglected such effects on 
the left side of equation (6-16), it will be assumed that these terms are also 
negligible. With these approximations, equation (6-16) now becomes 


JL + u — ' \ n - c?v 2 n 
^ 9y i/ 



aWj aw i 


dy 2 9 Yi ^ 3y i 


( 6 - 22 ) 


2 2 

where we have replaced c by Cq and put 

W i =6 li U + w i (6-23) 

equal to the total vortical velocity. 

Notice that the direct refraction term 


2 dU 5u 2 
dy 2 dyi 

has been removed from the source term in Phillips' equation and that the left 
side of the resulting equation closely corresponds to the linearized equa- 
tion (1-15). 

If the same approximations are also made in the momentum equation (6-2) 
(i.e. , if viscous effects, terms involving squares of acoustic quantities, and 
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terms involving the interaction of the sound with the vortical motion are all 
neglected), the y 2 -component of this equation becomes 



(6-24) 


We can now proceed as in section 1. 2 and eliminate u 2 between equa- 
tions (6-22) and (6-24) to obtain the third-order wave equation 



U -2-\ n - c 2 V 2 n 

ayj 


+ 2c 2 du_a!n_ 

dy 2 dy x 3y 2 



w. 3W^ 


du a 


/ew„ 


aw., 


+ w. 


3yx 3yj/ ay 2 ay x y ar 1 ay t 


(6-25) 


Notice that, although the left side of this equation is the same as Lilley’s 
equation (6-17), the right side is somewhat different. It is shown in appen- 
dix 6. A that this equation can also be written as 



c o v2 r 




(WjW-) 



du a 

dy 2 3yx 


( W 2 W 1 + 'O^i 1 ) 



(6-26) 
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where 



6.7 APPLICATION TO MIXING REGION OF A SUBSONIC JET 

In this section equation (6-26) is used to calculate the sound emission 
from the mixing region of a subsonic jet. The fluid mechanics of this region 
is discussed in section 2. 5. 1. 2. The procedure by which this is accomplished 
is intermediate between Lighthill’s free- space Green’s function solution and 
more exact approaches based on solving the convected wave equation. 

It is shown in chapter 2 that the directivity pattern of the radiated sound 
predicted by Lighthill's theory is predominantly determined by the convective 
amplification factor (1 - M c cos 6 )' 5 which results from the relative motion 
between the sound sources and the surrounding medium. But for sound whose 
wavelength is very small compared with the dimensions of the jet, there ap- 
pears to be no relative motion between the sound sources and the surrounding 
medium, and the convective amplification should not occur. Thus, in a real 
jet which is intermediate between this case and the one treated by Lighthill, 
the convective factor ought to be considerably reduced for the sound emitted 
at and above the peak frequency. In the present analysis the fact that the 
sound sources are embedded in an actual jet flow is used to modify the source 
term in Lighthill’s analysis to account for this partial reduction in the con- 
vective amplification. 

Since the acoustic velocity u should be negligible compared with the 
vortical velocity W in the mixing region of the jet, we can approximate equa- 
tion (6-24) in this region by 


And since the factor dU/dy 2 in the second term on the right side of equa- 
tion (6-26) vanishes outside the mixing region, we can use the approximation 



(6-27) 
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(6-27) in this term to obtain 





2 


Sy i 3y i V T 9 y l, 


(— + U-M(w.w.) 

' \ ?T ?\T^ I 1 J 




[) (6-28) 


The operator (d/dr) + U(d/dy j) is the time derivative in a coordinate system 
moving with the mean velocity U, which is shown in section 2. 5. 1. 2 to be of 
the order of the source convection velocity. This operator is therefore 
roughly equivalent to a multiplication by the average angular frequency of 
the sound in a coordinate system moving with the sound sources. Hence, 
within the jet the first term on the left side of equation (6-28) should be neg- 
ligible in comparison with the second whenever the wavelength 2;rc 0 /n is 
large compared with the jet diameter. Since U vanishes outside the jet, the 
operator (d/dr) + U(d/dy^) reduces to the operator d/d r in this region. 

But the operator d/dr is roughly equivalent to multiplication by the angular 
frequency w of the sound in a fixed frame. Hence, the moving-medium wave 
operator on the left side of equation (6-28) can be approximated by the free- 
space wave operator 


whenever the wavelengths 2nc 0 /w and 2ttc q /Q are both large compared with 
the jet diameter. Since the data of reference 9 show that these wavelengths 
are typically 8 to 10 jet diameters, this approximation should not be too un- 


— - 
. 2 u 
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reasonable. Hence, we replace equation (6-28) by 




d 2 - (-+U — \ (WjW.) 
3Yi 3yj \pT SYx/ 


+ 4 


9 dU 
3Yl dy 2 



w 2 


d 

3Yl 


d^U / 2 „ 

“7 \ w 2 + c 0 
dy| 


") 


(6-29) 


The solenoidal condition (6-21) implies that (e.g. , section 5.3 of ref. 10) 
the vector potential 


A(x ,t) = — V x f w( y : jj- dy 
4tt y I X - y I 


satisfies the relations 


w = V x A 


(6-30) 


and 


V . A = 0 

Hence, introducing the permutation tensor 4 and using equation (6-30) to 

eliminate w 2 in the second term on the right side of equation (6-29) show 
(upon recalling that U is a function of y 2 only) that equation (6-29) can be 
written in the more compact form 


4 e .. k = 0 if i, j, and k are not all different; 

= 1 if i, j, k is a cyclic permutation of 1, 2, 3; 
e iik = _1 if J* k is an anticyclic permutation of 1, 2, 3. 
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( w 2 + c 0 n ) ( 6 “ 31 ) 


In a jet shear layer the mean velocity gradient dU/dy 2 is slowly varying over 
the relatively narrow strip at the center of the mixing region where most of 
the turbulence energy is concentrated (refs. 11 and 12). Thus, we assume 
that dU/dyg = constant, and equation (6-31) now becomes 


Notice the resemblance between these equations and equations (2-5) and 
(2-7), on which the theory of jet noise developed in chapter 2 is based. The 
principal difference is that the source term in equation (6-32) is adjusted to 
account for the fact that the sound sources are embedded in the flow field of 
an actual jet. 

The methods developed in sections 2. 3 and 2. 4 to calculate the sound 
field from Lighthill’s equation can also be applied to equation (6-32). This 
was done in reference 13. After introducing the moving-frame correlation 
tensor (2-26) and neglecting variations in retarded time and mean velocity 
across an "eddy, " it was shown that the intensity spectrum T (x | y ) of the 
sound emitted by a unit volume of turbulence located at the point y is given 
by 



(6-32) 


where 



(6-33) 
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fi p 


0 


32tt 2 Cq(1 - M c cos 9) 2 


x D 


d£ dr 


(6-34) 


where 


0 = w(l - M c cos 6) 


R*j k ;(y,r,T) = R ijk2 (y,« ,T) + lW, 1 V21m £ 22n(frJ < WF’*'’ T > 


dy. 


ay 2 


R ijkz ( y t) h w i w j w k w z - w i w j w k w ^ 


Qm,kZ ( y’^ T)HA m w k W Z 


Qm,n ( y^’ T)s A m A n 

and the remaining quantities are defined in chapter 2. It is also shown in 
reference 13 that the correlations Q m and Q m?n can be expressed in 
terms of velocity correlations to obtain 

/ R «W d T -f R ijk* * - ^ 6 U 6 lk< 5 2p 5 i, - a 2q 6 ip>( 5 2r 6 is ' 6 2s 8 2r>(^ 


/ 




5 p^r pr^ / qs 


/ 


^2 R j,k£ " ^j R 2,kP 
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provided it can be assumed (as is done in section 2. 5. 1. 1) that the turbulence 
is locally homogeneous and incompressible. Finally, after introducing the 
joint normality hypothesis and assuming that the turbulence is isotropic (sec- 
tion 2. 5. 1. 1), it is found that the azimuthally averaged intensity I(x | y ) av 
(fig. 2-6) defined in section 2. 5. 1. 1 now becomes 


I(x|y), 


av 


^0 

16tt 2 Cq(1 - M c cos 0) 3 x 2 


fe/' ! 


111 


dE 


T=0 


X 



4 2 

cos 9 + cos 6 


2 



(6-35) 


where 



in the ratio of the maximum shear noise to the self-noise. The principal dif- 
ference between this equation and the corresponding equation (2-39) obtained 
from Lighthill's theory is that the convection factor is changed from 
(1 - M c cos 0f 5 to (1 - M c cos 0f 3 . 

Figures 6-1 and 6-2 are the same as figures 2-14 and 2-15 with additional 
curves corresponding to the new convection factor (1 - M c cos 6 ) included. 
The value of M c remains unchanged. It can be seen that the convection fac- 
tor obtained in this section is in better agreement with the data. Further 
comparisons were made with jets from circular, plug, and slot nozzles in 
reference 14. 

In making these comparisons, A was set to zero. 
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Jet- ex it 
Mach number. 


Present theory 

Lighth ill's theory 



S 90 — 


60 75 90 105 

Angle from jet axis, 8, deg 


Figure 6-1. - Experimental directivity data of reference 22 of chapter Z 
Jet nozzle diameter, 5. 08 centimeters (2 in. ). 


By means of a totally different analysis, Jones (ref. 16) obtained a con- 

_3 

vection factor (1 - cos 9 ) for the shear- noise term while still retaining 
the convection factor for the self-noise term. But since the shear noise is 
always zero at 90° to the jet axis, his results do not agree particularly well 
with experiment. 
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Figure 6-2. - Experimental directivity data of reference 23 of chapter 2. 
Jet nozzle diameter, 2. 54 centimeters (1 in. ). 


6.8 SOLUTIONS OF PHILLIPS' AND LILLEY'S EQUATIONS 
6.8.1 General Background 

The best way of ensuring that the effects of the mean flow are properly 
accounted for is to solve equations (6-16) and (6-17) with the correct velocity 
profiles inserted into the left sides. This is a very difficult task and has not 
as yet been completely accomplished. However, in attempting to achieve this 
goal a number of studies of the sound emission from various multipole sources 
in idealized flows (chosen to more or less resemble that of a jet) have been 
carried out. Perhaps the earliest work along these lines was done by Gottlieb 
(ref. 16). He considered the sound emission from a monopole source em- 
bedded in a uniform cylindrical flow field (as illustrated in fig. 6-3). This 
work was extended by Slutsky, Tamagno, and Moretti (refs. 17 to 19) to in- 

( ’Notice that the direct refraction term on the left side of eq. (6-17) is zero for this 
type of flow. Hence, in this case, Lilley's and Phillips* theories should lead to the 
same results. 
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/- Observation point 

/ 

/ 

x 



elude quadrupole sources and distributions of sources. Some implications of 
the infinite cylindrical jet solution are given in a recent paper by Mani 
(ref. 20). The sound emission from a monopole source in a uniformly sheared 
(linear velocity profile) two-dimensional flow (shown in fig. 6-4) was analyzed 
by Graham (refs. 21 and 22). In fact, Phillips derived equation (6-13) to an- 
alyze the sound emission from a two-dimensional shear layer. He used it to 
analyze an arbitrary velocity profile but used a perturbation procedure to ob- 
tain approximate solutions. Phillips' solutions were extended by Pao 
(ref. 23). 


*2 
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6.8.2 Solutions for Two-Dimensional Planar Mean Flows 

6. 8. 2.1 Reduction to ordinary differential equations . - The essential 
feature which all these solutions have in common is that they are for unidirec- 
tional transversely sheared mean flows which extend to infinity in two direc- 
tions. This results in a great simplification, which allows equations (6-16) 
and (6-17) to be reduced to ordinary differential equations. We shall, for 
simplicity, restrict our attention to planar flows (i.e. , shear layers). (Cyl- 
indrical flow can be treated by a similar procedure. ) The coefficients on the 
left sides will ttien depend only on a single variable, say y 2 - It can a l so 
assumed that c 2 is a function only of y 2 - Then equations (6-16) and (6-17) 
become 



u(y 2 ) 



^c 2 (y 2 )JL 


9Yi 


9Yi 


n 


3Vj 3v i 
9Yi 9Yj 


(— *■ U( y 2 ) - ' 

\9r Z dy v 


I— + u(y 2 ) — ] — — c ^(y 2 ) 

\9r dyj 0 Yi ayj 


n 


(6-36) 


+ 2c 


2 dU 


a 2 n 


3v, 3v, 3v. 

= -2— i — — (6-37) 


dy 2 9 Yl 9y 2 a Yi ay. 3y k 


Before proceeding it is convenient to introduce the dimensionless variables 


tu 


T = 


v- 

QO 1 n /r °° 1 


U 


w . = , M = , tj. = — , 


U 


2 c2 (Y 2 ) U(Y 2 ) 

A 2 (tj 2 ) = V(77 2 ) = -, C(rj)=An(y) 

C 2 U oo 

c 0 
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where L denotes the thickness of the mixing layer (see fig. 6-5), and 
and Cq denote the mean velocity and speed of sound above the layer. Equa- 
tions (6-36) and (6-37) now become 

(-L + V-i-V = , (6-38) 

V T V M 28 ”! 3 ”! M 2 

2 

'i , y l\ ; A 2 3 2 ( { AA" . 

8T *11/ M 2 3 1i M 2 



, 2A 2 V dh _ ZV'AA' 3? . (6 _ 39) 

M 2 ^2 M 2 ^1 


V2 
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where 



dr) i drj. 


«L a - 2A T 2 


3wj 9w^ 0w^ 


dri i arj. 3rj k 


are the dimensionless Phillips and Lilley source terms, respectively, and the 
primes denote differentiation with respect to Tjg. Since the coefficients of 
these equations depend only on 7 J 9 , it is natural to seek solutions by taking 
Fourier transforms with respect to the remaining variables. Hence, upon 
introducing the Fourier transforms 


where k = (kpkg) is the wave vector in the plane of the shear layer and the 
integrations are over all values of k and frequency n, equations (6-38) and 
(6-39) reduce to the ordinary differential equations 





(6-40) 
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A n + Vki A 



Q l (6-41) 


When the speed of sound is constant across the shear layer, A - 1. The prin- 
cipal difference between these two equations is the first derivative term which 
appears in Lilley’s equation. 

6.8. 2. 2 Numerical and exact solutions to Lilley’s equation . - When 
A = 1 and the source term is put equal to zero, Lilley's equation becomes 


This equation was first introduced by Pridm ore -Brown (ref. 24) to study the 
sound propagation in a duct containing a sheared flow. He solved the equation 
approximately by using an asymptotic expansion valid for high frequencies. 
Since then this problem has been studied by a large number of investigators 
(refs. 25 to 34), most of whom have obtained numerical solutions. In fact, 
aside from the trivial case where V = constant, there is only one velocity 
distribution for which the solution to equation (6-42) can be expressed in terms 
of known functions (ref. 35). This is the case of a constant shear (V’ = con- 
stant). Thus, introducing the new variables 


2V'k 


P' + M 2 (n + Vk x ) 2 - k 2 P - 0 


(6-42) 


P" - 


n + Vk 
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and 


where 



b = 


-2ik 1 MV' 


into equation (6-42) shows that 



where the primes now denote differentiation with respect to £ . We can easily 
carry out the first integration and without loss of generality set the resulting 
constant of integration to zero. But this shows that r satisfies Weber's 
equation (ref. 36) 



The general solution of this equation is an arbitrary linear combination of the 
two parabolic cylinder functions ) °f Weber which are defined, 

for example, in references 36 to 38. Hence, the solutions to equation (6-42) 
are linear combinations of the functions 


pl <«> * “ b{2/2 ~ e- b « 2/2 D.b-(i/2) < *«> - D'-b-W^Db-U/SjW) 
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where the prime on the D now 


denotes that the differentiation is to be carried 


out with respect to the entire argument ±£ . 

6.8.2. 3 Application of Phillips’ equation to high Mach number flows- - 

In the general case, it is impossible to express the solutions to equations 
(6-40) and (6-41) in terms of known functions. However, Phillips obtained 
an approximate solution to equation (6-38) by performing an asymptotic ex- 
pansion in inverse powers of the Mach number M. He applied this solution o 
study the Mach wave radiation from a supersonic shear layer. The mean 
velocity was assumed to approach -U^ (the negative of the velocity above the 

shear layer) at large distances below the shear layer. 

6. 8. 2. 3. 1 General properties of Mach waves: Before discussing his 
solution to this problem, we shall consider a few features of Mach wave radia- 
tion which can be deduced directly from equation (6-40). Thus, we can sup- 
pose that the source term vanishes in the region ^ ^ we ^ above the 

shear layer. Then in this region Q p = 0 , A = 1, and V = 1. Hence, equa 

tion (6-40) becomes 


[~M 2 (n 


k i 


2 ]p = 


This is a simple linear equation with constant coefficients. It is well 
known that its solution will either be exponentially increasing or decreasing 
or oscillating (sines and cosines) depending on whether the coefficient o 
positive or negative. But we must also require that the solutions remain 
bounded asy,-. Hence, only exponentially decreasing or oscillating solu- 
tions can occur. The exponentially decreasing solutions correspond to damped 
waves which do not propagate into the far field, while the oscillatory solutions 
represent propagating waves. Thus, the propagating waves correspon o 
those whose frequencies n and wave numbers k are such that 


M 2 (n + kj) 2 


k 2 > 0 


(6-43) 


Now consider a turbulent eddy which is moving along at some level in the 
mixing layer, say ? 2 = Y. Its velocity will equal the convection velocity V c 


^Notice that V c is not necessarily equal to V(Y). 
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for this level. It is shown in section 2. 5.2. 1 that the Mach wave radiation de- 
pends only on the convection of such eddies by the mean flow and not on the 
turbulent fluctuations. Hence, in order to study this radiation, we can neglect 
the evolution of the eddy pattern in time and assume that it remains frozen. 
Thus, the frequency of the component of the turbulence with wave number k 
must be equal to the frequency 


n 


- k l V c 


with which it is convected past a fixed observer. Hence, it follows from equa- 
tion (6-43) that an eddy at the level Y can only radiate Mach waves if 

M 2 k 2 (l - V c ) 2 > k 2 (6-44) 


And upon introducing the angle 


-1 1 

e = cos 1 — 

k 

o —► 

between the wave vector k and the mean flow direction, equation (6- 44) 
becomes 


I cos e I > - 

|m(i - v c )| 

This shows that Mach waves will be radiated from those levels of the shear 
layer where the difference between the convection velocity and the free- stream 
velocity is greater than the speed of sound at infinity. Hence, for any 
given level of the shear layer, the Mach waves can only be generated by tur- 
bulence with wave numbers lying in the sector 


0 < 


cos 


M(1 - V c ) 


This is the direction in which the sound wave propagates outside the shear layer. 
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of wave number space shown in figure 6-6. 


6. 8. 2. 3. 2 Asymptotic solutions to Phillips' equation: Phillips assumed 
that the turbulent eddies would not be much larger than six times the width of 
the mixing region. However, we have seen in section 2. 5. 2. 5 that this is not 
necessarily the case in supersonic jets. In any event he concluded from this 
that the significant values of k would lie in the range k > 1. He then argued 
that for such values of k the variation A"/A of the speed of sound was neg- 
ligible compared with k 2 in equation (6-40). Although his assumption about 
the eddy size may not be justified, we shall still follow Phillips and assume 
that the term A"/A can be neglected. Equation (6-40) can then be written as 



(6-45) 



MU - V r ) 


Figure 6-6. - Region of wave number space where Mach wave radiation is possible. 
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where 


a = n + Vk^ 


(6-46) 


Phillips considered the case where M 2 is large and k = 0(1). In this limit 


the methods outlined in appendix 6. B can be used to obtain asymptotic expan- 
sions of the solutions to equation (6-45). Whenever |n| < |k 1 |, a/ A will 
pass through zero at some value of r\, say t]q. Then the coefficient of the 
large parameter M 2 has a double zero at the turning point tj 0 and the prob- 
lem is covered by case 2b in appendix 6. B. We therefore introduce the 
change of variable 




1 - 1/4 


P 


^0 


into equation (6-45) to obtain 



(6-47) 


where 



m 
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and 


t, = d§_ = <y(v) 
drj t. 

Since ct(tj) is very nearly constant outside the shear layer, it follows that 


gi(4) = — + °(r 2 ) as 5 - 

1 A 2 


where 


(a = lim ct(tj) for tj on the upper branch 


A = < 


CT = lim a(n) for 17 on the lower branch 
‘ V — 00 


For this reason, Phillips changed the expansion variable slightly from M to 

, 1/2 




with the upper sign holding for the upper branch. Inserting this into equa- 
tion (6-47) shows that 


+ p 2 ^ 2 X ± = g ± (4)x ± + h (£) 
? ± 
dr 


where 


g*(r = s l a)~ 


kV 


a 


(6-48) 
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Treating the terms on the right as known and solving the remaining differen- 
tial equations yield the Voltera integral equation (see ref. 2 for derivation) 


) + J m, t)[g ± (t) x (t) + h(t)] dt 


(6-49) 


where 


H± (5) = K 2 f\ /t (± M« 2 ) * c|(i « 2 ) 1/4 J. 1/4 (i M? 2 ) 


and 


K(4,t) 



i%4*j 

As explained in appendix 6.B the asymptotic expansions of equation (6-47) are 
given by the iterated solutions of equation (6-48). The first iteration is 

= H^) + K(|,t)h(t)dt 

The four arbitrary constants c*(i = 1, 2) are determined by matching the up- 
per and lower branches of the solution at v =V 0 and by satisfying the radia- 
tion conditions at rj = ±°° . The details are quite tedious and can be found in 
reference 2. After determining these constants it is shown that the asymptotic 
expansion of the solution for large distances above the shear layer is given by 
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_3\ . — /3 „ 4 \ f t/2 



+ i h(r] 0 ) exp -i M + 


I a(ri) dr/ (6-50) 
^0 


where 


h(v 0 ) = - 


M 2 Q p (rj 0 ) 


3/4 


a 


^0 


As anticipated in section 6. 8. 2. 3. 1, this solution has the form of an 
outward- propagating wave (since a(y) is constant outside the shear zone). It 
also shows that for a given frequency n and wave vector k the pressure in 
the radiation field depends only on the turbulent source at the critical layer, 
where 


The procedure outlined in this section depends on the assumption that 
k = 0(1) and therefore that 




For the case where 



equation (6-45) is of the form (6-B1) with r = 0 and 
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£ 1C 2 (n+V*l > 2 k 2 

A 2 M 2 A 2 M 2 

It therefore has two turning points separated by the dimensionless distance 
k/M. These points cannot be treated independently. But it is necessary to 
first obtain a solution within the "critical layer" between the two turning 
points and then match this solution to the two asymptotic solutions outside the 
critical layer. The procedure involved is quite complicated. The interested 
reader can find a discussion of this type of problem on page 1103 of refer- 
ence 39. 

The remaining possibility is that k/M >> 1. In this case the transition 
points are said to be well separated. Separate WKBJ approximations of the 
type described under case 2a of appendix 6. B can now be constructed in the 
neighborhood of each turning point, and the boundary conditions can be applied 
independently. Thus, the solution about the upper turning point must certainly 
satisfy a radiation condition at = +co • However, it has been shown by Pao 
(ref. 40) that the remaining boundary condition is that the solution vanishes at 
t ^2 = -°°. The three cases k/M « 1, k/M = 0(1), and k/M >> 1 are dis- 
cussed in more detail by Pao in reference 23. 

Notice that the peak Strouhal number fd/u for jet noise is approximately 
0.2. Hence, K/M » 1 and as a result the intermediate approximation 
k/M = 0(1) should be more applicable to jet noise than the low-frequency ap- 
proximation k/M « 1 used by Phillips. 

6.8.3 Flows of Finite Extent 

All the solutions of the convected wave equations (6-16) and (6-17) dis- 
cussed up to now have been for transversely sheared unidirectional flows 
(either shear layers or infinite cylindrical jets). In such flows the jet must 
extend from -°° to +«> . It has been argued by Schubert (refs. 41 and 42) 
that the results of references 17 to 19 imply that the infinite cylindrical jet 
model tends to considerably overpredict the observed directivity patterns of 
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Q 

actual jets. Ribner has attributed this to the fact that the nonuniform mean 
flow refracts the sound field only slowly and requires distances of many wave- 
lengths to cause significant refraction. Hence, the slow decay with axial dis- 
tance of the velocity field in an actual jet can have a significant effect on the 
amount of refraction observed in the far field. In order to study the effects 
of a mean flow on the radiated sound field, a number of experimental (refs. 8, 
and 43 to 45) and analytical (refs. 41, 42, and 46) studies have been carried 
out by Ribner and his coworkers at the University of Toronto. 

The experiments consisted of measuring the far-field directivity pattern 
of a harmonic point source placed within the potential core 10 of an air jet. 

The source was the orifice of a tube (~1/16 in. inside diam) driven through a 
conical coupling by a horn-type loudspeaker driver. With the jet turned off 
the source radiates essentially omnidirectionally. Hence, the directivity pat- 
terns observed with the jet turned on must be due to the effects of the mean 
flow. 11 Typical results obtained with the source frequency equal to the peak 
Strouhal number of the sound field emitted by the jet are shown in figure 6-7. 
These investigations suggest that the observed dropoff, or cleft, in the noise 
directivity pattern near the axis is due mainly to refraction. 

The analytical studies were carried out (ref. 44) "to verify the refraction 
interpretation analytically and at the same time extend the available data. " 
Although these studies were purely numerical, they used mean velocity pro- 
files corresponding closely to those observed in an actual jet (instead of the 
highly idealized mean velocity profiles used in previous studies). Two types 
of analyses were carried out, the first consisted of a study of the high- 
frequency limit by using ray tracing methods, and the second consisted of a 
finite difference solution of a convected wave equation. There have been some 
objections raised (ref. 3) concerning the type of wave equation used by Schu- 
bert since the direct refraction term is accounted for by formulating the prob- 
lem in terms of Obukhov’s quasipotential (ref. 47), which is based on the as- 
sumption that the mean- flow Mach number is very small. An improvement of 

Q 

Personal communication. 

l^ln some experiments the source was moved to the side of the core to determine 
the effect of this displacement. 

1:l The effects of the turbulence on the emitted sound can probably be neglected for 
the reasons given in section 6. 5. 
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Mach 

number, 


M 



Figure 6-7. - Effect of jet velocity on directivity. Jet temperature, ambient; average effective source fre- 
quency, 3000 hertz (fD/c = a 168); source position, on jet axis 2 nozzle diameters downstream of nozzle. 
(From ref. 45. ) 


Schubert's analysis could therefore be obtained by using the convected wave 
equation (1-20) with the mean velocity allowed to vary both in the transverse 
and axial directions. Where comparisons of the analysis with experiments 
were made, the agreement was generally good although the numerical results 
did seem to exhibit somewhat more refraction. 
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APPENDIX 6. A 

DERIVATION OF EQUATION (6-26) 

It follows, from equation (6-24) and the fact that U is a function of y 2 
only, that the right side of equation (6-25) can be written as 

/j. + u *_L®/?5 + 0 i5 + w .i5\ 

V T 9y i/\ ay j 9y i dy 2 0y l/ 9y l dy 2\ 9T 9y i 1 9y i/ 


^'3w i 9Wj' 


I- 2 


dU 3 


\3t 9y l/\ 9y j 9y i/ dy 2 9y l 



But since it follows from equation (6-21) that 


and that 



3(w i w 2 ) 

9y i 


3w i 3Wj 

9y j 9y i 


a 2 

3 w j w j 
9y i 9y j 


equation (6-25) becomes 




U— \ n - c 2 v 2 n 

ByJ 


+ 2c 


2 dU 9 2 n 
0 dy 2 3y x 3y 2 




9 2 (w i w.) 

9y i 9y j 


dU 82 ( w 2 w i ) 

dy 2 9y i 9y i 
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And since 

,2 


a p 3 (w i w i> _ a 
9y x a Yi 3yj 9 Yi 


a 

a (w.w.) 

TT 1 J 

dU 9 < w 2 w i>l 

k 

u 

^3 _ 

dy 2 0y i J 


a 

9y i 


— — — (Uw.w.) - 2 JpL J- (WjWg) - Wg 
9Yi 3y. ] dy 2 3 Yi d y 2 


2 d 2 U 


and 


JL uv 2 n = -L [v 2 un - 2 - d_u n ] 

S Yl 9y i V dy 2 0y 2 dy 2 


this equation can also be written as 

(-L + u -AA r - c 2 v 2 r 

Var dy. ) 


a2 — /^- + U — ^ (w.w.) 

ay* 9 Yj \3 t ayj/ 


- 4 


ay i 


du a 

dy 2 0y i 


( w 2 w i + c 0 6 2i n ) 


9 d U / 2 2 
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3y i <iy| 


where 
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APPENDIX 6.B 

ASYMPTOTIC SOLUTIONS TO STURM-LIOUVILLE EQUATION 

In this appendix we shall discuss the asymptotic expansions as M — °° 
of the solutions to the general Sturm- Li ouvi lie equation 

P M + [M 2 q(tj) + r(rj)] P = 0 (6-B1) 

where q and r are arbitrary functions of rj. 

6.B. 1 Case 1: qOi) > 0 

First, consider the case where q(ri) is strictly positive. Liouville car- 
ried out the asymptotic solutions for this case by introducing the new variables 


1 = f y/lin) dij 
X = [q(»)] 1/4 P 

which transform equation (6-B1) into the equation 

2 

— — ^ + M 2 x = B(£)x 

...2 


(6-B2) 


where 


n . 1 q" 5 q' 2 r 

q q ^ 

and the primes denote differentiation with respect to rj. By treating the terms 
on the right side as known, we can solve the remaining linear inhomogeneous 
equation with constant coefficients in the usual way to obtain the Voltera in- 
tegral equation 
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V = Ci cos M£ + c 0 sin M£ + — / [sin M(? - tjB(t)x(t) dt 
1 £ M ‘'a 

where Cp Cg, and a are arbitrary constants. The method of successive 
approximations yields a solution to this equation of the form (ref. 39) 


VAJ 

-E 

n=0 


where 


Xq = Cj cos Mi; + C£ sin 


and 


X 1 =- C [sin M(* - t^B(t)x n (t) dt 
n+1 M •'a 

This series converges and also represents an asymptotic expansion of the 
solution in the limit as M - . However, the iterated solution becomes ex- 

tremely complicated if one attempts to carry it much beyond the first itera- 
tion. 

Thus, the first approximation to the solution of equation (6-B1) is given 

by 


= c iM " 1/4 cos /V*«n) + c 2[ q ^^l sin [ M J dT J 


(6-B3) 


6. B . 2 Case 2: q (r| 0 ) = 0 for Some Point r| 0 

If q(r? 0 ) = 0 for any point 7 7 = tj 0 , the asymptotic solution (6-B3) will have 
a singularity at this point. But since t?q is not a singular point of equa- 
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tion (6-B1), the solution to this equation must also not be singular there. 
Hence, equation (6-B3) cannot be an asymptotic representation of the solution 
to equation (6-B1) in the neighborhood of any point where q(rj) = 0. The point 
r ]q is called a turning point . 

6. B. 2. 1 Case 2a: q(r7) has a simple zero at the turning point tjq. - 
First, consider the case where q(rj) has a simple zero at t/q. Thus, 


Then for tj near r) Q equation (6-B1) can be approximated by the equation 


The solutions to this equation can be expressed in terms of either Bessel 
functions of order 1/3 or Airy functions. 

Since the solution for case 1 was obtained by transforming equation (6-B1) 
into one with approximately constant coefficients, it is natural, in the present 
case, to attempt to find a solution to this equation in the neighborhood of -r? 0 
by transforming it approximately into the form (6-B4). Assume for definite- 
ness that 


q(n) ~ a (n - Vq) as v - hq 


P" + M 2 a(rj - TJ 0 )P - 0 


(6-B4) 


^ (V 0 ) > o 

dr] U 


Then upon introducing the new variables 



2/3 



£ 
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and 



equation (6-B1) becomes 

2 

!-S+M 2 |x = B(?)x 

d« 2 

where 

(Wf 

B(g) -1 d7) 3 _ 3 W/ . r 

2 /kf 4 /kY (kf 

v*?/ \ d vJ \ d vJ 

The procedure used to obtain the asymptotic solutions of equation (6-B2) can 
also be applied to this equation. And if q(rj) has no other zeros, the resulting 
expansions will represent the solution over all space. This approach is re- 
ferred to as the WKBJ approximation. 

6. B.2.2 Case 2b: q(rj) has a double zero at t/q. - Now suppose that q(rj) 

has a double zero at tJq. Thus, 

2 

q(t?) ~ a(rj - t) Q ) as t] - t) 0 

Then for rj near t]q equation (6- Bl) can be approximated by the equation 

P M + M 2 a(rj - t} q ) 2 P = 0 (6-B5) 

The solutions to this equation can be expressed as (l/4)^-order Bessel func- 
tions. We suppose for definiteness that q(rj) ^ 0. Then in order to transform 
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equation (6-B1) approximately into the form (6-B5), we introduce the new 
variables 


and 



(6-B6) 


(6-B7) 


where 


£ ^ 0 


to obtain 


d-JU mVx = B(4)x 

d £ 2 


(6-B8) 


where 


B(0 = 


r + - 2 — 

24* 



(6-B9) 


and the primes denote differentiation with respect to tj. Then the procedure 
used to obtain the asymptotic solutions of equation (6-B2) can be applied to 
this equation. 

Notice that the inverse transform 


V = v(Z) 
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of equation (6-B6) is double valued with one branch, which we shall call the 
upper branch, corresponding to the region < 77 < °° and the other, which 
we call the lower branch, to the region -00 < ^ ^ 
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